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Gromov-Witten Theory

Let X be a smooth projective variety and β P H2pX ,Zq. The moduli space Mg,npX , βq

is called the moduli space of stable maps and its points correspond to isomorphism
classes of stable n-pointed maps f : pC , p1, ..., pnq Ñ X satisfying f˚prC sq “ β.

The cotangent lines on the curves C at the i th marked point patch together to form a
line bundle Li on Mg,npX , βq and i th descendent class is defined by

ψi “ c1pLi q.

For any γ1, ..., γn in H˚pX ,Qq, the corresponding Gromov-Witten invariant is defined
by:

ż

rMg,npX ,βqs
vir

n
ź

i“1

ev˚
i pγi qψ

mi
i

where evi : Mg,npX , βq Ñ X are defined by evi pf q “ f ppi q which are called the
evaluation maps.

When all mi “ 0, Gromov-Witten invariants are virtual counts of class β, genus g curves
passing through Poincaré duals of the classes γi .
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Brief History & Motivation

‚ Genus-Zero Mirror Symmetry: Counting rational curves in a Calabi-Yau threefold
X (A-model) is equivalent to studying the variations of Hodge structures on its

mirror qX (B-model).

‚ For all genera, Gromov-Witten theory defines a rigorous curve counting theory;
hence, the A-model makes sense in higher genus.

‚ Physicists Bershadsky, Cecotti, Ooguri and Vafa proposed a higher genus
B-model (’92,’93). Now known as BCOV theory. Holomorphic anomaly equations
(HAE) are central to BCOV theory.

In their papers, the following equations are described as holomorphic anomaly
equations:

BjBiF1 “ Trp´1qFCi C̄j ´
1

12
Gij Trp´1qF ,

B̄iFg “ C̄ijke
2KG jjG kk̄

˜

DjDkFg´1 `
1

2

g´1
ÿ

r“1

DjFrDkFg´r

¸

.
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Brief History & Motivation

‚ The quintic threefold X5 P P4:
- Genus-one by Zinger (’09),
- Genus-two by Guo-Janda-Ruan (’17).

‚ Lho and Pandharipande:
- The total space KP2 of the canonical bundle of P2 (’18),
- The formal quintic (’19).

- The orbifold rC3
{Z3s (’19),

So far, these are all Calabi-Yau 3-folds as predicted by BCOV theory. Other people
proved HAE for some other 3-dimensional Calabi-Yau geometries...

‚ Pixton-Oberdieck: HAE for elliptic curves and K3-surfaces. (’18)

‚ Lho generalized KP2 case to KP3. (’20)

‚ Oberdieck conjectured HAE for the Hilbert scheme of points of a K3 surface and
proved some special cases for every n ě 1. (’22).
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Gromov-Witten Theory of rCn{Zns

The cyclic group Zn acts naturally on Cn by letting its generator 1 P Zn act via the
n ˆ n matrix

diagpe
2π

?
´1

n , ..., e
2π

?
´1

n q.

This action commutes with the diagonal action of the torus T “ pC˚qn on Cn with
weights

λ0, ..., λn´1

and induces a T-action on rCn{Zns.

H˚
T,OrbprCn{Znsq has a canonical additive basis: tϕ0, ..., ϕn´1u.

For ϕc1 , . . . , ϕcm P H˚
T,Orb prCn{Znsq, consider the Gromov-Witten potential by

F rCn{Zns
g,m pϕc1 , . . . , ϕcm q “

8
ÿ

d“0

Θd

d!

ż

”

M
orb
g,m`d prCn{Zns,0q

ıvir

m
ź

k“1

ev˚
i pϕck q

m`d
ź

i“m`1

ev˚
i pϕ1q

after the following specializations of equivariant parameters:

λi “

$

&

%

e
2π

?
´1i

n e
π

?
´1
n if n is even,

e
2π

?
´1i

n if n is odd.
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Main Results

Theorem (Genlik, Tseng (’23))

1 The Gromov-Witten potential of rCn{Zns lies in a certain polynomial ring:

F rCn{Zns
g,m pϕc1 , . . . , ϕcm q P FrCn{Zns.

