Using GIT to relate toric mirror constructions

Aimeric Malter

06.10.2022

Aimeric Malter Using GIT to relate toric mirror constructions



Overview

@ Motivation and setup
@ Variations of GIT
© Comparing two constructions

@ Generalisations and further ideas

Aimeric Malter Using GIT to relate toric mirror constructions



Motivation and setu . .
P Homological mirror symmetry

The Li and Teitelbaum construction

Structures on a Calabi-Yau

Given a Calabi-Yau manifold X, we look at two kinds of structures
on it.
@ Symplectic structure (A-side): Gromov-Witten invariants,
Lagrangian submanifolds, pseudo-holomorphic sphere
counting,. ..

e Complex structure (B-side): Period integrals, complexes of
coherent sheaves, deformations of complex structures,. . .
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Motivation and setu . .
P Homological mirror symmetry
The Li and Teitelbaum construction

Mirror symmetry

Mirror symmetry is a duality that says claims that given a
Calabi-Yau V, there should be a dual Calabi-Yau W such that the
symplectic structure on V corresponds to the complex structure on

W and vice versa.
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Motivation and setu . .
P Homological mirror symmetry

The er and Teitelbaum construction

Main

Homological mirror symmetry

Given a Calabi-Yau X, denote by
@ DP(coh X), the bounded derived category of coherent sheaves.
Its objects are cochain complexes quasi-isomorphic to bounded
derived complexes of coherent sheaves. This category encodes
algebro-geometric information of X.
e Fuk(X), the Fukaya category. Its objects are Lagrangian
submanifolds. This category encodes symplectic information.
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Motivation and setu . .
P Homological mirror symmetry

Th and Teitelbaum construction

Homological mirror symmetry

Homological mirror symmetry suggests that if V and W are two
mirror Calabi-Yaus, then

D®(coh V) ~ Fuk(W) and DP(coh W) ~ Fuk(V).

So if one finds two mirrors W, W’ to a Calabi-Yau V/, one should

expect
D®(coh W) ~ DP(coh W").

Aimeric Malter Using GIT to relate toric mirror constructions



Motivation and setu . .
P Homological mirror symmetry

Th and Teitelbaum construction

Homological mirror symmetry

Via the examples of a mirror construction by Libgober and
Teitelbaum [LT94] and a construction by Batyrev and Borisov
[BB96], | will present a way to use variations of geometric invariant
theory (VGIT) to prove derived equivalences of toric mirror
constructions. My research is based on [Isi1l3, Shil2, Hirano,
Segll, FK17, FK19, HW12].
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Motivation and setu
P Homological mirror symmetry

The Libgober and Teitelbaum construction
Main Result

The Libgober and Teitelbaum mirror construction

Libgober and Teitelbaum proposed the following mirror construction.
Let

Ql’)\ = Xg +Xf —I—XS — 3AX3X4X5, Q27)\ = Xg? —‘rX[:’ +X§’ — 3Axpx1x2,

and consider the complete intersection Vi = Z(Q1.5, Q2.\) C P°.
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Motivation and setup ogical mirror symmetry

ber and Teitelbaum construction
Main Result

The proposed mirror W » to V is a (minimal) Calabi-Yau

resolution of the variety Vi1 = Z(Q1x, @2,1) C P° / Gg1, where
Gg1 < PGL(5,C) is a specified order 81 subgroup. They provide
topological evidence of mirror symmetry by showing

xX(Va) = —x(WiT 0)-
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Motivation and setup o e .
gical mirror symmetry
The Libgober and Teitelbaum construction
Main Result

The group Gg;

The order 81 subgroup Gg; < PGL(5,C) is defined as the group
generated by diagonal matrices of the form

Gopoen = ding (G, G, &, GGY, GG", &)

Here, a, 3,0,€ € Z (mod 3) and p € Z (mod 9) with
gu _ ;M—&-ﬂ _ §S+6-
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Motivation and setup

construction
Main Result

How does Wt ) relate to the Batyrev-Borisov mirror?

We note that Z) is different from Wt , so it is a fair question to
ask how these two mirror candidates relate. An answer to this is
given by my main result of today.
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Motivation and setup
mirror sym 711(:[7}'

r and Teitelbaum construction
Main Result

Main result

Theorem (M.22)

Let A € C such that \® # 0,1. Consider the two polynomials
PLA = Xo x6 4 xl X7 + X2 x8 3AX3X4X5X6X7 X8,

P2\ = x3 Xg 4= X4 XlO + x5 X11 3AX0X1 X0 X0 X10X11 -

Let Zy = Z(p1x, p2,)) € Xy and
Vita=Z(Q1x, Q) C [P? /Gs1]. Then

Db(COh VLT,)\) ~ Db(COh Z)\).

