
On Dem′janenko’s Work on Sums of Four Cubes
This note briefly describes some ideas concerning Dem′janenko’s work on sums of four cubes which

appears in Russian in Izv. Vysš. Učebn. Zaved. Matematika, 1966 no. 5 (54), 64–69. An English translation
can be obtained from Henri Cohen’s website at www.math.u-bordeaux.fr/ cohen/sum4cub.ps.

The quadratic representations. We give the idea of how to construct these. Suppose that we have
a linear polynomial tx + u written as the sum of four cubes as

(tx + u) = [Mx2 + Ax + B]3 − [Mx2 + (A− e)x + (B − f)]3 + [x2 + Cx + D]3 − [x2 + (C − g)x + (D− h)]3.

In order to kill the x5-term we need that M2e + g = 0. The x4-term is

6MeA− [3M(M3 + 1)e2 + 6M2Ce] + 3(M2f + h),

and we kill this by taking h = −M 2f and A = (M3 +1)(e/2)+MC. In the x3-term we have that B appears
linearly, as does C in the x2-term, and so we replace these. This leaves us with a linear polynomial in x with
coefficients involving M , D, e, and f . The idea is that we can write down a condition on D (which appears
linearly in both the linear and the constant term) to be able to solve for given t and u. Indeed, we get that
we must have e = (t/u)f . Substituting this back we get that

D = − (M6 − 1)f2t2

48u2M2
− fM2/2 + (u2/t2) +

4u3

f3t2(M6 − 1)
,

C =
1

e
(−M2e2/2 + 2f) = −(ftM2/2u) + (2u/t),

B =
M6 − 1

24M
(t/u)2f2 + (M3 + 1)(f/2) + MD,

and A = (f/2)(M3 + 1)(t/u) + MC. As can be seen, the denominator (M 6 − 1) in D and B is completely
canonical. We wish to choose t/u = 54/2 in such a way to make the denominators disappear, and to do this
we take (M, t, u, f) = (3, 54/λ3, 2/λ3, f/λ), and note that we must have f = 54 · (2/54). This gives that
Bλ = (3λ2 +728λ+10732176)/(728λ) and by replacing λ by 728µ, we get that Bλ = (12µ2 +4µ+81)/(4µ),
from which we see that µ = 27/2 or λ = 9828 gives an integral solution. We worked with B since it and D
are the least likely to be integral; we find that D also gives an integral solution for this λ, and so we take
(M, t, u, f) = (3, 54/98283, 2/98283, 54 · (2/54)/9828), which gives [A, B, C, D] = (1/9828) · [2211, 485, 43, 4].
Negating t, u, and f gives us [A, B, C, D] = (1/9828) · [2157, 41, 971, 22], and we thus get the solution given
by Demjanenko, that

54x+2 = (29484x2 +2211x+43)3− (29484x2 +2157+41)3 +(9828x2 +485x+4)3− (9828x2 +971x+22)3.

Similarly, with (M, t, u, f) = (3, 216/49143,−16/49142, 54 · (−16/216)/4914) we get that [A, B, C, D] =
(1/4914) · [−2157, 82,−971, 44] and proceeding we get

216x−16 = (14742x2−2157+82)3− (14742x2−2211x+86)3+(4914x2−971x+443)− (4914x2−485x+8)3.

We can note that we can write 54x + 8 and 54x + 10 in a similar manner with λ = 3 · 9828.
So we are left with the congruence classes represented by 108x ± 38. We might consider whether we

can represent p(108x ± r) for some prime p and residue r satisfying rp ≡ 38 (108) using such a quadratic
parametrisation. For this, we should look at (M, t, u, f) = (3, 108p/λ3, pr/λ3, 54 · (r/108)/λ) which with
λ = 9828 gives that D = (4p + 91r2 − 243r − 54)/108, and so we have 4p ≡ 54 + 27r + 17r2 (108). We
also have that pr ≡ 38 (108), so that we have 152 ≡ 54r + 27r2 + 17r3 (108), and a solution here is
(r, p) = ([46]108, [29]54). The solutions (r, p) = (10, 47), (82, 11) are probably just as useful in our context,
but those such as (r, p) = (19, 2) are not; incidentally, though this might seem to give a cubic expression for
216x + 38, fractions appear when one computes the D-solution corresponding to negating (t, u, f). As with
Demjanenko, we can write

(54s + 29)(108x + 46) =[29484x2 + 25143x + (6s + 5365)]3 − [29484x2 + 25089x + (6s + 5342)]3+

[9828x2 + 8129x + (2s + 1680)]3 − [9828x2 + 8615x + (2s + 1887)]3.
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The idea of the Pell equation. We first go through a failed attempt, and then do an example
that works. We consider the equation f(~x) = x3

1 + x3
2 + x3

3 + x3
4 = 0, writing ~a for a primitive integral

solution to this. We take ~a, ~g1, and ~g2 to be independent integral vectors that span a maximal lattice
on the 3-dimensional surface ~a · ∇f(~x) = 0. For any ~x = λ1~g1 + λ2~g2 + λ3~a on this surface, we see that
(~x)T∇2f(~a)(~x) defines a quadratic form, say S(λ1~g1 + λ2~g2 + λ3~a). Since ~a∇2f(~a) = 2∇f(~a), we get that
(~a)T∇2f(~a) = 0, and so λ3 = 0, so that S is a binary quadratic form in λ1 and λ2, which is unique up to
choice of g1 and g2, which corresponds to an integral change of variables in λ1 and λ2.