These are the first holomorphic anomaly equations in arbitrary dimension pn ě 3q and
genera g ě 2.
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Gromov-Witten Theory of KPn´1

Let the torus T “ pC˚qn act on Pn´1 with weights ´χ0, . . . ,´χn´1.

This T-action admits a canonical lift to the total space KPn´1 of the canonical bundle
of Pn´1.

Let
1 “ H0,H,H2, ...,Hn´1

be the standard additive basis of H˚
TpKPn´1q.

We consider the Gromov-Witten potential associated to Hc1 , . . . ,Hcm P H˚
TpKPn´1q

defined by

FKPn´1

g,m pHc1 , . . . ,Hcm q “

8
ÿ

d“0

Qd
ż

rMg,mpKPn´1,dqs
vir

m
ź

k“1

ev˚
i pHck q

after the following specialization of equivariant parameters

χi “ e
2π

?
´1i

n .
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Main Results

Let KPn´1 Ñ Cn{Zn be the blow-up of the unique singular point of Cn{Zn.

The crepant resolution conjecture predicts that rCn{Zns and KPn´1 have equivalent
Gromov-Witten theories.
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Stable graphs and Mg,m

A stable graph Γ is described by the following data:

1 VΓ is the vertex set with a genus assignment g : VΓ Ñ Zě0,

2 EΓ is the edge set,

3 LΓ is the set of legs,

4 For each vertex v , let npvq be the valence of the vertex. Then, the following
stability condition holds:

2gpvq ´ 2 ` npvq ą 0.

There is a canonical morphism

ιΓ :
ź

VΓ

Mgpvq,npvq Ñ Mg,m

with the image equal to the boundary stratum associated to the graph Γ.
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Cohomological Field Theories (CohFTs)

Let V be a finite dimesional Q-vector space, η be symmetric non-degenerate bilinear
form on V , and 1 P V be a distinguished element.

A cohomological field theory (CohFT) is a system Ω “ pΩg,nq2g´2`ną0 of Sn-equivariant
tensors

Ωg,n P H˚
´

Mg,n,Q
¯

b
`

V˚
˘bn

satisfying the certain compatibility properties under the maps q, p, r above:

q‹ pΩg,n pv1, . . . , vnqq “
ÿ

j,k

ηjkΩg´1,n`2

`

v1, . . . , vn, ej , ek
˘

,

r‹ pΩg,n pv1, . . . , vnqq “
ÿ

j,k

ηjkΩg1,n1`1

`

v1, . . . , vn1 , ej
˘

b Ωg2,n2`1 pvn1`1, . . . , vn, ek q ,

Ωg,n`1 pv1, . . . , vn,1q “ p‹Ωg,n pv1, . . . , vnq and Ω0,3 pv1, v2,1q “ η pv1, v2q .

A CohFT Ω defines a quantum product ‚ on V by ηpv1 ‚ v2, v3q “ Ω0,3pv1, v2, v3q .

A CohFT is semisimple if there exists a basis teiu of idempotents,

ei ‚ ej “ δijei .
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Givental-Teleman Classification of Semisimple CohFTs

Let pΩ,V , η,1q be a CohFT and

T pzq “ T2z
2 ` T3z

3 ` ¨ ¨ ¨ P V rrzss.

Then, one can produce a new CohFT TΩ, the translation of Ω by T .

Let R be a matrix series

Rpzq “

8
ÿ

k“0

Rkz
k P Id ` z ¨ EndpV qrrzss

which satisfies the condition Rpzq ¨ R‹p´zq “ Id .

We define a new CohFT RΩ:

pRΩqg,n “
ÿ

ΓPGg,n

1

|Aut pΓq|
ιΓ‹

¨

˝

ź

vPVΓ

Contpvq
ź

ePEΓ

Contpeq
ź

lPLΓ

Contplq

˛

‚.
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Givental-Teleman Classification of Semisimple CohFTs

The topological part of Ω is given by

ω “ pωg,m :“ Ωg,m|H0pMg,mqbpV˚qbm q,

and it is a CohFT as well. A topological CohFT can be obtained from ω0,3 by CohFT
axioms.

