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NOTES ON 4-SELMER AND 8-CLASS RANKS

MARK WATKINS

Abstract. We continue our attempts to understand the recent work of Smith.

He has two significant ideas that are used in going beyond the 2-Selmer
case. One of these is co-homological and involves writing the sum of higher

Selmer pairings over a hypercube of vertices in terms of an Artin symbol.

Secondly, assuming there is suitable equi-distribution in the Artin symbols
from these hypercube sums, one then wishes to show that the Selmer pairings

themselves are equi-distributed, so in particular the distribution of the higher

Selmer ranks therein can be determined. This step, at least when the co-
homological input is suitably aligned, is mostly combinatorial in nature.

Indeed, there are notable technical difficulties with glueing together these

two steps, though in the case of the 4-Selmer group (where there is still a gov-
erning field) one sees various simplifications. It is this case that we choose to

highlight for now, essentially to try to digest Smith’s combinatorial methodol-

ogy without yet bringing in the co-homological machinery.
The analogue for class groups is the 8-rank, and we actually mostly fol-

low the preprint of Chan, Koymans, Milovic, and Pagano, who consider the
situation for Gaussian discriminants.

1. Introduction

In our previous work [21] we described some recent (2017) methods of Smith [15]
to determine the 2-Selmer rank distribution of quadratic twists of a given elliptic
curve E/Q with full 2-torsion and no 4-torsion, and similarly for the narrow 4-rank
class group distribution for quadratic fields, including the special case of Gaussian
discriminants (positive fundamental discriminants that have no prime divisors that
are 3 mod 4).

Smith’s methods are (much) more powerful than what we discussed in [21], and
here we aim to move up to the next cases: namely 4-Selmer ranks of suitable elliptic
curves, and 8-ranks of narrow class groups of quadratic fields. This still hides most
of the co-homological machinery that he uses to go to higher 2k-ranks, but we still
have a number of novel combinatorial ideas that can be presented without getting
too weighed down in Galois co-homology.

The preprint of Chan, Koymans, Milovic, and Pagano [4] discusses the case of
narrow 8-ranks for Gaussian discriminants, and it is indeed this work that we shall
largely follow.

Another useful preprint is one from 2016 by Smith [14], where he describes the
4-Selmer and 8-class distributions under GRH.

Finally, there is a preprint from 2018 of Koymans and Pagano [9], which gener-
alizes Smith’s 2017 work to the l∞-part of the class group of degree l fields with
cyclic Galois group. This goes in a much different direction,1 particularly being
heavy on the Galois co-homology, though some of the combinatorial ideas that we
highlight here are still present in a somewhat alternative presentation to Smith’s
setup. They also assume GRH, as analytic questions are not their main focus.

1.1. We now describe the contents of this exposition.
We let G be the set of Gaussian discriminants, which are positive fundamental

discriminants that have no prime factor that is 3 mod 4. We write e4(d) for the

1As the last paragraph of their Introduction indicates, the situation is closer to real quadratic
fields, while Smith’s work considers only imaginary quadratic.
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narrow 4-rank of the class group of Q(
√
d), and R8(d) for a pairing matrix on the

narrow 4-class group that will be defined later (§4.3). For now, it is enough to know
that this matrix is defined over F2 and has e4 rows and (e4 + 1) columns, and the

dimension of the left kernel of this matrix is the narrow 8-rank for Q(
√
d).

1.1.1. Recalling our notation (from [21, §10.2.1]) for the proposition of Gaussian
discriminants with 4-rank equal to e as

γG(e) =
1

2e(e+1)/2

∞∏
u=1

(1 + 1/2u)−1
e∏
j=1

(1− 1/2j)−1,

the main result we show is the following. (As per [21], our results here are effective).

Theorem 1.1.2. For any M ∈ Mat(e, e+ 1,F2) we have

#{d ≤ X : d ∈ G | e4(d) = e,R8(d) = M}
#{d ≤ X : d ∈ G}

=
γG(e)

2e(e+1)
+O

( 1

(log logX)1/4

)
.

This was shown in [4] with a weaker error term (as we discuss below).
Of course, such a statement really only makes sense if we have some sort of fixed

basis for the 8-rank pairing matrices, which indeed we discuss in §5.3.1. On the
other hand this somewhat loose phrasing already allows some useful corollaries. We
write eo

4(d) for the ordinary 4-rank of the class group of Q(
√
d), and recall Fouvry

and Klüners [8, Theorem 2] showed that a relative proportion 1/2e of the time the
narrow and ordinary 4-ranks are equal; the methods here recover this result.

Corollary 1.1.3. We have

#{d ≤ X : d ∈ G | e4(d) = e, eo
4(d) = e}

#{d ≤ X : d ∈ G}
=
γG(e)

2e
+O

( 1

(log logX)1/4

)
.

This follows upon identifying the instances of e4(d) = eo
4(d) with R8(d) having

a rightmost column of zeros (§4.6.1). One naturally has the complementary result:
the proportion with the ordinary and narrow 4-ranks differing is γG(e)(1− 1/2e).