We now represent all n ≡ 38 (108) as a sum of 4 cubes. We let ~z = K~u + A~v + B ~w and want to write

n =
∑

i

z3
i

= 18K · S(A, B) + T (A, B),

so that in particular to kill the coefficients of K3 and K2 we have
∑

i
u3

i
= 0 and

∑
i
u2

i
vi =

∑
i
u2

i
wi = 0.

Suppose S(A, B) represents the prime p, and change variables integrally to get S(A, B) = p(A2 − dB2),
where d is the discriminant of S(A, B). The above displayed linear equation is solvable in K if it has local
solutions modulo 18 and p. Since n is 2 mod 18, we want T (A, B) to be 2 mod 18. We also want T (A, B) to
take on all nonzero values modulo p; then we can find A and B such that the above equation is solvable for
all n with gcd(p, n) = 1. If we can take p to be 11 mod 18, the missing values of n can be represented using
a quadratic parametrisation as above, which thus completes the proof. Note that the coefficient should be
taken as 6 if none of the components of ~u are divisible by 3.

For ~u = [3, 4, 5,−6] and ~u = [1, 6, 8,−9] we find that S(A, B) is definite, so there are not that many useful
choices of A and B. For ~u = [1,−9,−10, 12], we get that S(A, B) = 2A2 − 15B2, which can be achieved by
taking by taking ~v = [4,−4,−4, 5] and ~w = [2, 2, 7,−6]. We have T (A, B) = 61A3+78BA2−48B2A+143B3,
implying that we need A ≡ B (2), A ≡ 2 (3) and 3|B in order to get that T (A, B) ≡ 2 (18). A first attempt
might be to note that S(A, B) represents 2 infinitely often, but the fact that T (A, B) is never 2 mod 4
precludes us from representing 2 mod 36 in this case. We can note that S(A, B) represents those primes that
are 11 mod 18 which are also 17, 83, 107, or 113 modulo 120. We describe what happens for the prime 83.
We have S(7, 1) = 83 and taking A = 7Ã+15B̃ and B = Ã +14B̃ gives S(A, B) = 83(Ã2− 30B̃2). We need
Ã to be odd, and thus the above conditions on A and B become Ã ≡ 5 (6) and B̃ ≡ 2 (6). We now wish
to determine whether T (A, B) represents all nonzero classes modulo 83 under these conditions. We take
our fundamental unit as ε = −11 + 2

√
30, which has order 3 in Z6[

√
30]. So by using ε3 we can meet the

requirements for A and B modulo 6. However, this fundamental unit is a quadratic residue modulo 83, and
thus not a primitive root; so the period of (Ã, B̃) modulo 83 is not 82, implying that some T (A, B)-classes
modulo 83 are missed. Indeed, ε is a quadratic residue for primes that are 83 or 227 modulo 360, and so
these primes are not efficacious for this proof. Meanwhile, those primes that are 137 and 353 modulo 360
have a different problem; here we have that A must be even for S(A, B) to be 137 or 353 modulo 360, and
this forces T (A, B) to be odd. Finally, attempting to take use, say, −997 as our prime fails because 997 is
1 mod 3, and thus the third power of ε cannot be a primitive root.

A similar consideration with ~u = [2,−9,−15, 16] implies that we can have S(A, B) = 3A2 − 40B2; here
there is no choice of the fundamental unit ±11±

√
120 that has odd order in Z6[

√
120], and again the proof

fails due to a lack of a primitive root.
The three choices of ~u as [3, 10, 18,−19], [7, 14, 17,−20], and [4, 17, 22,−25] all lead to definite S(A, B),

and so we proceed with ~u = [10,−19,−24, 27]. By representing 83 and then forcing the AB-term of S(A, B)
to be zero we are led to take ~v = [27,−9, 25,−19] and ~w = [−928,−602, 2937, 2746] so that we get that
S(A, B) = 83(A2 − 3420B2) and T (A, B) = 27720A3 − 4708779A2B + 277109259AB2− 5645559977B3. We
need B ≡ 2 (6) and A ≡ 1 (3) to get T (A, B) ≡ 2 (18). Our fundamental unit is ε = −3041−52

√
3420 which

is equivalent to 1 + 4
√

3420 in Z6[
√

3420]. We write Ak + Bk

√
3420 = εk, and note that our congruence

conditions are met when k is 1 mod 3. We take s = 10 as
√

3420 modulo 83, so that ε ≡ 8 (83) and
ε̄ = −3041+ 52

√
3420 ≡ 52 (83). We have A3k+1 = (ε3k+1 + ε̄3k+1)/2 and B3k=1 = (ε3k+1 − ε̄3k+1)/2

√
3420,

and thus A3k+1 ≡ 4·14k+26·6k (83) and B3k+1 ≡ 17·14k+14·6k (83), so that T (A3k+1, B3k+1) ≡ 71·50k (83).
Since gcd(71, 83) = 1 and 50 is a primitive root modulo 83, this shows that T (A, B) takes on all nonzero
values modulo 83. So our proof is finished. Trying to use 47 instead of 83 fails since T (A, B) is always odd.
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