Theorem (Givental Teleman Classification)

For a semisimple CohFT Ω with unit, there exists a unique R-matrix which
reconstructs Ω from its topological part ω,

Ω “ RpT pωqq with T pzq “ zppId ´ Rpzqq ¨ 1q P V rrzss,

as a CohFT.
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Genus-Zero Theory of rCn{Zns

The J-function for rCn{Zns is defined by

J pΘ, zq “ ϕ0 `
Θϕ1

z
`

n´1
ÿ

i“0

ϕi
BB

ϕi

zpz ´ ψq

FFrCn{Zns

0,1

.

By methods of Coates-Corti-Iritani-Tseng, we define the I -function for rCn{Zns :

I px , zq “

8
ÿ

k“0

xk

zkk!

ź

b:0ďbă k
n

xby“x k
n

y

p1 ` p´1qnpbzqnqϕk

“ ϕ0 `
I1pxq

z
ϕ1 ` Opz´2q.

Theorem (Mirror Theorem)

We have J pΘpxq, zq “ I px , zq with the mirror transformation Θpxq “ I1pxq.
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Genus-Zero Theory of rCn{Zns

Define the following series in Crrxss:

Lpxq “ x
´

1 ´ p´1qn
´ x

n

¯n¯´ 1
n
.

Proposition

The I -function of rCn{Zns satisfies the following Picard-Fuchs equation

DnI px , zq `
DL

L

n´1
ÿ

k“1

sn,kD
k I px , zq “

Ln

zn
I px , zq

where D “ x d
dx
.

We define the series Ci P Crrxss inductively as follows:

C0 “ I0 “ 1 and Ci “ DLi´1...L0Ii where Li “
1

Ci
D for i ě 1,

and L0 is the identity.

For any l ě 0, we further define

Kl “

l
ź

i“0

Ci .
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Genus-Zero Theory of rCn{Zns

Proposition

For any i , j ě 0, the quantum product is given by

ϕi ‚ ϕj “
Ki`j

KiKj
ϕi`j .

The proof relies on the following generation argument:

ϕ1 ‚ ϕi “
Ci`1

C1
ϕi`1,

and the following lemma was obtained by adapting methods of Zagier-Zinger for hyper-
geometric series.

Lemma

We have the following identities for the series Ci and Kl

1 Ck`n “ Ck for all k ě 1,

2
śn

k“1 Ck “ Ln ,

3 Ck “ Cn`1´k for all 1 ď k ď n .

4 Kn`l “ LnKl for all l ě 0, in particular Kn “ Ln,

5 KlKn´l “ Ln and KlKInvplq “ Ll`Invplq for all 0 ď l ď n ´ 1.
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R-Matrix equation

Now, we define the series Ai P Crrxss for 0 ď i ď n by

Ai “
1

L

˜

i
DL

L
´

i
ÿ

r“0

DCr

Cr

¸

.

After some change of variables:

Ri,j pzq “
ÿ

kě0

Rk
i,jz

k ù Pi,j pzq “
ÿ

kě0

Pk
i,jz

k

the flatness equation takes of the form

Pk
Ionpiq´1,j “ Pk

i,j `
1

L
DPk´1

i,j ` An´iP
k´1
i,j .
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Differential Ring & Its Simplification

For example for n “ 6, the equations look like

Pk
5,j “Pk

0,j `
1

L
DPk´1

0,j

Pk
4,j “Pk

5,j `
1

L
DPk´1

5,j ` A1P
k´1
5,j

Pk
3,j “Pk

4,j `
1

L
DPk´1

4,j ` A2P
k´1
4,j

Pk
2,j “Pk

3,j `
1

L
DPk´1

3,j ` A3P
k´1
3,j

Pk
1,j “Pk

2,j `
1

L
DPk´1

2,j ` A4P
k´1
2,j

Pk
0,j “Pk

1,j `
1

L
DPk´1

1,j ` A5P
k´1
1,j

CrL˘1srDAs :“ CrL˘1srA1, ...,An´1,DA1, ...,DAn´1,D
2A1, ...,D

2An´1, ...s

Lemma

We have Pk
0,j P CrLs. Hence, each Pk

i,j lies in the differential ring CrL˘1srDAs
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Differential Ring & Its Simplification