Next we can accumulate instances of M having a left kernel of dimension e8.

Corollary 1.1.4. We have

#{d ≤ X : d ∈ G | e4(d) = e4, e8(d) = e8}
#{d ≤ X : d ∈ G}

= γG(e4)P(e4, e8) +O
( 1

(log logX)1/4

)
where P(e4, e8) is the proportion of matrices in Mat(e4, e4 + 1,F2) that have a left
kernel of dimension e8.

Moreover, we can consider the subcase where the narrow and ordinary 4-ranks
are equal, with this signified by the notation en,o

4 (d) = e4.

Corollary 1.1.5. We have

#{d ≤ X : d ∈ G | en,o
4 (d) = e4, e8(d) = e8}

#{d ≤ X : d ∈ G}
= γG(e4)Po(e4, e8)+O

( 1

(log logX)1/4

)
where Po(e4, e8) is the proportion of matrices in Mat(e4, e4 + 1,F2) that have a
rightmost column of zeros and a left kernel of dimension e8.

Of course, Po(e4, e8) is also 1/2e4 of the proportion of matrices in Mat(e4, e4,F2)
that have a kernel of dimension e8.
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1.1.6. One can write down more elaborate expressions for P(e4, e8) if desired.
We recall the accounting of the number Nq(m× n, r) of matrices of size m-by-n

over Fq of rank r (cf. [16, Proposition 2.3] for instance). We have that

Nq(m× n, r) =
[n
r

]
q
·N0

q (m, r)

where the Gaussian coefficient
[
n
r

]
q

is the number of r-dimensional subspaces of a

vector space of dimension n over Fq and N0
q (m, r) is the number of surjective maps

from an m-dimensional vector space to an r-dimensional space over Fq (in other
words, the number of m-by-r matrices of full rank). One can write the Gaussian
coefficient variously as[n

r

]
q

=

r−1∏
l=0

qn−l − 1

qr−l − 1
=

n∏
l=1

(ql − 1)

/ r∏
j=1

(qj − 1)

n−r∏
k=1

(qk − 1).

Meanwhile, a result anciently due to Landsberg [11] implies that

N0
q (m, r) = qmr

r−1∏
j=0

(
1− 1/qm−j

)
= qr(r−1)/2

r−1∏
j=0

(qm−j − 1).

It is my preference to write things in terms of Fq(u) =
∏u
i=1(1− 1/qi), so that[n

r

]
q

=
q(
n
2)Fq(n)

q(
r
2)Fq(r) · q(

n−r
2 )Fq(n− r)

and N0
q (m, r) = qmrFq(m)/Fq(m− r).

One can also note that

γG(e) =
1

2e(e+1)/2

∞∏
u=1

(1 + 1/2u)−1
e∏
j=1

(1− 1/2j)−1 =
1/F2(e)

2e(e+1)/2

∞∏
u=1

(1 + 1/2u)−1.

I’m not sure how useful it is to write down more expressions for P(e4, e8) in
general. In the case of Po(e4, e8) we are interested in (m,n, r, q) = (e4, e4, e4−e8, 2)
and have a factor of 1/2e4 from the rightmost column so that

Po(e4, e8) =
1

2e4
N2(e4 × e4, e4 − e8)/2e

2
4 ,

where N2(e4 × e4, e4 − e8) is

2(e42 )F2(e4)

2(e82 )F2(e8) · 2(e4−e82 )F2(e4 − e8)
· 2e4(e8−e4)F2(e4)

F2(e8)
= 2(e4−e8)2 F2(e4)2

F2(e8)2F2(e4 − e8)

and so

Po(e4, e8) =
2(e4−e8)2

2e42e
2
4

F2(e4)2

F2(e8)2F2(e4 − e8)
.

Perhaps we can highlight the e8 = 0 case (of interest since it immediately implies
the negative Pell equation is solvable), where

γG(e4)Po(e4, 0) =
1/F2(e4)

2e4(e4+1)/2

∞∏
u=1

(1+1/2u)−1F2(e4)

2e4
=

1

2e4(e4+3)/2

∞∏
u=1

(1+1/2u)−1,

recovering the phrasing of [4, Theorem 1.1].
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1.1.7. As noted above, our main reference text is the preprint of Chan, Koymans,
Milovic, and Pagano [4]. Most of their §5 is replaced by our previous §§5-6 in re-
working Smith’s estimates for equi-distribution of (pi|pj). It is their §2 and §6 that
we emulate most; here §2 is rather specific to the case of 8-ranks (and indeed Gauss-
ian discriminants at some points), and they/we follow Stevenhagen’s rendition [18]
of Rédei symbols therein. Meanwhile, their §6 is largely a suitable versioning of
Smith’s combinatorial methods, with some distinctions in the notion of genericity
that are necessitated due to the sparsity of the set of Gaussian discriminants.

The main technical advance we achieve is the removal2 of “extravagant spacing”
as introduced by Smith. Note that extravagant spacing (see [15, Theorem 5.4 (3)]
or [4, Theorem 4.1(iii)]) actually has quite a poor relative error term (saving only
a power of log log logX) and it is principally for this reason that we improve upon
the error in [4].

