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" “It doesnt matter what it’s called,

...as long as it has substance.”
— S.-T. Yau




ow Hard Can it Be?

Constructing CY C Some “Nice” Ambient Space
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re-Historic Prelude &-day/2

‘"’“3'7!

mce “ambient space

& . Complete Intersection: X= (n; {f;(xx)=0}) C A=TI,P" P, toric..

. _ _ Tian-Yau: {Fano} \{CY}_ = {CY}
swhere f(x)€T(Z); X.={f(x)=0} C A e

Classical Constructions — a Summary

“Koszul resolutions: Z£* 4 <@ x> Oh x —Multplication p,

,<l n®, '\ V&S
¢Adjunction: Ty < T, |3€ —f»'}f |3€ & Ty & T,], A, > D, ZN
o Transversality: {A. df,#0} N {f,=0} € A
o Calabi-Yau: det[®,Z] = %*::det[TA] & det[Ty]=0y
o “Hodge diamond,” H"(X) = HU(X, A°T5), also HY(X, EndTy)

wLong exact cohomology sequences —
. mn_ Untl) % (D
L Bott-Borel-Weil: P"= TR f:(x) & H*(P", <) U(n+1)-tensors

+ Macaulay2, SAGE, Magma, ... (new tricks/old dogs...)
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: P4 1| 4
“E.g. X, € {

@ Zero-set of| p(x, y) _\1: 0,

@ Chern: ¢ =

Pre-Historic Prelude

- Classical Constructions (& smooth, models)

P || m |12—m

(14+J)>(1+J,)?

[arXiv:1606.07420]

(2,86) b2—2 h:l dim. space of Kihler classes
] —b3—1 86=h>! dim. space of complex structures
_168 —168 =y =2(h"'=h*>") the Euler #

deg[p]=( ) & q(x,y)=0, deg[q]—(2 m>

< Generic {p=0}nN {q\i(‘)} smooth; degp.pl+degp.lgl=n+1

2 qo(x) +CI1(X)

=14+[6J2+(8=3m)J,J,]—[20J > = (324 15mJ 2J,)].

(1+J,+mdr)(1+4J,+(2—m)J5)
@ C.T.C.Wall: (aJ,+bJ,)’ =
@ pilaJ+bJ,|= —88a—12(4b+ma)... the same “4b+ma”
@S0, b~ Fyimodqy & XiReXiymoda): 4 diffeomorphism types

o...but, m=0,1,2, 3 = deg[q]—( )?!

2 Sequentially: X, (Fmp—> PxP!) gy ~ w | \

[2a+3(4b+ma)la® 4b+ma




. deg[q] — (@ holomorphlc sections?! [AAGGL:1507.03235 + BH:1606.07420]
+ GvG:1708.00517]
r 4yl Pr 1] 4 1%
| < Not everywhere on P*X[P* — (simple poles) X, ﬂh”l ]

—168

& m ||2—m
“but yeson F)’C P*xP! — >105 of ’em! for m =3

- wHow? On F)°, q(x,y)~q(x,y) +4-p(x,y) <\equivalence class!
< [I—I1rzebruch 1951]= p=xyy, +x1y13 & g= c(x)( 0 xlyl) deg[c]:(g)

Yo?

Ac( A—-—=1
250, gy=q(x.y)- (y:yf)zmx y) == c(0(-2—) whete 30

_ Ac(x) A=1
o & qg=qx,y)+ plx,y) =— c(x)(Z—) where y,; #0

(Yoy 1)2
o(x)
2 & q1(x,y)—qp(x,y) = (O i px,y) =0, on F3:={p(x,y)=0j

2 [GvG, 1708.00517] scheme-th. “generalized complete intersections”

Reverse-engineered: Mayer-Vietoris sequence & “patching” of the two charts
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"Meromorphic Madrigal

'~ ...in Wé"-téfﬂpéféd counterpomt [BH:1606.07420, 1611.10300 & 2205. 12827]

[|IDn 1 +more
- | — f(n)
= For { Toyo +T1y1 = E }\@pa L, Y } - Fr(n;‘E,OE Pl || m
=p(z,y;0) o ] R
even p(x, y; 0) is transverse, p~'(0) is smooth

< The central ( €=0 ) member of the family is a Hirzebruch scroll F,, :
o Direcrrlx: RESiBCe =0), D] = [H))-mil ] & D)= —(n—Lm;