A :“ tA1, ...,D
n´3A1uY, . . . Y tAi , ...,D

n´2´iAiu Y . . . Y tAn´2u.

Lemma (1st Simplification)

CrL˘1srDAs is a quotient of the ring CrL˘1srAs.

Lemma (2nd Simplification)

For the series Ai , we have the following

1 Ai “ ´An´i for all 0 ď i ď n,

2 A0 “ An “ 0, and A n
2

“ 0 if n is even,

3
řn

i“0 Ai “ 0.

Lemma (3rd Simplification)

For any n ě 3, we have

2DAs´1 “

s´1
ÿ

r“1

LA2
r ´

s´2
ÿ

r“1

pn ´ 2rqDAr ´ 2sf2spLq if n “ 2s ě 4,

DAs “

s
ÿ

r“1

LA2
r ´

s´1
ÿ

r“1

pn ´ 2rqDAr ´ p2s ` 1qf2s`1pLq if n “ 2s ` 1 ě 3.
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Differential Ring & Its Simplification

We denote the set of remaining elements of the differential ring as Sn.

Proposition

CrL˘1srDAs is a quotient of the ring CrL˘1srSns.

We have a canonical lift of each Pk
i,j to the free algebra CrL˘1srSns.
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Analysis of R-Matrix

The following two lemmas are crucial in the proof of holomorphic anomaly equations.

Lemma (Odd case)

Let n ě 3 be an odd number with n “ 2s ` 1. We have the following identity

BPk
i,j

BAs
“ δi,sP

k´1
s`1,j .

Lemma (Even case)

Let n ě 4 be an even number with n “ 2s. We have the following identity

BPk
i,j

BAs´1
“ δi,sP

k´1
s`1,j ` δi,s´1P

k´1
s,j .

By Givental-Teleman classification of semisimple CohFTs, we have

F rCn{Zns
g,m pϕc1 , . . . , ϕcm q “

ÿ

ΓPGDec
g,mpnq

ContΓ pϕc1 , . . . , ϕcm q .
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Reconstruction of Gromov-Witten Potential

Proposition (and Its Corollaries)

The contribution ContΓ pϕc1 , . . . , ϕcm q of a decorated stable graph Γ P GDec
g,mpnq is

1

|AutpΓq|

ÿ

APZFpΓq
ě0

ź

vPVΓ

ContAΓ pvq
ź

ePEΓ

ContAΓ peq
ź

lPLΓ

ContAΓ plq

where with A “ pa1, . . . , am, b1, . . . , b|HΓ|q where

ContAΓ pvq “
ÿ

kě0

ηpeppvq, eppvqq
´

2g´2`npvq`k
2

k!

ˆ

ż

Mgpvq,npvq`k

ψav1
1 ¨ ¨ ¨ψ

avlpvq

lpvq
ψbv1
lpvq`1

¨ ¨ ¨ψ
bvhpvq

npvq
tppvqpψnpvq`1q ¨ ¨ ¨ tppvqpψnpvq`k q

where

tppvqpzq “
ÿ

kě2

Tppvqkz
k with Tppvqk “

p´1qk

n
Pk
0,ppvqζ

´kppvq.
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ContAΓ pvq P CrLs,

ContAΓ peq P CrL˘1srSns,

ContAΓ plq P CrL˘1srSnsrCns “ FrCn{Zns.

Recall
F rCn{Zns

g,m pϕc1 , . . . , ϕcm q “
ÿ

ΓPGDec
g,mpnq

ContΓ pϕc1 , . . . , ϕcm q .