1.2. We give a rather brief outline of the proof technique (which indeed originates
from Smith), and then list the contents herein.

1.2.1. Recall that we represent fundamental discriminants d from boxes of Carte-
sian products

∏
j Tj where the Tj are the primes from dyadic-like intervals (all

being 1 mod 4 in the Gaussian discriminant case), and then subject said primes to
various mutual Legendre symbol conditions to determine the narrow 4-rank. This
then gives a basis of the narrow 4-class group, and we can write a pairing matrix
on it that will in turn give (as its kernel) the narrow 8-class group.

What Smith notes is that these pairing matrices, or more particularly the values
of characters for their ambient matrix space, can be related amongst various d;
he has sums of these over vertices of a hypercube (in our case in no more than 3
dimensions), with the result then being related to a Frobenius element in a certain
field. (One can replicate these sums over 23 vertices many times over via different
choices of which 2 primes to use from each Tj , so that equi-distribution of the
summatory Frobenius elements will give equi-distribution of the character values).

He then takes a selection of the indices of the Cartesian product
∏
j Tj , designed

so that one of these indices is large (greater than 5/8 of the total number of indices)
and the others are small (between 1/10 and 1/8 of the total), with the 0-1 pattern
of the 4-class basis vectors at these indices specified so as to induce a desirable
result (in particular, to show cancellation) with the above hypercube sums. Since
we typically have many indices (on the scale of log logX, for the number of prime
divisors of d) but only a few basis vectors (more than 99

√
log log logX will be

non-generic) finding such indices (which we call hypercube co-ordinates) is feasible.
Smith then fixes a prime from every Tj not in the hypercube co-ordinates (so

that only three of the components are varying for us), and considers a sum over the
upper hypercube co-ordinate. In other words, we are (roughly) working on3

t↓ ×
∏
u∈Ṽψ

Tu × t↑ × Tsψ

2I am told that Smith also did this, and indeed for our case it is mostly a matter of arranging

averaging techniques properly. One might also try to apply a large sieve for Artin representations,
as recently developed by Thorner and Zaman [20], which is a somewhat more streamlined and

direct version of the averaged Chebotarev results of Pierce, Turnage-Butterbaugh, and Wood [12].
3Here t↓ is split from t↑ somewhat arbitrarily at half the number of prime divisors of d; the

grids we describe below will depend on t↓ but not t↑.
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where t↓ and t↑ are fixed tuples of primes with one from each Tj for j that is
not a hypercube co-ordinate, while

∏
u Tu is the product over the lower hypercube

co-ordinates, and Tsψ is the set of primes correponding to the upper hypercube
co-ordinate. (Here ψ is a multiplicative character on the matrix space). By the
Chebotarev theorem, the primes in Tsψ should be Frobenius equi-distributed in a
field defined by the primes from the lower hypercube co-ordinates. However, there
are too many members in the sets Tu corresponding to the latter (leading to a large
field degree in the Chebotarev usage), and Smith has to show that we can suitably
cover these

∏
u Tu from the lower hypercube co-ordinates by (much) smaller grids

in a nearly uniformly manner. This part of the argument is purely combinatorial in
our case. Once the field parameters are adequately bounded, the Chebotarev usage
then gives us the desired Frobenius equi-distribution when summing over the upper
hypercube co-ordinate, which in turn gives us cancellation of the pairing matrix
character sums, and thus equi-distribution of the pairing matrices themselves.

Of course, in practice much of this is true only “on average” over the fixed se-
lections (here t↓ and t↑) away from the hypercube co-ordinates, and indeed Smith
simplifies his argument somewhat by using “extravagant spacing” to skip such av-
eraging in some cases.

For the higher 2k-ranks, Smith has (k − 1) lower hypercube co-ordinates and
there is much more delicacy in arranging the Galois co-homology arguments to
ensure that cancellation can be detected for the higher 2k-pairings, and moreover
to show that there are applicable choices of grids for

∏
u Tu. We do not delve into

this here, other than to make some comments at the very end in §13.6.3.

1.2.2. Let us list the contents of each section below.
In §2 we catalogue some notation we use, though the reader should also see our

setup review in §5, and §6.6 for notation with box-restrictions.
We then give some brief general background facts in §3. In particular, we recall

the bilinear estimate for
∑
i

∑
j αiβj(pi|pj) and list the version of the Chebotarev

density theorem that we will use. We also give a short combinatorial Lemma
(arising from Smith in this context) that allows to pass from known cancellation
for a “derivative” function (from H ×H to F2) to then show cancellation for the
anti-derivatives (from H to F2).

In §4 we give background on the 8-ranks of narrow quadratic class groups, largely
following Stevenhagen’s description from Rédei symbols.

In §5 we review our previous setup of splitting up discriminants d into boxes,
and then in §6 we introduce hypercube co-ordinates, and show that suitable ones
exist in generic circumstances.