X1

@ where | 8(x, y) := <ym oy ) il (yoy i

& hO(K*)=3 (2” 1>+5 o9 (2” 2)( —3), hOT)=n242+5, 9" (n—1)(m—1)

g™+ | degree (L))

o & h(K*)= 5, ;97" (2’”‘2‘ 2>(m—3), (T =6, 497" (n—1)(m—1)

< All these “exceptionals” cancel from H* for (¢, #0) deformations

resulting in discrete deformations F, () _, F (" : & - & NRF[%nodn)]

- These F (W s are distinct toric varieties. .. W/ 18, r<m;}

(my,mp, )




eromorphic Madrigal

...in well-tempered counterpoint  (sr:1606.07420, 1611.10300 & 2205.12827]

+more
LOn F7: p(x, v; 0)=xoy)" +x1y"=0 = xyg= —x;(01 /)" & x> X, =3
Y& (X, =2, n+2) = (X0, 00, X5 Vo, V1) X X X, X, X; X,
o P*xP! bi-degree — toric (C¥)*-action: 11 1 1 () 0 -
_a(p(x’y)’ g(xsy)’XZa"';yanl) — O 0 O 1 ~pl

< BTW, det
) O(X0, X1, X2, ***3 Yo Y1)

o Need deg Ef(X)]=(2fm), with deg[X,X 6]—( =deg[X, 5 4] @

2 f(X)= X14X52 PR X13X2,3 4X2+2m - D X1X2,3,4X5,6 D X2,3,4X|32,6m
¢ m>2,

] = const.




Aeromorphic Madrigal

E..in Wé"-téf'ﬂpéféd COUhtépriht [BH:1606.07420, 1611.10300 & 2205.12827]

+more

. On F: p(x V: 0)=xp)y +x 0" =0 = xp= =x;(y1/yp)" & x; = X =3

¢ & (X l_ °9n+2)=(x29 ’ n9 y()’ yl) Xl Xz X3 X4 Xs X6

o P*xP! bi-degree — toric (C*)*-action: 11 1 1 0 0-»

_ [ O(p(x,v), 3(X, V), Xy, =+ V), _ ol

SBTW, det (p(x. ), 8(X, y), Xa, 3 Yo yl)] — const. m 0O 0 0 1 1-r
0(Xg, X1, X2, ***3 Yos V1)

o Need deg[f(X)]=(,4 ), with deg[X,XJ¢]=(})=deg[X, ;] Q i)
G f(X) X14X52+3m D X13X2,3 4)(2+2m e X1X2 3,4X5,6 standard

wisdom

X)=0} = {X;=0} U{@® X/ X5 X" =0
¢ m>2, fH=0} = 1}\{®k 2 )%7 ditselfa
codimension-2
¢ {fX)= O} = (X, =0} N {®_ X, X355 Xt =0} Calabi-Yau

1 n—1

m 2
1

1] [P 1
—m|  |P!|m

I 1

—

n_

1 |n—1f] ~ [P"?
_m[g ] = [p1 9 Tyurm
|

>
ﬂj)l




+more

Y& (X, i=2,,n+2) =000, X3 V0, ) Ko Ko X5 X X5 X

_ . . . 11 1. 1 0 0
o P P! bi-degree — toric (([:X)z-actlon: -m 0 0 0

_6(p(x,y), g(x’y)axb ”';yO’yl)

d(x, X1, X2, ***3 V0> V1)

- Need degf f(X)]=<2fm>’ with deg[XlXS’fg]=<(1))=

¢ BTW, det ] = const.

_ v 4v2+3m 3 242m 3 2 standard
¢ JX)=X"X567" @ XXy 3 4 X567 @ X1 X5534X5 6

wisdom

_ _ . kv 2 2+km __
¢ m>2, {f)=0} = (Xi50) U{@XK5X"30) itself a
| ; 3 codimension-2
< {fX)=0}" = (X, =0} n {@]_ X" X335 X3 4" =0} S e
: >

Pri[ 1 a1 1 ]_[P*| 1] 1 [n1] = [P* n—l .
Pl m 2 [-m|= P |[m|-ml 2 pl o | Tyurin

degenerate @

*Revexgefingineered Model
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eromorphic Minuet = |

...with a meandering melody [BH:1606.07420, 1611.10300 & 2205.12827]