Theorem (Finite Generation Property)

We have F rCn{Zns
g,m pϕc1 , . . . , ϕcm q P FrCn{Zns.
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Reconstruction of Gromov-Witten Potential

Since ContAΓ pvq P CrLs we have the following vanishing:

BContAΓ pvq

BA
t
n´1
2

u

“ 0.
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Recall those two crucial lemmas:

Lemma (Odd case)

Let n ě 3 be an odd number with n “ 2s ` 1. We have the following identity

BPk
i,j

BAs
“ δi,sP

k´1
s`1,j .

Lemma (Even case)

Let n ě 4 be an even number with n “ 2s. We have the following identity

BPk
i,j

BAs´1
“ δi,sP

k´1
s`1,j ` δi,s´1P

k´1
s,j .
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Reconstruction of Gromov-Witten Potential

Since ContAΓ pvq P CrLs we have the following vanishing:

BContAΓ pvq

BA
t
n´1
2

u

“ 0.

Those two crucial lemmas result in the following two crucial lemmas :)

Lemma

Let n ě 3 be an odd number with n “ 2s ` 1, then we have

B

BAs
ContAΓ peq “

p´1qbe1`be2

2s ` 1

Pbe1
s`1,ppv1q

Pbe2
s`1,ppv2q

ζpbe1`s`1qppe1qζpbe2`s`1qppv2q
.

Lemma

Let n ě 4 be an even number with n “ 2s, then we have

B

BAs´1
ContAΓ peq

“
p´1qbe1`be2

2s

¨

˝

Pbe1
s`1,ppv1q

Pbe2
s,ppv2q

ζpbe1`s`1qppv1qζpbe2`sqppv2q
`

Pbe1
s,ppv1q

Pbe2
s`1,ppv2q

ζpbe1`sqppv1qζpbe2`s`1qppv2q

˛

‚.
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Proof of HAE

For F rCn{Zns
g , the graph contributions are like this:

ContΓ “
1

|AutpΓq|

ÿ

APZFpΓq
ě0

ź

vPVΓ

ContAΓ pvq
ź

ePEΓ

ContAΓ peq

For n “ 2s ` 1 (the odd case), we see

BContΓ

BAs
“

1

|AutpΓq|

ÿ

APZFpΓq
ě0

ź

vPVΓ

ContAΓ pvq
B

BAs

¨

˝

ź

ePEΓ

ContAΓ peq

˛

‚

“
1

|AutpΓq|

ÿ

APZFpΓq
ě0

ź

vPVΓ

ContAΓ pvq
ź

ePEΓ
e‰ẽ

ContAΓ peq
BContAΓ p̃eq

BAs

Idea: Taking derivative wrt As equivalent to breaking an edge into two legs.

ContΓ0
ẽ

pϕs , ϕsq or ContΓ1
ẽ

pϕsqContΓ2
ẽ

pϕsq

Cs`1

p2s ` 1qL

B

BAs
F rCn{Zns

g “
1

2
F rCn{Zns

g´1,2 pϕs , ϕsq `
1

2

g´1
ÿ

i“1

F rCn{Zns

g´i,1 pϕsqF rCn{Zns

i,1 pϕsq .
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Genus-Zero Theory of KPn´1

The I -function of KPn´1 is

IKPn´1
pq, zq “

ÿ

dě0

qd p´1qnd

śnd´1
k“0 pnH ` kzq

śd
k“1ppH ` kzqn ´ Hnq

.

The J-function of KPn´1 is

JKPn´1
pQ, zq “ 1 `

n´1
ÿ

j“0

ÿ

d‰0

Qd

B

H j

zpz ´ ψq

FKPn´1

0,1,d

pH j q_.

Theorem

The mirror theorem implies the equality

eH logQ{zJKPn´1
pQ, zq “ eH log q{z IKPn´1

pq, zq,

subject to the change of variables (mirror map)

logQ “ log q ` n
ÿ

dě1

qd p´1qnd
pnd ´ 1q!

pd!qn
.
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Genus-Zero Gromov-Witten Theory of KPn´1

Define
LKPn´1

“ p1 ´ p´nqnqq´1{n P 1 ` qCrrqss.