We then apply the results about Rédei symbols in §7 to determine hypercube
sums in terms of Frobenius elements, and then in §8 we apply the Chebotarev
density theorem to show said Frobenius elements are equi-distributed.

This equi-distribution is dependent upon a suitable selection of “grids” that form
a nearly uniform cover of the sets from the lower hypercube co-ordinates, and in §9
we give Smith’s combinatorial arguments that allow us to do this. Then in §10 we
show that indeed this grid-based cover of the lower hypercube co-ordinates induces a
suitable uniform cover of the entire Cartesian product (with respect to the Legendre
symbol conditions, which we largely elided in our description above). In §11 we put
everything together and show the main results for Gaussian discriminants.
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In §12 we discuss the modifications necessary to handle the general quadratic
case, and in §13 consider the 4-Selmer case for quadratic twists of elliptic curves.

2. Notation

We have Q(
√
D) as a quadratic field with D a fundamental discriminant, and CD

its narrow class group. The Rédei matrix R4 determines the 4-rank (being one less
than the dimension of its kernel), and similarly with R8 for the 8-rank. We write e
for the 4-rank, or sometimes e4 when it is necessary to clarify with the 8-rank e8.
We write [A,B,C] for the Rédei symbol.

The number of prime divisors of D is r. We write d̃ for the odd part of |D|,
and r̃ for the number of its prime divisors. We then have (K,L) as a residue and

Legendre symbol specification for d̃.
We write EL2 (u,X) = exp exp(u log logX) and note logEL2 (u,X) = (logX)u.
In §6 we have the multiplicative character ψ on the matrix space Mat(e, e+1,F2),

and its exponent array c in terms of basic characters. We then have hz
ψ and hs

ψ as
distinguished basis indices. We have Vψ as a set of hypercube co-ordinates, with sψ
and zψ and possibly z′ψ being its elements, and Ṽψ referring to Vψ with sψ removed.

We let rg = b(αP/2) log logXc be a demarcation point for the indices of the

prime divisors of d̃, and call the hypercube co-ordinates well-gapped if sψ ≥ (5/4)rg

and rg/5 ≤ i ≤ rg/4 for i ∈ Ṽψ. We then let I↓ be the set of indices ≤ rg and I↑
those exceeding this, and I?↓ and I?↑ the sets of these upon removing the hypercube

co-ordinates in Ṽψ. We will then have r↑g as the size of I?↑ and r⇑g the size of I↑,
with r↓g the size of I?↓ .

We then have various notation for box products with these demarcations. Re-
call that a box T̄ represents squarefree integers via T =

∏
l Tl. We have T ↓(K)

and T ↑(K), the Cartesian products of Tl(K) for l respectively in I?↓ and I?↑ , with

then t↓ and t↑ elements of these, perhaps better thought of as a product of singleton
sets in some instances. We will have Tsψ (K) corresponding to the upper hypercube

co-ordinate, and will reserve the subscript u herein as Tu(K) for u ∈ Ṽψ.

We then have grids Ž ⊂
∏
u∈Ṽψ Tu(K), which have components Žu ∈ Tu(K) of

a fixed size #Žu = B. Here B = b
√

log logX/999c, and we write nψ = #Ṽψ for
the number of lower hypercube co-ordinates. These grids will approximately cover
the L-compatible subset of

∏
u Tu(K) to multiplicity roughly R̄, where here we have

that R̄ = bEL2 (0.05, X)c = bexp exp(0.05 log logX)c.
We then have various restrictions of box components, such as Tj(K)[L|t↓, Ž],

which is the subset of Tj(K) whose members meet the Legendre conditions from L
for t↓ and Ž. There is also a version T ↓(K)vLw of this, where here the the double-
brackets refer to members of T ↓(K) themselves being L-compatible. Finally we
have T (K,L)〈t↓〉, where this is the subset of T (K,L) with the components for the
indices in I?↓ being t↓.

In §7 we have fields LŽ and KŽ that depend on a grid Ž, and we write ψ? for
the additive version of the character ψ. We first demonstrate cancellation over a
product A(t↓, Ž, t↑) = t↓× Ž× t↑×Tsψ (K)[L|t↓, Ž, t↑], and then (in §8) progress to

B?(t↓ × Ž) =
(
t↓ × Ž ×

∏
j∈I↑

Tj(K)[L|t↓, Ž]
)
∩ T (K,L)〈t↓〉.
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The final intersection ensures that everything is L-compatible, and we also have

B(t↓ × Ž) = t↓ × Ž ×
∏
j∈I↑

Tj(K)[L|t↓, Ž].

We then collate grids Ž into Z(t↓) in §9, and write Yt↓ for the L-compatible
subset of

∏
u Tu(K), with this being covered to multiplicity R̄ by the grids except

for an exceptional set Ỹt↓(Z). We write RZ(y), or Rt↓(y) once Z(t↓) is fixed, for
the number of grids in which y ∈ Yt↓ appears. We then (§10) have the counting
function Λt↓(~t) for ~t ∈ T (K,L)〈t↓〉, which counts how many grids have ~t as an
element in B(t↓ × Ž).

