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Introduction & motivations

X = a scheme

Br(x) : = Het; Gm) the cohomological Braver group
of X

It is a fundaments arithmetic and algebro-geometric invariant of X :

· it measures obstructions to Hasse principles for existence of rational points;

· it is a birational invariant is examples of unirational varieties that are not rational

Deal with Br(x) ? Fundamental idea (Grothendieck) : look at the table
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Goal of this work : exploit Toen's viewpoint to improve our knowledge of B2(X) .

I main applications :

-> to formal GAGA situation

-> to Beauville-Laszlo situation us openings to a larger research
program

Plan of the talk :

1
.

Review of derived Azumaya algebras

2
.

Review of categorical sheaves

3. Formal GAGA setup

4
.

Beauville-Laszlo etup



1
. Azumaya algebras & their derived counterparts

Def. X a scheme
.

1) A sheaf of Azumayd algebras is a pair t = (V,m), where

(i) V is a vector bundle on X

(ii) M
: V⑧ V - V is an associative multiplication not commutative

X

Ox

Azum multiplMoreover
,

we require
that the canonical map

H

voV-Mag(VV) (b
,
b's r [cr-bab']

to be an isomorphism

2) Two sheaves of Azumayd algebrae Ae , An are said to be Mouth equivalent if there exists

A 8-linear equivalence A Mod= A Mod
X

Examples 1) Ox is Azumayd

2) Fix a
,
be K and let p be a prime st

.
(a

. b) p= ↳ (i . e .
= ax+by" has non-trivial solution)mod p

Over X=Sper(cals
~

-Aa,
- :,6,

(i- a
, j b

, ij - k
, jiwk)

is an Azumayd algebr - My Moto
,

C = End/O,3) A is Mosita equivalent to &x ) A = Max O

ionssly .

Notation : BrAzX) : = (Azumaya algebras on X]/Moutd equir

Tensor product makes Brz) into a group .

AQB is Aill Azumays it A & B . are

An extra example :

4) The s .
e . s

.

of etce sheaves

o + Gm - GLnPGL
,

- O

S

gives
rise to Hit(X; P64)-> HE: Gm) -

In fact
,

it factors through BrA) :



Facts
:
1) Etale locally , every Azumayd algebra is Movita trivial "Atomay aly- are twisted forms

of matrix algebras"
a) I injective map BY: Br(x)

3) The
image of i is contained in Br(x)tors

4) (Mumford) I normal surface Sot
. Br(S)/BrIS)-InO

mx I classes in the Braver
group

not representable by Azurays algebras !

Rmk. H* im)= Pick

Th (Ton) is great because we

know how to inscpelate
Every clase in Br(X) is representable by a desired Azumayd algebra . fine bundle !

W 0 ... - -- - - - 0
⑳

Def. X a scheme
.

↓
1) A sheaf of derived Azumayd algebrse is an object -Ag (Paf(x)) such that :

(i) A is supported everywhere
V

.
V
.

- V associative mult.

E
.

g .

in complexes of v
.

b
.

(ii) the canonical map
-

x = x r = (n(i) in(i]) - Paf(x)

A*A- HangA
.
A

Hi(V) supp. jut on 0

n(T] n[T] complex
isa quasi-isomorphism .

2) Two cheaves of derived Azumays algebras An ,
to are derived equivalent if

Ch18x) = chain complexes in 96h(x)
I a x-linear equivalence idgRod A

,-dgMod I A
, =Ag((h(0x)) Mod

! Ch10x1[W:
Remark

.

Toen's thm+ Mumford example-> existence of derived Azumayd algebras that AidgRod
are not classical

However,itissomehowdifficulttocontractexplicitexamplegonified viewpoithe

COR
.

(Ton)]d con
. Surj . Map

Notation : dBr(x) : = (derives fermsys] /decived Maita

-

dBr(x)- Br(x)
13 Thm

+; ) !x;) o it X is normal
on



2. Categorical cheaves

Notation & conventions

· All categories are -categies (think of triang. tegnies but better !)

· Pl = presentable - categories generated by compact objects
Present= describables iss generators

& relation
.Morphisma : left adjoints that preserve compart objects

#x X top . space

F: 2= 0 - E· e
.

Det
.
2QD corepresents

~ Fl
, -comm.

with die PSh(X)"8 free category
def

.

↓
Lie Fn (200

, 3) Fun (2 x 0
, E)

*d F(-
, d) , 4

Sh(x)
Sa quotient

of a free cat
.

200 Fru(e, Mod generated by A

Examples to forge intuition :

1) PSh(2* PSh(0) = PSh(2. x00) exce
-

& temoz structure for&
2) ShIXMody = ShIx;Mod/ exe L
3)

[Commutative algebras in PiL)=(symmetric monoidal -categories whose temon product
commutes with colims in both variables 3

4) X &
qys

scheme
.

D(X)c CAg(RYn) 3) Modect- pres . : ModxMod- Mod
t A t

&
categorifies &x bicontinous

-

Def
.

