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Orbifold GW theory
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Quantum Lefshetz Assume g
= 0

Let E = ⑰ hi

Its
VISI : X y i . e.
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Thm - for all stable maps
I

Assume E in convex
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ix[ManX .pl]v" = [Man(y , ix)] "e(Eunp)

~ GW invariants of X can be computed in terms of GW of Y



easier to
When X is a scheme E check

E convex - a. Chi) · B ! 0 V :

e.g· for y = IP2
,
Li = 0(ni

Convex if nizov :

-

But this is not true when X is an orbifold
:

(CGI5JM
,
12)

E convex at pulled back from coarse moduli space

-
very restrictive assumption

e.g .

y
= 1P(wo......wil ,

Lis Olail

need ni divisible by gad (wo .... wal



①" Scheme-theoretic proofs will not work in orbifold caseP
I

y
=0

Goal : Find a way to compute invariants

for complete intersections when convexity fails

Assume for talk : X is Calabi-Yam threefold

in weighted projective stack IP (wo .....wal

O([wile.g .

i

↓ Is
X- IP(wo.... wal



Quasimap Theory

Consider · W affine variety
-

Don't need lei assumption !

· G reductive group acting on W

· O G-character

Have two stack quotients
-Artie

Stack

\W= G7 cIW/G]

Def
.

A quasimap to X = [W=G] is a representable morphism

fic- [W/G]

S.7 .

f-([W/)-[YG7) is zero-dim and contains no markings



I a family of stability conditions ,

parameterized by se QoU40+ ,
03

me
get family of moduli spaces &8 . n

(X ,B(

· Qn(X
, 3) = ManX ,BL moduli of stable maps

Can "wall-cross"
E

Qnx
, B) = Qo(X , B>

↑
easier to work with



on = D side
,
define i

Pi
,

o chom
classes
that
ac

J(t , q ,z) = 1 + +/z + [qd:
(

,
t
.....Ebon Gonza

n,3 duchty

te HER(X) generic element , 9: z formal variables

generating series of GW invariants with insertions &

on 2 : Ot , have a series

I(q ,z)

defined by localization on substack of Hom (IP(1 ,
r)

, (Y/a])

&
* P 1P(1 , r) a . [x=y] = [x= xy]

Can be computed explicitly



Thm (Zhou) The two series satisfy
J(u(q :z)

, q ,z) = I(q , z)
-

I

where M19,2) : [zI- z] +
non-negative part

I = 1 :O

Note : Generic insertion t of I depends on I here

Questions :

0 What type of insertions can we obtain?

② Can we recover individual Gl invariants ?



Admissible Classes

We define a subring of FfCHEm(X) that we call

the admissible State space . Call De(f admissible class .

Notably , we have

inclusions-
canbe strict

Hamb (X) < Tf < HER (X)

subring Igeneratedby
classes pulled back

from ambient Classes Poincare dual to cycles
space defined by coordinate hyperplane

vanishings



Extended GIT

Use that I function is sensitive to GIT presentation but J is not

After specifying a certain basis 3%.. ..., Pm] of admissible classes ,

introduce new GIT presentation

X = [We/ge (D* (m+]
~ -X

affine scheme ↑ extra torus factor
We CDN

+m+

for each class % :

for weighted proj space ,
take & : (1.... 1)

e



· The weight matrix of the action by (D
*

(
*"

looks like

wo .
---- Wh 0 ....

A10 ... - -

Gun IC : : ....
0 (amo ----

amn
0

-

weights hi; are explicitly defined depending on class : in chosen basis

· We defined by extending the defining vector bundle and section
to GNtmt

- Explicit choice of extension based on weight matrix



Main Result

There is an explicit I function associated to the extended GIT

multipleNovikov I (q0 . ... - , qm ,z) = (-)(z)Eqo ..... qm admissiblecarameters classes-

I and an invertible ring homomorphism ↓

⑫I Q ,
t.. ... tmB -> QIqo , ..., qml Etidi

E

Sit

J ([tip :, Q . z)- I (90 . ...qm , z)

~ &generic
insertion

in it : en containe



Some remarks :

·

invertibility ensures recovery
of individual GW invariants

by giving explicit formula for J(t ,
Q , z)

· By our choice of Pi ,
all admissible clares appear as insertions

This includes all invariants normally computed by
a Quantum-Lefschetz type theorem



0(7)

Example . d
X7 c 21 .