We will sometimes write c̃ for an unspecified constant, for instance in error term
of the prime number theorem.

3. Various background material

3.1. We recall the bilinear estimate (originating from Heilbronn) for sums over
primes linked by a Legendre symbol.

Lemma 3.1.1. Let {αp}p be complex numbers bounded by 1 and supported on odd
primes p with P ≤ p ≤ 2P , and similarly for {βq}q. Then

(1)
∑
p∼P

∑
q∼Q

αpβq(p|q)�
PQ

min(P,Q)1/9
.

This is Proposition 13.3.5 in [21] (where a substantial history is also given).

3.1.2. We will also need to use the Chebotarev density theorem, which contains
primes in arithmetic progressions as a special case.

Suppose that M/Q is a Galois extension of degree m, and ρ a nontrivial irre-
ducible Artin representation for M of degree v and conductor f whose L-function
is entire. Then∑

p≤U

χρ(p) log p� Uβ + U exp
(
− (logU)/(mv)4

√
logU + 3 log f

)
(mr logmfU)

where χρ is the character of ρ, and β is a prospective exceptional zero (by our
usage of pleasant boxes this will never be a hindrance). By summing this over all
irreducible representations we get an equi-distribution result for Frobenius classes.

We will use this for fields of degree ≤ 2 · 4(B−1)nψ where B will be the size of
our grid components and nψ the number of lower hypercube co-ordinates. In our
case the latter is ≤ 2, and we take B = b

√
log logX/999c to ensure the degree is

suitably small as m� (logX)1/105

. The conductor will be ≤ (8K)v where K is the
product of nψB primes each (say) of size� exp exp(0.51 log logX), while the primes
in question will be � exp exp(0.62 log logX). Thus (logU)/(mv)4 � (logX)0.61

while log f � (logX)0.52, so we obtain a suitable savings.

3.2. We next provide a way of showing that if a differential map has cancellation
in its value-distribution, then any “anti-derivative” of it must have cancellation too.

Let H be a Cartesian product
∏
j Hj of h finite nonempty sets, and write F̃H2 for

the set of functions from H to F2, and F̃H×H2 for the set of functions from H ×H
to F2. From this we then define the linear map ∂H : F̃H2 → F̃H×H2 from the rule

given by
(
∂HF

)
(~u1, ~u2) =

∑
~c∈FH2

F
(
(uc11 , ..., u

cj
j )
)

for a given map F ∈ F̃H2 .
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We can note the kernel of ∂H consists of factorable functions that are constant
on a factorable component, that is, we can write F (~x) = Fi(xi) + F̌i(x̌i) where Fi
is a constant function (either all zeros or all ones) on Hi, and F̌i is some function
on the product of the Hj ’s with Hi removed.

In particular, the image of ∂H has dimension
∏
j(#Hj − 1).

3.2.1. We will ultimately be able to show cancellation for functions g ∈ im(∂H)
over such F2-hypercubes, and it turns out we may choose such g rather arbitrarily;
naturally, we want to transfer this cancellation (or equi-distribution) back to func-
tions on H itself. In particular, we want to take g so that any F with g = ∂HF has
a reasonable amount of cancellation.4

Taking the contrapositive of the terminology given in [4, §3], we define an ε-good
function F on H to be one that has |#F−1(0) −#H/2| ≤ ε#H (where F−1(0) is
the inverse image of 0), and g ∈ im(∂H) to be ε-good if every F with ∂HF = g
is ε-good. With the above kernel dimension computation, it is an exercise in tails
of the binomial distribution5 to show that when the sets Hj are large compared to
their number h, there is a suitable g that is ε-good. Namely, we have the following.

Lemma 3.2.2. [4, Theorem 3.3] (see also [15, Proposition 4.3]). We have

#{g ∈ im(∂H) : g is ε-bad}
#{g ∈ im(∂H)}

≤ 2 · 2#H−
∏
j(#Hj−1) exp(−2ε2#H).

In practice, we will apply this with h = 2 or h = 3, with each Hj of size B. We

can then take ε ∼
√
h log

√
2/
√
B and ensure the existence of a map g ∈ im(∂H)

that is ε-good. This essentially means that the error in our cancellation detection
will be of relative size 1/

√
B, and thus we want to take B as large as possible.

Of course, in the previous subsection we saw a barrier therein, namely in terms
of the degree of various fields when using the Chebotarev density theorem. This
then indicates that our ultimate relative error estimate will be no better than
roughly � 1/(log logX)1/2nψ ≤ 1/(log logX)1/4, somewhat worse than the result
for the 4-rank. (Moreover, for higher 2k-ranks we would need nψ = k − 1).

4. Background on 8-ranks of narrow quadratic class groups

We give some background on narrow quadratic class groups, and in particular
how to compute their 2-rank, 4-rank, and 8-rank. The latter we will then relate
to Rédei symbols. Largely we follow Stevenhagen’s presentation [18], with some
indications from [4, §2] when we say more about the case of Gaussian discriminants.