Here Xy denotes the toric stack corresponding to the
Batyrev-Borisov mirror construction.
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Variations of GIT

GIT situation

DY(coh Z,) = Diy([Yp/S X G)) = Diy([Yy/S % Gya]) ~ D¥(coh Z,)

Figure: The idea of the proof
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Variations of GIT

Consider a G-equivariant vector bundle £ on X. Denote by Z the
zero-locus of a G-invariant section s € HO(X,&). Then (—,s)
induces a global function on tot£Y. Let Y be the zero-section of
this pairing and consider the fibrewise dilation action on the torus
Gm. We will be doing GIT on tot£V.
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Variations of GIT

GIT and the secondary fan

Recall the Cox construction for toric varieties, we can represent

them as quotients
(C*M\z(x))/6.

This is a good example of what GIT quotients are in general. We
take an affine space X, remove a special set of points Z, called
exceptional locus, and quotient by group S of the torus acting on
the space X.
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Variations of GIT

Choice of exceptional locus

So different choices of exceptional loci give different quotients. The
different loci are obtained by looking at characters of the group S
and assigning stability conditions based on them. Each character
corresponds to a linearisation of the trivial line bundle.
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Variations of GIT

These stability conditions define semi-stable loci, which then
become the exceptional loci we remove before quotienting. It is a
natural question to ask when distinct characters y, 1 give the same
exceptional loci and hence the same affine patches U, = U, we
take quotients of.
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Variations of GIT

Secondary fan

Let us focus on a toric variety X with torus T. Denoting by S the
character group of G, we consider the vector space Hom(S, T) ® Q.
We can think of this space as a parameter space for linearisation.
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Variations of GIT

In [GKZ], Gelfand, Kapranov and Zelevinsky show that grouping
characters together for corresponding to the same affine patch gives
the parameter space a natural GKZ-fan structure. This is what we
refer to as the secondary fan of the variety X, and every chamber of
it corresponds to a GIT quotient.
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Ansatz
Variations of GIT The category of s
Rela

elating th.

The category of singularities

Let X be a variety and G an algebraic group acting on X.

Definition

An object of D®(coh[X/G]) is called perfect if it is locally
quasi-isomorphic to a bounded complex of G-equivariant vector
bundles on X. We denote the full subcategory of perfect objects by
Perf([X/G]). The Verdier quotient of D®(coh[X/G]) by
Perf([X/G]) is called the category of singularities and denoted

Deg([X/G1) := D®(coh[X/G])/ Perf([X/G]).
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Variations of GIT

This category can be viewed as studying the geometry of the
singular locus by a result of Orlovs.

Proposition (Orlov, [009])

Assume that coh[X /G| has enough locally free sheaves. Let
i: U— X be a G-equivariant open immersion such that the
singular locus of X is contained in i(U). Then the restriction,

"+ Dsg([X/6]) = Dsg([U/G]);

is an equivalence of categories.
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Variations of GIT y of singularities
Relating the two types of categories
Application to a GIT situation

Theorem (Isik [Isi13], Shipman [Shil2], Hirano [Hirano])

Suppose the Koszul complex on s is exact. Then there is an
equivalence of categories

Dse([Y /(G x Gpm)]) =~ D°(coh[Z/G]).
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Variations of GIT
categories
situation

Corollary (Corollary 3.4 in [FK19])

Let V' be an algebraic variety with a G x G, action. Suppose there
is an open subset U C V such that U is G x G, equivariantly
isomorphic to Y as above and that U contains the singular locus of
X. Then

Deg([V/(G x Gum)]) = D®(coh[Z/G]).
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Variations of GIT

Application to a GIT situation

Let X := A"t with coordinates x;, upfor 1 <i<n1<j<t Let
T be the standard torus G, consider a subgroup S C T with S
the connected component containing the identity. We study the GIT
quotients for actions of 5 on X, studying associated
Landau-Ginzburg models.
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Variations of GIT