; . +more
> Algorithm:
Construction 2.1 Given a degree{,! ) hypersurface {pz(z,y)0} C P"xP! asin (2.2), construct
: 1 P™ | 1
deg=(. .' ) sels gy =5 { g, } mod pz(xz,y)),
8= (m—rg—r ) (@A) lip | e (z,y)| (mod pe(z,y)) [Pl m}

progressively decreasing ro+r1=2m,2m—1, ---, and keeping only Laurent polynomials con-
taining both yo- and y, -denominators but no yo, y; -mixed ones. The “Flip, ” operator changes
the relative sign of the rational monomials with y;-denominators. For algebraically indepen-
dent such sections, restrict to a subset with maximally negative degrees that are not overall

(yo, y1)-multiples of each other.

m=2 1
S E.g.0 po=xoyo + x1y1%; epla_] :=Table|

=17 {1, 9, ﬂ'}]; Expand /@ (p@ {ep[5], ep[4], ep[3]})

Y1
Xo Yo

Ye
{{ Xp X1Y7 Xp X1¥1 Xa Xp Xp N X1

— + + — + —
ygememyde B v T v ey 3

{E+X1Y§ Xo +X1Y1 Xo Yo X1 XGYQ Xl} {X0+X1)’§ ﬁ+X1Y1 ﬁ+XOYO XOYé+ﬁ}}

b Yoyt 3 Vi el eydeemegt )’ gyt Ly 2 [lve | yi [ yieenewe
X

- finds 8(x, y)= (;—y—olz) mod (XY 2+X,y;2); deg= ( ) [871(0)] =[J,]-2[J5]-

o |THE exceptional curve [S]°= —1 in F;)




eromorphic Minuet

I ...with a meandering melody [BH:1606.07420, 1611.10300 & 2205.12827]

Vg +more

. - )
< Deform: p;(x,y)=XpYp5+x Y15+, y14 toric £y
N. . XoYo . X2 X Xo X Xy y
¢Find: 8, ((x,y)=—+——— & 3,(x,y)=———— s e NS
1,1( y ) Vi3 y4 oy 1’2( y) Y1 Yo Yo? |

a(pl, 51,1’ 9172, X3, "';y()a )’1)

O(Xg, X1, X2, X3, ***3 Y0» V1)

< & det [ ] = const.

-4-1 0 0 1 1<

:: - . _ : (n) V4
< Deform: p,(x,y) =XxqVgd +X1YP+%, 2y 3 toric £z 4

- XoYo? =~ Xy X Xo Xy X3
¢ Find: 52 1()6, y) — i — & §2 Z(X’ y) — o —
’ AN U U ’ Vi Y2 Y
APy, 85158225 X35 **3 Yo V1) X, X X: X, X- X
< & det = const. ——————+—2>—°
(X, X15 X35 X35 ***3 V0» V1) 1 1 1 1 0 0

-3-2 0 0 I T-<'mn

= ... and pa(x, y) =xpY5 +X1Y15+HX,002 3+ X303 2

o : (n) — 3) ~ F©
= LOric 52,2’1,...) for n 3’ 52,2,1) FELI,O)

11

convex
rectangle




eromorphic March

" ...back to the medial motif
g-On FY: xoyy +xy,"=0 = xo= —x;(/)" & x=X,=%

m

> & (X l_ ',n+2)=(X2,’”,.xn;y0,y1) Xl Xz X3 X4 X5 X6

o P*xP! bi-degree — toric (C*)*-action: 11 1 1 0 0e<r

_ A(p(x,y),8(x,y), X5, =**5 Vo, _ ool

o BTW. det[ (p(x, ), 8(x,y), X, -+ Yo yl)] — const. mO O 0 1 1-»
0(Xg, X1, X2, ***3 Y0, V1)

@ Need [ f(X)]=<2fm>, with deg[X;X 6]—( ) deg[X; 3 4]

4v2+3 3 242 3 2
o fO=XPXEE" @ XXy 5 X2E - @ X, X5 5 4X3  standard
@ m>2, {fX)=0} = {X;=0} U {@® X X5 X;t"" =0}
¢ {f0=0}" = (X, =0} n {@, XX} X2 =0}: R, =0

12



eromorphic March

' ...back to the medial motif

-
& (X;, i=2,+,n+2)= (%X, *+, X3 Yo, V1) X X X3 X, Xs X,
@ I]:D4><|]3’1 bi-degree — toric (Cx)z-action: 11 1 1 0 0O<p

a(p(xvy)’ §(X,)’),X2, "';y()ayl) —m O O O 1 1 opl

0(Xg, X1, X2, ***3 Y0, V1)
2Need [f(X)]=(,2,), with deg[X,XJ¢]=(})=deg[X, ;4]
4
%234

@ f(X)= X14X52 P> X13X2 3, 4X2+2m'" D X1X23»3’4X52’6@9 /

A

< BTW, det [ ] = const.