4.1. Let K = Q(
√
D) be a quadratic field, where D = p1 · · · pr is a fundamental

discriminant with r prime factors. We let D =
∏
i p̂i be its factorization into

discriminantal divisors, adjusting at 2 as necessary (so 2̂ ∈ {−4,−8, 8}).
The 2-part of the narrow class group CD has rank (r − 1), and is generated by

ambiguous ideal classes [pi] where each pi is a ramified prime dividing pi; these

4One might note that this is easy when h = 1 and #H1 is even; we take F to be any function
that is split equally between the values 0 and 1, and as the kernel is generated by the constant
function A equal to 1, both F and F +A have an equal split of function values.

5By this phrase we mean the following bound: for bit-strings of length l, the number that have

more than (l/2 + r) or less than (l/2− r) bits equal to 0 is �
∑l/2−r
j=0

(l
j

)
� 2l2−r

2/l.
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generators are subject to a unique relation.6 The dual ĈD[2] is generated by the
quadratic characters χp̂i corresponding to Q(

√
p̂i), and here the relation identi-

fies χp̂i with χD/p̂i , essentially that K(
√
p̂i) = K(

√
D/p̂i).

We write HK for the narrow Hilbert class field of K, and can note that

Gal(HK/Q) ∼= Gal(HK/K) o Gal(K/Q) ∼= CD o 〈τ〉

where Gal(K/Q) = 〈τ〉 and τ acts by inversion on CD. Letting H2
K be the genus

subfield, this then is the maximal subfield of HK that is abelian over Q, so we
have Gal(H2

K/Q) = Gal(HK/Q)ab ∼= CD/2CD × 〈τ〉, with this isomorphic to Fr2.

4.2. There is a natural map from CD[2] to CD/2CD, and the dimension of the
kernel of this map is the 4-rank of the narrow class group. Indeed, this kernel
is CD[2] ∩ 2CD, and we have a sequence of maps

Fr2 → CD[2]→ CD/2CD → Gal(H2
K/Q) ∼= Fr2.

We write χ?p̂i for the additive version of χp̂i , taking values in F2.

The Rédei matrix R4 is then a representation of the above composition of maps,
with the entries R4

ij given by χ?p̂i(pj) for i 6= j, and then R4
jj =

∑
i 6=jR

4
ij to ensure

the column7 sums are zero. In any case, we have that the 4-rank of the narrow
class group of Q(

√
D) is one less than the dimension of the kernel of R4.

Due to the column-sums being zero, the left kernel of R4 has an obvious vec-
tor (1, . . . , 1), corresponding to the character relation that χD is trivial in the dual
class group.

4.3. We can then continue and consider the 8-rank. There is a natural map
from CD[2] ∩ 2CD to 2CD/4CD. If we restrict the map from Fr2 to CD[2] to the
right kernel of R4 and write H4

K for the narrow 4-Hilbert class field we have a
chain of maps

ker(R4)→ CD[2] ∩ 2CD → 2CD/4CD ∼= Gal(H4
K/H

2
K) ∼= Fe42

where e4 is the narrow 4-rank. The 8-rank of the narrow class group of Q(
√
D)

will then be one less than the dimension of the kernel of this map.
We wish to write down explicit generators for for ĈD[4]/ĈD[2]. For this, it is

profitable to first describe which characters in ĈD[2] are 2-divisible. This was done
by Rédei and Reichardt [13] in terms of cyclic quartic extensions – although this
might seem unnecessarily complicated compared to the other criteria we give, it is
this that allows us to write a natural pairing for the entries of the R8-matrix.8

6This relation is that the ideal class [(
√
D)] is trivial when D < 0, and similarly for D > 0

when the fundamental unit has norm −1. Otherwise it is more complicated.
7Conventions differ as to whether the column or row sums are taken to be zero, and indeed

some authors confuse themselves on this point.
Also, in [16, Proposition 2.2] Stevenhagen defines the matrix of having entries (p̂i|p̂j)? (and

sloppily has “dj is even” instead of dj having odd 2-valuation for the relevance of (x|dj)), but I

don’t think this is as useful.
8Our pairing matrix on characters and ideals will naturally be in Mat(e4, e4 + 1,F2), and

thus it seems natural to write the R8-matrix on the left, so that as a map from an F2-space of

dimension (e4 + 1) to a space of dimension e4 it will indeed have e4 rows and (e4 + 1) columns.
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4.3.1. Indeed, as Stevenhagen notes [18, Lemma 4.2] some equivalent conditions

for χa ∈ ĈD[2] to be 2-divisible are:

• an unramified cyclic quartic extension M/K containing Q(
√
a,
√
D/a) exists;

• all ramified primes of K split completely in Q(
√
a,
√
D/a);

• for primes p|a we have
(
(D/a)|p

)
= +1, and for p|(D/a) we have (a|p) = +1.

The final condition can perhaps be rewritten more succinctly in terms of Hilbert
symbols. We write (a, b)

∏
Q for the product of places v of Q such that (a, b)v = −1,

and thus (a, b)
∏
Q = 1 is equivalent to saying that (a, b)v = +1 for all v. The last

condition is then equivalent to (a,−D)
∏
Q = 1 for discriminantal divisors a of D.