The superpotential

The superpotential w, obtained from the pairing (—, s), can be
written as

Let Z(w) C X be the zero-locus and Y, = Z(w) N Uy, where U, is
the open affine patch associated to a chamber o, of the secondary
fan.
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Variations of GIT cz sularities

An example

Figure: An example of how to get the superpotential

Given a section s € (P2, O(3)), which is a point in the dual cone,
we get the superpotential (—,s) = u-s.
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Variations of GIT

Theorem eorem 3 in [HW12])
If S is quasi-Calabi-Yau, there is an equivalence of categories
Dsg([Yp/S x Gm]) = Dsg([Yq/S % Gmi])

for all 1 < p,q < k, where k is the number of chambers in the GKZ
fan.
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Variations of GIT sularities

Application to a GIT situation

Two ideals

A chamber o, of the secondary fan corresponds to a regular
triangulation 7, of a certain set of points v1(S), ..., vnt(S).

Ip:= Hx/ H uj ‘ UV,‘(S) U U vn+j(S) gives a simplex in 7,

gl jdJ icl jed
t

Tp = Hx,- Ul/,‘(S) U U Vn+j(S) gives a simplex in 7T,
idl icl j=1

Aimeric Malter Using GIT to relate toric mirror constructions



Variations of GIT

Application to a GIT situation

x

I

Ty

5

Ty
&3
€y X4

T = {211, Tawy)
{11y, Tauy P
T = (@i, w12, wamiaymy) = J

J=0

Figure: An example of the ideals Z, 7.
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Variations of GIT

Application to a GIT situation

We set V), := X'\ Z(Jp) C Up. Since Jp has no uj in its
generators, we can see it as ideal 7, in Clx1, .., Xn], giving an
open subset of A" by V' := A"\ Z(J7%). This set gives us a toric
stack X, := [VY/S]. In fact, we can view the function ©f; as a

section of V), which defines, for all p, a complete intersection
Z, = Z(®f;) C X,.
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Moti m on and setup

Key result

Proposition (Proposition 4.7 in [FK19])
Suppose J p, is non-zero. If T, C \/Ow, J p, then

Deg([Yp/S *x Gpm]) =~ D°(coh Z,).

Corollary (1)

Assume S satisfies the quasi-Calabi-Yau condition and that J, and

J q are non-zero. If T, C \/Ow,Jp and Z4 C /0w, J 4 for some
1<p,qg<r, then

DP(coh Z,) ~ D®(coh Z,).
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n into a GIT problem
Comparing two constructions /

How to apply this machinery

Back to the problem motivating us, how do we use these results on
the Libgober-Teitelbaum and Batyrev-Borisov constructions? While
the Batyrev-Borisov is a toric construction, which makes is easy to
set up a GIT problem, the Libgober-Teitelbaum construction is not.
So the first thing to do is to find a toric description of the
construction.
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n into a GIT problem
Comparing two constructions /

Expressing Libgober-Teitelbaum torically

First, we find a fan for X, = P° /Gg1. This is done by constructing
Xtot = tot (Ops(—3) @ Ops(—3)) as a toric variety with fan

Yps 7,.7,- We then construct its dual cone [Zps 7 7|V, Each point
of this dual cone will correspond to a monomial on X;.;. Pick the
eight points corresponding to up Q@1 \ + u1 Q2 .
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Fitting Libgober- Tentelbaum into a GIT problem

Comparing two constructions Relating to Batyrev-Bc

These eight points give eight rays u,, ..., Uy, Uy, Ur,
corresponding to a vector bundle X; = Ox,,(—D,) ® Ox,,(—Ds)
with section @1\ @ (%,x. Quotienting by the bundle coordinates
gives a fan that corresponds to X, 7.
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Fitting Libgober-Teitelbaum into a GIT problem

Comparing two constructions Relating to Batyrev-Borisov

Relating to Batyrev-Borisov

We compute the Batyrev-Borisov mirror and, similarly to above,
build a vector bundle X, on it such that p; y ® po ) is a section. We

then obtain 14 rays u,, ..., Uy, Ur, Ur,. Next we find a chamber
in the secondary fan of X5 that partially compactifies Xj.
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Fitting Libgober-Teitelbaum into a GIT problem
Comparing two constructions Relating to Batyrev-Borisov

Proof of Theorem

By finding the triangulations associated to the chambers
corresponding to X and to the partial compactification of X7, we
can compute the associated ideals Z, J for either of them. A small
computation allows to use Corollary (1), which completes the proof
of the main Theorem.
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Direct generalisation

Categorical resolutions
Generalisations and further ideas

Direct generalisation

This all motivates to try and do the same procedure in other
dimensions. So let

n n n n
Qu,n = X+ Xy —Xng1... X2n, Qo0 = Xg 1+ +Xop—X1... Xp.