3,6

< “Intrinsic limit” (LHOpital-“repaired”)

— smooth (pre? )COmPIeX Spaces \__’ reovable
19 751ngular1ty

la X O asand s Xl o o ) oo ma y Loch . e kL e _ Zoaini Bl ~ ol g
2%~ 9

_a D d:\(. ORI 391 PP s S, ~

"-"

- Embrace the Laurent terms = transverse



eromorphic March

'~ ...back to the medial motif

SfOO=XXE" @ XX, 3 X5 67 @ X1 X534 X56 B X5 34X 6"

¢ m>?2, Laurent terms & “intrinsic limit” 17

¢ “Intrinsic limit” (CHopital’s rule)

X4
fo)= :
¥80 Xp2= —(x39x4+46) 2 205 X0) - St ligg i i,
m S
. \ y \
o Then, hn(} <x35 —|—x45 ' i = (X35)+(O)+(—.X35) =0 10 %
f(?):O include i.NZ _
_ Z
- Or, maybe:
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eromorphic March

...back to the medial motit ”"’Cbéi@g;827
SfXO=X X" @ XXy 5, Xe b7 @ X, X554X5 6 B X35 4X56"

¢ m>?2, Laurent terms & “intrinsic limit” 217

. o [ A. Gholamp.our]. . o
o Virtual varieties [E Severi], i.e., Weil divisors

0 A X2 XXy X0+ 2
‘:'E.g., H:D(3:1:1)[5]. O—X3S+X45+_ — @

X4 X4

@ Denominator contributions tend to subtract from those of the numerator
,, H. Schenck]
., Change variables [Dav1d Coxl: (X5, X3,Xg) P (234/205 2125 2p)

2
‘:.:'x35—|—x4 );2 e Z110+225+Z32 in P(zl 25)[10]
A
¢ Generalized to all F[c,] & — not a fluke @

@ A desingularized finite quotient of a branched multiple cover ﬁ
0)

< ...and a variety of “general type” (c¢;<0 oreven ¢;2

...there’s 0o of those, just as of VEX polytopes!
14



eromorphic March

' ...back to the medial motif
. m M (Y. o [OPOEY). B )X 30 )
. On Fm . .XOyO +x1y1 —O, d@t[ 0(360/361,362,"';)’0,)’1)

. i
o P*xP!-degrees — Mori vectors X % X; X, X5 X
[|:D’I’L 1 ] 1 1 1 1 O O —p?

P! -m 0 0 0 1 _1-¢!
< deformations p(x, y; €) :=p(x,y;0) + 3, €,9p,

@ central in family F{. [ -

e

2 have less non-convex sp. polytopes & less singular I'[A >x<(F%’f))]

2 f(X) =X14X52,J53m D X13X2,3,4X52,J52m‘ - D X1X23,3,4X52a6 D ).(5’3»4

transverse

-[m > 2] regular — “unsmoothable” Turin degeneration

v Laurent smoothing (w/IHo6pital repair)

2 CY = Weyl divisors in non-Fano

» desingularized finite quotient of
branched multiple covers <> general type var’s

15
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Laurent-Toric Fugue
(@ not-so-new Toric Geometry)

A Generalized Construction of
Calabi-Yau Mirror Models




aurent-Toric Fugue

& Non-Convex Mirrors 3 20 Proof-of- Concept— mig -
= X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @X10X22(X3 @X4)2 1

. : . X XX X
¢ Transpolar: functions on which space? L

@ —m 0 0 0 1 1-«
@ A= (convexﬁ ¥

@ Compute &, — O.":={v: (vl‘v’ue@)+1>0}‘

O=—=p3 o B

17



aurent-Toric Fugue

¢ Transpolar: functions on which space? .
¢ A— | J;,(convex O) ;