It is also useful to write down generators for 2CD[4]. Given b|D with b > 0 we
write JD(b) for the unique integral ideal of norm b; and for b|D with b < 0 we let

it be JD(|b|) multiplied by the ideal (
√
D). One can then show that JD(b) ∈ 2CD

exactly when (b,D)
∏
Q = 1.

4.3.2. Let us give a couple of examples.
Take D = 3 · 7 · 19 · 103 so (309|7) = (309|19) = (133|3) = (133|103) = +1, and

thus χ133 is 2-divisible in CD, and this is equivalent to (133,−D)
∏
Q = 1. Meanwhile

we have (7, D)
∏
Q = 1, and indeed [p7] is twice the class of an ideal of norm 17. (Here

of course we also have (−D/7, D)
∏
Q = (7, D)

∏
Q(−D,D)

∏
Q = (7, D)

∏
Q = 1, leading

to p3p19p103 · p3p7p19p103, whose class is again the same as [p7]).
As another example, when D = −8 · 7 · 11 · 109 we have (22, D)

∏
Q = 1 and

thus [p2p11] is 2-divisible (being twice the class of the fifth power of an ideal of
norm 13), while (2 · 11 · 109,−D)

∏
Q = (−7,−D)

∏
Q = +1 so that χ−7 is 2-divisible

(and indeed
(
(D/− 7)|7

)
= (−7|2) = (−7|11) = (−7|109) = +1).

On the other hand, in the special case for the Gaussian discriminants we have
that (a,D)v = (a,−D)v for all v and positive a|D, and thus the same divisors of D

generate both 2CD[4] and 2ĈD[4], leading to a somewhat simpler situation.

4.4. We have a basis of F2-vectors for the right kernel of R4 of dimension (e4 +1).
We notate these as given by the ideal classes [mj ], which satisfy a unique relation
(corresponding to the class relation amongst ramified primes); moreover, they all
have trivial Artin symbol on the genus field H2

K .

We can then take quartic characters θi for 1 ≤ i ≤ e4 that span ĈD[4]/ĈD[2].
These quartic characters are only defined up to a quadratic character, as indeed
the unramified extension M/K in the first equivalent condition is not unique (what
is unique is the quadratic extension of H2

K that it generates). In any event, the

quadratic characters 2θi ∈ ĈD[2] correspond to vectors ~vi ∈ Fr2 in the left kernel
of R4, and indeed together with the obvious vector of all 1’s these form a basis
for the kernel. The quadratic extensions MiHK/H

2
K then span H4

K , and we find
that R8 is represented by the matrix in Mat(e4, e4+1,F2) whose entries are θ?i ([mj ]).

The rank e8 of the narrow class group of Q(
√
D) is then equal to the dimension of

the left kernel of R8, and is one less than the dimension of the right kernel.

4.4.1. We can then re-interpret these character values in terms of the Artin sym-
bols of mj for the extension MiH

2
K/K, and since the mj have trivial Artin symbol

on the genus field, we find that these take values in Gal(MiH
2
K/H

2
K), which we can

identify with F2.
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We can also refer to these values in pairing notation as 〈χa, b〉D, where χa ∈ 2ĈD
and JD(b) ∈ 2CD. This also was classically the way that Rédei symbols [a,D/a, b]
were defined, though we can approach the problem via somewhat different means,
and ultimately show the desired equivalence.

4.5. The most natural setting for Rédei symbol inputs9 will be to take them as
elements of Q?/(Q?)2. We let A,B be two such elements such that (A,B)

∏
Q = 1.

It will be convenient to exclude the cases where either A or B is trivial.

4.5.1. The Hilbert symbol relation (A,B)
∏
Q = 1 is equivalent ([18, Lemma 5.1])

to there being a Galois extension L/Q that contains Q(
√
A,
√
B) with L/Q(

√
AB)

cyclic of order 4. When A = B this L/Q is itself just a cyclic quartic extension,
and otherwise it is an octic dihedral extension.

As discussed by Stevenhagen [18, §7], one wants to select a minimally ramified L
as above, and this is unique up to twisting by quadratic characters. We let Fmr

A,B

be the set of such fields.10 With suitable care at 2 and∞, in particular writing ∆A

for the associated fundamental discriminant associated to A, etc., this then leads
us to the definition of a Rédei symbol ([18, §7.8]).

4.5.2. Suppose A,B,C ∈ Q?/(Q?)2 are nontrivial and gcd(∆A,∆B ,∆C) = 1
with (A,B)

∏
Q = (A,C)

∏
Q = (B,C)

∏
Q = 1. Take L ∈ Fmr

A,B and let c be an integral

ideal of norm |C| for the integer ring of Q(
√
AB). When C > 0 the Rédei sym-

bol [A,B,C] is then defined as the Artin symbol of c in L/Q(
√
AB), and indeed this

is in Gal
(
L/Q(

√
A,
√
B)
)

= F2. When C < 0 the Rédei symbol is analogously the
Artin symbol of c∞. Finally, if any of A, B, or C is trivial we have [A,B,C] = 0.