We want to try and find a Libgober-Teitelbaum style mirror to
Z(Q1,p, @) C P21
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Direct generalisation
Categorical resolutions
Generalisations and further ideas

Proposed mirror

Doing the analogous computations to the Libgober-Teitelbaum
construction (which is the case n = 3) gives a mirror candidate
Z(Q1n, Q2,n) C P21 /G, where G, = (Z /nZ)%"=2) x (Z /n* Z).
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Direct generalisation
Compa y struc s Categorical resolutions

Generalisat

Let Q1 = X12 + x22 — x3xg, Q= x32 + x‘% — x1x2 and let

_ 2.2 2.2 2.2 2.2 We
P1 = X1 Xg -+ X5 X4 X3X4X5Xp, P2 = X3X7 T Xp Xg X1 X2 X7Xg. e
define the group G4 C PGL(3,C) given by the four automorphisms

dlag(17 ]-7 ]-7 1)7 diag(C87 _Cga _48_17 <8_1)7

diag(Ca, Ca, GG 1 G0 Y), diag(G3, —G3. —¢ 3. & 3),

where (i is a primitive k" root of unity.

The Batyrev-Borisov mirror to Z(Q1, Q2) C P3 can be given as the
zero locus Z, = Z(p1, p2) C Xgg, where Xgg is the relevant toric
stack. Consider Vs := Z(Q1, Q2) C [(C*\{0})/(C* x Gy)]. Then

D®(coh V;) ~ DP(coh 25).
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Direct generalisation

Categorical resolutions

Generalisations and further ideas

For n > 4, the variety Z(Q1,5, Q2,n) C P?"~1 is singular. This in
particular poses a problem when relating the category of singularities
to the derived category of coherent sheaves. So this seems like a

dead end...
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Direct generalisation
Categorical resolutions

Generalisations and further ideas

Whenever singularities are the problem stopping us from advancing,
a good instinct is to look for resolutions. And indeed, the notion of
categorical resolution helps us in this case!
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Direct generalisation
Categorical resolutions

Generalisations and further ideas

What is a categorical resolution?

Definition
Let D be the homotopy category of a homologically smooth and
proper pre-triangulated dg-category. A pair of exact functors

F:D—D,G:DP" 5 D

is a categorical resolution of singularities if G is left adjoint to F and
the natural morphism of functors Idpper — FG is an isomorphism.
We say such a resolution is crepant if G is also right adjoint to F.

V.
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Direct generalisation
« Categorical resolutions
Generalisations and further ideas

A result

Theorem (M.,in preparation)

Let n > 2, A" £ 0, n?". Consider the 2 polynomials

n n
Ql,n)\ =X+ +Xx, — )\Xn+1 ... X2n,

Q2,n,)\ = X,’77+1 qFooo +X2nn — AX1...Xp-
Then there is a group
PGL(2n —1,C) D G, = (Z /nZ)X"=2) x (Z /n?Z) such that the
hypersurfaces {Q; , » = 0} are preserved under the action of G, on
P21 Let Z, = Z(Q1n, @a.n) € [(C*"\{0})/(C* xG,)| and let
Y, be a Batyrev-Borisov mirror to
Z(Q1,n, @2,n) C {((CZ” \{0})/ (C*}. Then there is a categorical

resolution
D®(coh V,) — D®(coh Z,,)
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Direct generalisation
Categorical resolutions
Generalisations and further ideas

Sketch of proof

The proof is based on results of [FK18|.

D*( (U, G, w]) «— D*(|U,, G, w])

1l [+

DP(coh Y,,) DP(coh Z,)
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Direct generalisation
Categorical resolutions
Generalisations and further ideas

Steps in proof

© Prove there exist chambers 0,04 in a common GKZ-fan
partially compactifying Z,, ), respectively.

@ Prove D?**([U,, G, w]) ~ D?**([U,, G, w]) using results of
[FK18].

@ Prove D#**([U,, G, w]) =~ D"(coh Z,) using results of [FK18].
@ Show DP(coh Z,) is homologically smooth and dg-proper.
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