@ Compute O, — 0 :={v: (v|Vued,)+1>0}*®

IIIIIIIII

17

& Non-Convex Mirrors ,,_3 20 Proof-of-Concept— +myg

---------

2o 1‘6‘ { 2 8 2>

. X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @XIOXZZ(X3 @X4)2_ Im

111 1 0 0
-m 0 0 0 1 1-¢

llllllllll
.O

IIIIIIIIIII



aurent-Toric Fugue

& Non-Convex Mirrors 52D Proof-of-Concept— mig 20
o XIZXZO(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @X10X22(X3 @X4)2_ 1

— . . Xl XZ X3 X4 XS X6
¢ Transpolar: functions on which space? 11 110 0+

o -m 0 0 0 1 1-<¢
@ A— Ui(COHVEXl@;

@ Compute &, — O.”:={v: (v|Vued,)+1>0}®

N f;

17



aurent-Toric Fugue

- XX (XG@X)T X, X (X0 X) T @ X
¢ Transpolar: functions on which space?

: K "‘. ‘,‘

¢ A— | J;,(convex O) ; E

¢ Compute 0;— 6;":={v; (VIVue@>+1>O}‘ :

17

& Non-Convex Mirrors ,,—; 2 Proof-of-Concept— mg§ 200, -
2 2-1
X (X3 DX,) "

S
.
L
.
o - -
.
.
. .
. .
. .
. .
. .
. .
. .
® Q"
. .
- .
. .
. .
.
.
.
.
o O-
.
.
.

Xl X2 X3 X4 X5 X6

1 1 1 1 O 0 <—[FD4
—m O O O 1 1 <p!



aurent-Toric Fugue

& Non-Convex Mirrors 52D Proof-of-Concept— mig 20
o XIZXZO(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @X10X22(X3 @X4)2_ 1

— . . Xl XZ X3 X4 XS X6
< Transpolar: functions on which space? 1 110 0+

9 —m 0 0 0 1 -
@ A— Ui(COHVEXl@;

@ Compute &, — O.”:={v: (v|Vued,)+1>0}®

®

® ®

o O

o ® ®

17



aurent-loric Fugue . %
& Non-Convex Mirrors -3~ /7000 Concept— “nigz, -
. X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @XIOXZZ(X3 @X4)2_ Im

— . . Xl XZ X3 X4 XS X6
¢ Transpolar: functions on which space? 11 110 0+

) ® -m 0 0 0 1 1
@ A— Ui(COHVeX @l) )

@ Compute &, — 0. :={v: (v|Vued,)+1>0}®

®

® ®

o O

o ® ®

17



fLaurent-loric Fugue
B8 & Non-Convex Mirrors -3
- X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @X10X22(X3 @X4)2_1m

- . . Xp X X5 Xy X5 Xe
@ Transpolar: functions on which space? 1 110 0

: ¢ —m 0 0 0 1 1
@ A— | J.(convex 0)) ;

@ Compute O, — 6.’ :={ yjoverlap gluing, | > ()1®
local chart #2 local chart #1

< (Re)assembl .
(0;n0) =10,
with “neighl e o
" . O
. ° ° ®

17



PLaurent-Toric Fugue

- ’03 )
& Non-Convex Mirrors 3 21 Proof-of-Concept— g 3.~

Norg 2827
- 2y 0O 2+1 Iy 1 240 Oy 2 2—1
X7 Xy (XD X)) TR X Xy (X X) T X X (XX

X X, X3 X, Xs X,
¢ Transpolar: functions on which space? T 0 0

¢ —m 0 0 0 1 -+
@ A— | J.(convex O)) ;
2 Compute @,— 0, :={v: (v|Vue®;)+1>0}®

¢ (Re)assemb'e dually [F‘ﬂton]&% o
0,0 0) =16;,0;] (2.9,

with “neigh DOTS” " o o
7 ® O
. o o o

17



fLaurent-loric Fugue
B8 & Non-Convex Mirrors -3
= XX (@ X)X, Xy (G@X) T @X X (XX

. . R Xl X2 X3 X4 X5 X6
-« Transpolar: functions on which space? 1110 0+

-m 0 0 0 1 1-<¢

@ A— | J.(convex 0)) ;
2 Compute @;— 0, :={v: (v|Vue€B,)+1>0}1
“ (Re)assemble dually [Fult@@: \
0,0 6) = [67,67] (Z,<) B

with “neighbors”

g

41

V4

17



"L aurent-Toric Fugue

- & Non-Convex Mirrors ;=3

< Transpolar: functions on which space?
@ A— | J.(convex 0)) ;