With an analogous approach to rCn{Zns, we also introduce the series CKPn´1

i , KKPn´1

i ,

AKPn´1

i lying in Crrqss.

Lemma

For all i , j ě 0, the quantum product is given by

H i ‚ H j “
KKPn´1

i`j

KKPn´1

i KKPn´1

j

H i`j .

The flatness equations for KPn´1 reads as

Pk,KPn´1

Ionpiq´1,j
“ Pk,KPn´1

i,j `
1

LKPn´1
DKPn´1P

k´1,KPn´1

i,j ` AKPn´1

n´i Pk´1,KPn´1

i,j .
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Matching R-matrices

Consider the following identification

q “ x´n.

This results in
nLKPn´1

ÞÑ ´ρLrCn{Zns where ρn “ ´1.

Also, we get

DKPn´1 “ q
d

dq
“ ´

1

n
x
d

dx
“ ´

1

n
DrCn{Zns.

Lemma

The series ´
?

´1P
rCn{Zns

0,j pzq and PKPn´1

0,j pρzq match after identification.
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Matching R-matrices

In addition, we formally identify the following:

CKPn´1

i ÞÑ ´
ρ

n
C

rCn{Zns

i ,

AKPn´1

i ÞÑ
1

ρ
A

rCn{Zns

i .

Corollary

The matrix series ´
?

´1PrCn{Znspzq and PKPn´1
pρzq match after identifications.

The identifications above define a ring isomorphism:

Υ : FKPn´1 Ñ FrCn{Zns.

By the Givental-Teleman classification the Gromov-Witten potential of KPn´1 is given
by

FKPn´1

g,m pHc1 , . . . ,Hcm q “
ÿ

ΓPGDec
g,mpnq

ContKPn´1

Γ pHc1 , . . . ,Hcm q .
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Crepant Resolution Correspondence for rCn{Zns

Proposition

For each graph Γ P GDec
g,mpnq, the contribution ContKPn´1

Γ pHc1 , . . . ,Hcm q is given by

1

|AutpΓq|

ÿ

APZFpΓq
ě0

ź

vPVΓ

ContAΓ pvq
ź

ePEΓ

ContAΓ peq
ź

lPLΓ

ContAΓ plq.

ContAΓ pvq P CrpLKPn´1
q˘1s,

ContAΓ peq P CrpLKPn´1
q˘1srSKPn´1

n s,

ContAΓ plq P CrpLKPn´1
q˘1srSKPn´1

n srCKPn´1

n s “ FKPn´1

Theorem (Finite generation property for KPn´1)

FKPn´1

g,m pHc1 , . . . ,Hcm q P CrpLKPn´1
q˘1srSKPn´1

n srCKPn´1

n s “ FKPn´1

Theorem (Crepant Resolution Correspondence)

For g and m in the stable range 2g ´ 2 ` m ą 0, the ring isomorphism Υ yields

F rCn{Zns
g,m pϕc1 , . . . , ϕcm q “ p´1q1´gρ3g´3`mΥ

´

FKPn´1

g,m pHc1 , . . . ,Hcm q

¯

.
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n s,

ContAΓ plq P CrpLKPn´1
q˘1srSKPn´1

n srCKPn´1

n s “ FKPn´1

Theorem (Finite generation property for KPn´1)

FKPn´1

g,m pHc1 , . . . ,Hcm q P CrpLKPn´1
q˘1srSKPn´1

n srCKPn´1

n s “ FKPn´1

Theorem (Crepant Resolution Correspondence)

For g and m in the stable range 2g ´ 2 ` m ą 0, the ring isomorphism Υ yields

F rCn{Zns
g,m pϕc1 , . . . , ϕcm q “ p´1q1´gρ3g´3`mΥ

´

FKPn´1

g,m pHc1 , . . . ,Hcm q

¯

.
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