1. 1,1 ,3) -> 1p4

-desper
Possible equation 2x3 58x + x,

4
+x + x3 + x4 - -

W(F) =w = x7 = [W/e*] [
* /u) - Bus

-
IX7 = X= WBm W Bus

degree 2 class corresponding to Bus Sector

I
HER(X) =

H
*

(x) * <Py3) & <4237
i

dage
2)
Hans



Recall I function computed from quasimaps (p'L1 .r) ->[WIC*]
-

only one stacky point

· However , convexity condition only starts failing for curves

with / stacky point

~ Naive I function doesn't capture information

of invariants involved in convexity failure

(i .e . Those invariants with multiple insertions)

Problem :

To get more expressive I function , need to encode data of multiple

stacky points into quasimaps from IP(1,~)



"Extended GIT idea"
iP(1. .

1 .
1 ,
3)

"Ple Bugs e ->

I 1. . .., 13 = H0(2)

moduli I * L 7 ?

o
[Wa"

fr-

he suchoc 3warst
man

p

..........
O

root bundle .
=" & (P3) ,

T*3
= (p)

2 = *
*
*TY for some h , :

1
" (2) = HCL) but H22

*3) = H"(2002p>)

-
Defining quanimap & - [W/C"l using L misses data



R
We : V((X, + . - +xy)y2 + xzxzi)Write

x =5 W ./O * 2& & degree (7,2)

&D
* ) acts on 20 with weight matrix

h... ↳
With this presentation , quasimap to X requires 2 line bundle choices

Consider
2-Wex*] defined by-

bundles :

1
, Ocp)

sections :
determined by H°(2) = HoCL) ,

Ho(23) : HoCLOU

last section So is tantological section of &(p)

↓replacesorbipoints
with↳

get quasimap from that agrees
with original from 2 barepoints



Example of non-ambient admissible class

X24
< IP(1 , 4 . 4

,
6 ,9]

(generically)
IX24 Contains sector that looks like

③ ⑨. D

...

8) ⑤ Bra
-> generate Do in HYe(X)

-

10 .

9)
BN3 Stacks f

Poincave dual of this

tio claus is admissible but not

ambient



Results hold for general complete intersections in Towe Studies
ie . X aTVT] for I a forms

Biggest Change : Complexity of mirror may depends
depends on degrees of classes you extend by

e.g . after extending by classes of high degree,
mirror map for Fano hypersurface may resemble

that of general type hypersurface



Non-Abelian Quotients

Want to consider X=[W//G] G not abelian

Assume I is connected

The (Webb)
Let TCG be maximal torus

Then

-

Elwia] is obtained by modifying [[wit] with an abelianization factor

e
explicitly
computable



Let W be the Weyl group of TCG moves

d secteund
~ Wacts on Har (Not

,
induced by action on IXx

&
abeliam quotient

- non-abelie
Weyl-invarant classes give clames in Her (Xa) quotient

Im (S-Webb)

Suppose 5 is the fundamental class of a

Weyl-invariant twisted sector

Then there exists a GIT extension and extended I- function

that captures data about GW invariants with insertions J



Application Del Pezzo in weighted Graumannican

X1
,713 < wGr(2,5)

war(2.5)
:

DGL2

For GL2 :
Luxe*

/un
,

action given by ~
Ericubrlzin

ea, Man was ea e305
M .u) . [ 3 55) : X-Lub

, ubembs Mbu 1335I

X
,, =15 defined by generic section = L

&4

I defined by Character ( ,u) - nY



Oneto-Petraci give a conjectured formula for a specialization of

the Quantum Period of X1. 713

L
Defined as specialization of J(t, Q , z)

along unit class , where t : [t: Ig:

Ig:
is unit class of twisted seater

3.1 . deg (Ag:> < 2 .

For X,
, 7/3 ,

there is one such class Iys that is

required to obtain quantum period

and it is Weyl-invariant !



0
We can compute I function of GIT extended by 13

abelian-non-abelian corr . used ,

② Can obtain a formula for J (t .14
,
Q , zl

explicitly from I

③ Specialize to recover full quantum period

ihm
-

We show that the quantum period obtained above

agrees with the conjectured formula after an

explicit specialization



OP's conjecture part of a larger conjecture on orbifold Del Peezzos

Imprecisely stated ---

Conj (Coaks , Kasprzyk ... (

Regularized Quantum Period = classical period of Lament polynomial
obtained via towic degeneration

↑ e
computedby computed via program

S S-webb
? by Coates -Kasprzyk
--
computational
evidence suggests yes .

(Future work(