N
9 7 ?&?\
@ Compute @;,— 0, :={v: (v|Vue;)+1>0]} c‘-DUO’\' \\OOQS \
Pt \\\ - ﬁ
< (Re)assemble dually [F‘ﬂton]LF ] IENRRRLILTE Ooezo'\“% o)
0.00) =070 & 7 o oY s -
( i N ]) L J] - Ox\SQO e$,¢00 v
with “neighbors” W v Ng

< Consistent with
all standard 5

’92: Khovanskii

\

\ \

v
\ \
LY

AN
N \\ \
N
N \ \\
1 N
r L N B0
e 0 NN
\ \
N )
\\ \\
e — N \\\
N
1 N ?

| |

|

]

3

methods +Pukhlikov
(pre)complex | " u.,f.)olar - ’93: Karshon
algebraic e ’ —I.—"II:;)lmar?
geometry 99: Hattorli
G\.,p%et dual poset +Masuda

R MM +lots of

(%) E I bl «— F sleq] —-)l (pre)symplectic keometry




f(z; Ap®)

O OO O W Ww

O O Www o o

4t

¢ (Toric) transposition:

= aq £U13 51342m+2 + a9 x

3

L aurent-Toric Fugue

- & Non-Convex Mirrors

V4

the “extension.’
included in A 7

* (3 3
) > Y pe)




"L aurent-Toric Fugue

& & Non-Convex Mirrors

- (TOTIC) 9(y)" = f(@) = a1 27 2™ + ag 37 1™ + ag 5_2 + a4

.' trans- T5)(6 matrix of ixp?c))nents 31tr§mspose - 22
B position: (@) =) =huie +hysud +bags v+ s

— _ 3

x =1, a3, a;=0 P(3:3:1é1)[8] 5 (Z3:%,2,0,0) ao
i X
a1x48+a2x58+a4x—i+a6x—?; DS (Z24:2_1472_14707%) [ii} : { quotient
3 C (Zs:2,3,5.%) L5 either one
bl =0, )ﬁa)ﬁ=1 P(3:5:8:8)[24] . ( (ZS: %, 07 : ) -yl 7 Of the tWO
» by yi® + b3 ye® + bayi® + bs 2. 0 ) iZi by Z;
Y4 Ye

C—

deformation

_ _ 3
x1=1, ay,a5=0 P(3:3:1?;1)[8] ; ( (Z5:4,3.0,0)
T2 L3 :
) CL1£C48—|—CL2£C58—|—CL4:E—5—|—Q5ZE—4: < (224.2_147§7%7%) T4 Q—Z < 7 /Z4
Zg:3,3,1 1) Las. =48 X Ly
\ ( 88787878
‘ b;=0, ygy5s=1 P?1:1:2:2)[6] ( (24& % 0 0) ] for example
| 3 3 ‘A9 49 Y gV:Z4X Z
52943+b3y53+b4y—1+b5y—21 M) " i /Z3
Ys Ya y Q
3
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~ Not just Hirzebruch scrolls, either:
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@ Buckets of 2-dimensional polygons, invented to test v: A «— A
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L aurent-Toric Fugue

& Non-Convex Mirrors

~ Not just Hirzebruch scrolls, either:
< Buckets of 2-dimensional polygons, invented to test v: A*

1-1

——————————————

= (generalized) “legal loops”
B. Poonen & E Rodriguez-Villegas:
Am. Math. Monthly 107 (3), (2000) 238-250

—— o — e = — ——— —
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v Buckets of 2-dimensional polygons, invented to test V: Ae— A

< And, plenty of 3-dimensional polyhedra:
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aurent-Toric Fugue

& Non-Convex Mirrors —Proof-of-Concept—

.~ Not just Hirzebruch scrolls, either:
< Buckets of 2-dimensional polygons, invented to test v: A — A

< And, plenty of 3-dimensional polyhedra:

| extension

20



Laurent-Toric Fugue
& Non-Convex Mirrors —Proof-of-Concept—

< Not just Hirzebruch scrolls, either:
< Buckets of 2-dimensional polygons, invented to test v: A* — A

¢ And, plenty of 3-dimensional polyhedra:

¢ Re-triangulation & VEXing:

(0,0,1)

re-triangulation _

20
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~ Not just Hirzebruch scrolls, either:
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< And, plenty of 3-dimensional polyhedra:

< Re-triangulation & VEXing:
¢ Multiply infinite sequences of twisted polytopes:




i aurent-Toric Fugue
& Non-Convex Mirrors i

~ Not just Hirzebruch scrolls, either:
< Buckets of 2-dimensional polygons, invented to test v: A* — A

- o
-5 et

9
O)Ore' ]2827

¢ And, plenty of 3-dimensional polyhedra:

¢ Re-triangulation & VEXing:
¢ Multiply infinite sequences of twisted polytopes:
@ And multi-fans (spanned by multi-topes):

® X

winding number (multiplicity, Duistermaat-Heckman fn.) = 2
A. Hattori+M. Masuda” Theory of Multi-Fans, Osaka J. Math. 40 (2003) 1-68] &@\\ -

%

20
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’Discriminant Divertimentod&,”

' 00 o, 59
+ & i
The Phase-Space = 2nd Fan Much 2205,
N O]Ofe 2827
~ The (super)potential: W(X) := Xo- f(X),
2 n
| . v n 2—m yn v (n—1)m+2
f(X) = Z (Z(a’w X; )Xn+j +a; A, Xn+j >
j=1 N =2
, Xo | X1 Xo - Xy Xpg1 Xpgo
< The possible vevs Q=n|1 1 -1 0 0
0] 1 2| - |@nl||@nta] [Enia] @m—2=m 0 00 11
7 0 0 0 0 * *
I 0 X * * * *
(1) 0 0 * * 0 0
i 0 NG 0 ol 0 0
mri+rsa m—2)ri+nra
111 (n—l)_|'r_n—|—2 ( (n—i)m—l—Z 0 0 0 0
w| \/—ri/n 0 0 0 0 0
IV| —ri/n 0 0 0 * *

\®)
\®)
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nyey, 220“5
"ore 1285,

: The Phase-Space = 2nd Fan —Proof-of-Concept—
| = Varyin g m in FIEZ .

F'=P"'xP'

Secondary fans
are all different




The A-Discriminant

.~ Now add worldsheet instantons:

@ Near (ry, r,) =(0,0), classical analysis of
Kahler %metnc) phase-space fails
[Mg&P: arXiv:hep-th/9412236]

_ <+ With Xo | X1 Xo - Xy Xpa1 Xpao
| ol —m |1 1 .- 1 0 0
Q?*m—2—m 0 --- 0 1 1
o the instanton resummation gives: [T R———

01 . (O‘in_l (0‘1—7'7%02))7

r+ — = —— log

271 27 [(m—2)02—n01]”
O 1 (0] [(m=2)oy—nc ]
ro + i log ( Po—— .

a cumulative measure of embedded curves
24




The A-Discriminant

-~ Now add worldsheet instantons: W
n) ﬂ:}@

m '
\ 1
\ 1
\ |

|

I

1

1

5 1

r 1

\\ H

1

@ Near (ry, r,)=(0,0), classical analysis of
Kahler %metnc) phase-space fails
[Mg&P: arXiv:hep-th/9412236]

- CWith | Xo | X1 Xo -+ Xy X1 Xngo
| Q' -n|1 1 ---1 0 0
Q?*m—2—m 0 --- 0 1 1
v the instanton resummation gives: H—.

0 1 (aln—l (al—mog))’

A __ 2
Yo T T2 B\ [(m—2)oa—nou]"

0 1 (022 [(m—2)02—n01]m_2).

(al—m Oz)m

a cumulative measure of embedded curves
24
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irror Motets

" The A-Discriminant
~ Now compare with the complex structure of the B3H2K-mirror
< Restricted to the “cornerstone” defining polynomials

f(z) = ao H (xw)<wiuo>+1 i Z a,, H (%i)<v7;,.uz>+1

v, EA* V urEA v, EA* txanspose '
g(y) = by H (y,u[)<,u],l/0>-|—1 + Z by,i H (yul)<,u1,1/i>—|—1
pur€A v; € A* pur €A
¢ In particular,
n+2
9(y) = sz ¢i(y) = bo o + b1 d1 + b2 P2 + b3 @3 + by P4,
1=0 ym—|—2 ym—|—2
bo:=y1- -y, S1=ylys, d2=ysui, 3= by 1= =2
L Blm-2pem) | @sv?

