
2912/24 TheDefect of a cubic fold

- joint with Sasha Viktorova

X = cubic fold /4 .

not a come oreisolatedsingosurface.
Defect : o(X) = r (Weil(X/Cat(X)
* measures failure of Q-factoriality
Cheltsov : nodal cubic 3 folds are Q-factorial

if #nodes < 4 .

If #nodes =4allnodesmayehe
↳ Weil dir

,
not Cart .

#nodes = 6 in general position
= X being determinental .
Hasset-Tschinkel : contain rational

Dolgachev normal cubic
scroll .

Teilder not Cart .
=> o(X) >0 .



·* measures failure of Poincare duality
stold,Stenbrink + Namikawa : X normal

, proj
Bot rational sings , H2 0 = 0 then

o(X) = b4(X) - ba(X)

* O(X) connected to existence of reducible
libers of Intermediate Jacobian fibration ·

VCPS smooth crbic 4fold .

Tu: Ju ->UC(PS)v
Donagi ( uksmooth hyperplane sections
Markman
-

J(Xt)-> t

·

LazaSacia,Vorsinin UK compactificatioon
↑

V general cubic 4 fold : I has ineducible
libers
not

· Sacca : all cubic 4folds-constructive
/

and it may have reduciblelbers.

Brosnan : If 7 HRV = X with o(X) >0
C

then liber over H is reducible

#i components 7, o(X) + 1
.



3 Main Goals :
① Understand which cubic 3 folds o(X) >0 .

② Identify greators of Weil(xYCart(X)
↳ in turn : provide geometric criteria for when

a cubic 4 fold V has a hyperplane
sect with positive defect .

③ Compute cohomology - Mixed Hodge Str an
43(X,k) *

Sings of Cubic fold.
all possible combination isolated sings are
classified by Viktorova

Thm (Viktoroval : 204 possible combinations.
· ADE sings occurs Union of Dynkin

diagram is10A, , SA2 or an
induced subgraph of :

O
remove a,

b,c.
a 5 copiesa

3D4 To e&
-

i



·
worse than ADE do appear .
· maximal ADE : I0A1

, An1 ,

D8 + A3- Ez
+ AztA ,

EG + A2
,
..· O & -

Tools to compute Defect .

① Projection method : q : [0 : 0 :....: 1 ESing(X)
X : X4fe(xos ..., X3) + fy(xo,...,X3) =0

Blq X Q=Efe
=

ose. q=A
= Q smooth

d An E↓ L ②

X---->P Ca= SeQ D
,
E = Q:P,UP2

worse => doubleplane.

Cq parametises lines in X that pass through 9 ·

② BlqX E BLcqP3
Slogon : Ca governs the geometry X .

Sings of X are mirrored by Ca.
P

Wall : · If Ca has sing pt of type T avay Sing(Q)
Cher X has - T an line- sing oflype <P , q>

· If Cq has
·

of typeT at pECq1Sing(Q)sing
then BlaX has sing pt oftypeT on $(p).



Thm1(M-Viktorova) : XCM arbic isolsings (notcome.
Let R =# in components of Cq
Then

-(X) = &R- 1 when QFP ,UPe
K-2 when Q= P

, UPz

Idea of proof : two discrimmant squares.

Q> BlyX P'budb Ex BIqXEB
L ↓ overCort ↓laqM
qX

[qc> P3

Cor (M - Viktorowa) : 0 (X) <6
· o(X) = 6 => X come over cubicsurface.
· o(X) = 5 => X is Segre abic (IOA).

· obtain classification ofwhich cubic folds

are Q-factorial .

What are generators of Weil(X)/Cart(x)"

Thm 2 (M-Viktoraval : X cubic isol
. Songs.

then o(X) >0 => X contains a plane o
rational normal cubic
scroll.

Idea : o (X) >0 > Cq reducible ·



Possible Components
N

① line = plane unmediately.
① place conic = plane

③ Cq= union of twisted cubics lie on Q1S .

X : detM= O

d : X ---> PW

p ↳ [a,b , c) whe M(e) =0.
"(l) cubic scroll contained in X

-

VCNP cubic 4fold
,

contains a place or cubicscroll,

Tr -> (PS)"I reducible fibers >> cubic3folds
w/a(x) >0

.

Q : VCPS cubic4fold assume that o (X) =0

forevery XIH ⑪

Int Jacobians for singular X

Mumfords Prym description : 1CX greal.
avoid singpts.

BleX
smooth case : Be irreducible↓ 2: I etale double cover

P
2
>D Be
quintic J(X) = Prym(e /Del

.

4PJ(Be) Fix(y-id)o .



Casalaina
,Martin, Laza:definedvery goois
=> ->De is tale

,
irreducible curves

sings of Deit Sings ofX

Loza-Sacca Voisin : prove X withM (x) < 5,
-thes a gereal line is a very good
line .

( -> 5)

F(X) ineducible .

Thm3 /M-Viktorova) : X cubic 3fold
thenI very good line O(X) =0

L

> F(X) reducible

,(X) = 0.Alo
/I said All

,
but meant Aid .

Cohomology of X.

Rough Thm 4 (M-Vik) : Hodge numbers of MHS on
H3(X) are determined by
(globall o(X) mvaiat + two local invariants

sings of X.

(Y
, E) -> (X

,q) logreso YIEEX19
Esnc



· bP: = dimH* (Y
, -RY(logE)(-E) p>O

q
>0 .

=> for cubic
, only nonzero b" .

· Link invariant L, 1

M = 2b" + 1" .

Thm : 1P% = dimGrOMPta
For cubic 3 fold 1" = 5 - [b"

12 = 5 - (h- o - B .

H3(X) Hodge diamond - weight 4 O

weight 5 -(-o-B 5-( -o - B
L- O

X cubic D4 + 2Ae sings.
q=D4 pt .

Q = P,UP2 -

Cq= C , UC2 place cubics.

2Ay sings : · Ci nodalcubics. OCX) = 0.

· C Smooth abic, Ca-lineU Conic
o(X) = 1

.