X a pas scheme
. Categorical quasi-coherent sheares : = Pr : =Modpx!Phn)

&xe 2 - 2 moduleRemarks & examples structure

1) Action of D(x) = action of Ox Categorification) ((X)* D (y) - < (Y)
Lf-

a) fix- X
.

Then D(x) & Dly)
, Dly)eP2, 5-gr- (

+8↳of f0y
3) The above definition is "cheating" :

unclear why these are sheaves
.

They are though (thrus of Ton & Lurie)
,

and the above definition is equivalent

to a more sophisticated one thm of Gaitsgory) .

Thm (Ton)
Pic(x) - (Coh(x) X-inv

.
sheaves

X
gags scheme .

Wate : dAz ↳ Rin
X

· dAz* = full subcategory of P2" spanned by -invertible objects
· dAzx = maximal D-grouped in dAtt .



Shift
Then dAzx is a simplicial net and Moreover : 72 , (n])
+(dAzy) = dBr(x)=Hx;k)x H xix) i(dAzx) = dPic(X)= HX;Gm(xxix)

#(dAz,) = +X;Gm) kidAzx) = 0 Vic
, 3

3. Formal GAGA setup

Setup :

· S = SpecCA)
,

(A
,
i) complete local ring

KITD

· X-> S a proper scheme/S

· Sp= SpalA/T)
, Xn= SnYsX

· It = colim Xn found completion of X at the special fiber
Pic(N) = lim Pic(Xn)

Fact : Grotheudieck's existence thm = Hit( : Gm)= him HXni Gal

Question : what about Hef(Xikm) ?

# (Grothendieck)

Pic
Assume that :

1) A is a DVR;

o - hi - Pic(Xn)- Pickn)-lin Pickan)

2) X is regular and flat in addition to proper/S ;
18) Ma 2

n -Entilxa)
4

3) lim" Pic (Xn) = 0
.

Them Het ( ; Gml -> lim #EX; km) is injective .

Def. HE(t ;Gm) == H"(limRit(Xn ; Gm))

Thm (Binda-P. (

Assume that :

1) A complete local ring;

2) X proper/S



Then :

1) the map HEt(x;Gm)-> HetiGm) is injective;

2) there exists a s .
e . s: HE+(X;Ga target map

L ↳
· - lim Pic(Xn) -> Ht;Gm)- lin Hi iG- O

Recovers and strengthens all previously known results
.

It follows from :

# (Binda-P
.

(

In the above setting the map

Ri -> limP
is fully faithful on dualizable objects invertible object=Azumaya .

etzle

Corollary (Binda-P.
) A = xxBG locally

This also
goes beyond existing literature :

In the above setting ,
let A -X be d Gingerbe .

1

L not proper combining results of Rydt, Hall
,

Totoro
,

Then the conomical map
Vistoli et al

,
this was only known

Pef(A) -> Sim Paf(An
for Enigerber that are globs quotients !

is an equivalence .

4
.

Beauville - Laszlo setup

Setup (simplified) Significant example :

A = x[T] GA : Northerion commutative ring - Im
⑧ -

ICA ideal I = (T) r

1

q I I
V=T-r(II) 3= S - V(I) k(T)) ⑯[T,T'] D
j S i

- 1

⑧
2-

W f
W ⑰ /

TSpe(II) >S = Spe(A) CITTC K[T]



# (Beauville-Laszlo
,

Lurie)

Vect(((T]) = Vat(44TD) x Vat(e,])
The canonical map Vact((CT))

DIS) -> DST)-P(4) 1- It plays & really important role

is an equivalence of -categories .

I in geometric Longlands

Im (Binds-P
.
)

Runk.

Full faith
,

is easy

The conomical map
Ess

. Surj
is somehow surprising

symm.

monoidal
↓ *↳

, w

·
xP -> P2 Palin U

V Pass to

is an equivalence of -categories inv .

Pic(RY) Picl, eit-

h

symm
.

Mon. objects 12 Thm
.

Ton

Consequences :

dAz
,

2 Wheitmean ?

X gays
scheme

.

1) (Essy) 5 long exact sequence
2 = R = Mod,

o-> Ols- OuPOS"- OC
#In In e is invertible

> dPic(s) ->dPic(U)*dPic(i)-dPicCr)
then JE-2 such that

- dBr(s) -> dBrIn)+ dBr(i)->dBrIVS
2

=

Modena
+

EnG(ELeDIX) is Azumayd
2) (Ongoing) Adelic descent "Prix et. Dx MEnd model

Beigidea : X is a wive

Bry(x) = (6(0xBrn, ( *x)/6(ax)3
Im (Weil) I

completely decoraposed in terms of

found completion at every point of X
.

-Dx to give a rector bundle m X you only med to

give a r.b on each formal completion
↓ some gluing data .

G dAz (x) satisfies adelia descent
.

↓
Belinson higher adoles

Y

ngain :
dAz(x) =

lim dAz(1x )

⑰↓

new spectral requence computing
k(T))(S))

↓Br (x)ex new filtrationdBr(x)