26



irror Motets

" The A-Discriminant

-~ Now compare with the complex structure of the B3H2K-mirror
< Restricted to the “cornerstone” defining polynomials

f(z) = ao H (xw)<wiuo>+1 i Z a,, H (xw)<v7;,.uz>+1 |

o ' S M transPOS®
9(y) = bo H (yw)W“’OHl -+ Z by, H (yw)<w,l/i>+1
,LLIEA ViEA* ,U'IEA A

¢ In particular,

n—+2
g(y) =) bidi(y) =bodo + by d1 + by ¢ + bs p3 + by b,
1=0 ym—|—2 ym—|—2
bo:=y1- s, dL=ylys, Gi=ysui, g3 = by 1= 22
__Blm=2)B +m| o (26+41) B
= — m—+2 ’ 22—(m+2)25m7 B_[

26



irror Motets

The A-Discriminant

& . So: M(F\V|er]) = W (F[e1]) — easy: 2-dimensional
B In fact, also: #(FP 1)) B M (FPer))
£4.. .restricted to no (MPCP) blow-ups; only “cornerstone” polynomials

o Then, dim%Z (F\[c1]) = n = dim 4 (F'[c1])

. © Same methods:

_ i (ZB Q? 55) nE4 (a;01)/2%210)(f)
N 2n 2 N Q?ﬂ — — — —
g2 e — H (Z QY 5B> 0| —=2(m~+2)(a1 + 02) | —2((a3 3) + (a4 94))
=0 *fg=1 1 m o1 + 202 m (a3 @213 (a4 1)
2 2 2 201 + m o 2 (s SD?’T);F:; (a4 04)
2 = a; pr(x I/A . B
Ir:[o ( I I( )) j 3 (m_l_z) T1 - 2 ' (&3 S03)
4 (m—|—2) 52 . (CL4 g04)

27



irror Motets

The A-Discriminant

_ So: M(F'|[e1]) = W (F]c1]) — easy: 2-dimensional
< In fact, also: W(VFffﬁf) c1]) ~ M(FV[er])
£4.. .restricted to no (MPCP) blow-ups; only “cornerstone” polynomials

o Then, dim%Z (F\[c1]) = n = dim 4 (F'[c1])

> Same methods: Kahler _ = complex structure
_ i (ZB Q] 0[3) nE4 (a;¢1)/2%210)(f)
N 2n 2 N 1 | Nz —
2miTa _ H (Z 0’ 55) 0 | —=2(m+2)(01 + 72) | —2((a3 v3) + (a4¢4))
- — = ) 2 m (a3 ©3)+2 (a4 p4)
=0 *p=1 1 mao1 + 209 m—
omn _ e e 2 (a3 p3)+m (a4 p4)
7, = H (aI 901(513)) ‘}‘/y 2 201 + m~02 | m+2
11 3 (m+2) o1 (a3 ¢3)
g mi2)d

27 (m+2)0; = a;,P;i4)



L aurent GLSM Coda

Summary —Proof-of-Concept—
. CY(n—1)-folds in Hirzebruch n-folds ¢ Oriented polytopes
< Euler characteristic ¢ Trans-polarV constr.

¢ Chern class, term-by-term ¢ Newton Ay = (A*;()V

< Hodge numbers (ump @ ) ¢ VEX polytopes %%' O
R . . 2 S
< Cornerstone polynomials & mirror s.t.: ((A)Y)V=A QS §

< Phase-space regions & mirror @ Star-triangulable

¢ Phase-space discriminant & mirror :
s — w/tlip-folded faces

¢ The “other way around” (limited!) :

__ . _ ¢ Polytope extension

¢ Yukawa couplings o :

__ . __ < Laurent monomials
< World-sheet instantons

< Gromov-Witten invariants =264 r

SOON

To%ig Ii“g])\fftbooks to be

¢ Will there be anything else? ...being ML-datamined
..extended

d(@%):=k! Vol(@®) [BH: signed by orientation!] z:;u .
28



Plaurent GLSM Coda 4

| Summary 00y

. CY(n—1)-folds in Hirzebruch n-folds ¢ Oriented polyt%es
4 —0
<% regular defo & > Laurent defo StT.
\ of CY hypersurfaces A " )
I X
G _ o ¥
2 T R A D
Q e W, N S
‘ €S
[ n
‘ FZ,eg, F ) . . ymials
< €Eqe-SPaACe F[E;;)(mod n)]
(least negative, most generic) kS to be
deformation family picture xtended

L i _ 4
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