In terms of the above Artin pairing 〈χa, b〉D we indeed have 〈χa, b〉D = [a,D/a, b].
Here we can also note that gcd(∆a,∆D/a) = 1 for discriminantal divisors a of D.

4.5.3. The Rédei symbol is palpably linear in third input and symmetric in the
first two. A reciprocity law [18, §8] (again somewhat tricky at 2 and∞) implies it is
also symmetric in the third, thus trilinear. That is, [A,B,C] = [B,A,C] = [A,C,B]
and [A,B,C] + [A′, B, C] = [AA′, B,C].

We also have the relation [A,B,−AB] = 0 and thus [A,B,C] = [A,B,−ABC],
and as Stevenhagen notes (Proposition 7.10), this follows essentially from defining
the symbol correctly at ∞.

Chan, Koymans, Milovic and Pagano [4] proceed to give various results about
sums of Rédei symbols in their Theorems 2.9 to 2.12, applying merely linearity and
reciprocity for 2.9 and 2.11, with [A,B,C] = [A,B,−ABC] additionally employed
for 2.10 and 2.12. Therein they note that there is no analogue of these latter two
in Smith’s work.

We simply derive such results as needed in §7 below.

4.5.4. The concept of Rédei reciprocity has been generalized by Koymans and
Pagano [10, Theorem 3.3]. In particular, they are able to use their results to detect
when the ordinary and narrow 8-ranks are equal.

9We will use this term to try to avoid referring to everything as variables.
10It appears we can always take L to be unramified in our situations: we have A as a product

of two primes that can be required to be in the same residue class mod 8; thus A is 1 mod 8, so

the fact that we have B = −1 in some cases is irrelevant vis-à-vis Stevenhagen’s Definition 7.6.
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4.6. Finally we make some notes applicable to the case of Gaussian discriminants
that we consider in detail.

Here the Rédei matrix R4 is symmetric, and thus we can take the “same” ker-
nel basis for both the characters and ideals, that is, we have χa ∈ 2ĈD precisely
when JD(a) ∈ 2CD (note all discriminantal a dividing D are positive). This can
also be seen from (a,D)

∏
Q being equivalent to (a,−D)

∏
Q in this case.

4.6.1. Moreover, the obvious vector (1, . . . , 1) is also in the right kernel of R4, and

we take it as the basis vector with [me+1], thus corresponding to the class [(
√
D)].

Recall that the ordinary class group and narrow class group are the same precisely
when this [(

√
D)] is trivial. In particular, if the rightmost column of R8 has a

nonzero entry, then it is necessarily nontrivial. Conversely, one can show that if
the rightmost column of R8 is zero, then the ordinary and narrow 4-class groups
are the same. The equi-distribution of R8 ∈ Mat(e, e+ 1,F2) will thus imply that
the proportion of Gaussian discriminants with narrow 4-rank e that have ordinary
4-rank e is 1/2e, thereby recovering the result of Fouvry and Klüners [8, Theorem 2].

5. Review of our setup

We recall the setup we introduced in our previous work [21, §4].

5.1. We have a set of primes P that consists of all the primes in various residue
classes RP to the fixed modulus MP , which we assume is divisible by 4. The most
pertinent constant associated to P is the number ξP of coprime residue classes that
it contains, and we write αP = ξP/φ(MP), and assume this is nonzero.

In the case of Gaussian discriminants we will have MP = 8 and RP = {1, 5},
so αP = 1/2. For the general case of fundamental discriminants we have MP = 8
and αP = 1. For quadratic twist families of elliptic curves with full 2-torsion we
can write the set of bad primes (including 2) of E as Ω, and then MP is 4 times
the product of the primes in Ω, and again αP = 1.

5.1.1. We then consider positive squarefree d̃ ≤ X all of whose prime factors come
from P, writing SP(X) for this set. Almost all such d̃ have roughly αP log logX
prime factors, and we place the prime divisors into basic intervals (of a dyadic
nature), which then form boxes when taken as a Cartesian product. The main

intention is that almost all d̃ then be represented by “pleasant” boxes, which satisfy
various technical properties depending on parameters (η0, η1, ηs).

First, for a box, we take a given η0 with 0 < η0 < 1, and an (X, η0,P)-box T̄ is a
Cartesian product

∏
u{pu} ×

∏
t T̄t where the primes pu are distinct and in P,

with the pu ordered increasingly with each ≤ P0 = exp
(
(log logX)η0

)
; while

the T̄t are a strictly increasing sequence of basic (dyadic-like) intervals (At, Bt]
with

∏
u pu

∏
tBt ≤ X (and At > P0).

The squarefree integers with prime divisors from P that are represented by a
box come from the set T =

∏
u{pu} ×

∏
t Tt where Tt consists of the primes in T̄t

that are in P. Indeed, there is a natural injective map from this set to SPr̃ (X),
recalling the latter is the set of (positive) integers up to X with exactly r̃ prime

factors, all of which are in P. We say that d̃ is represented by a box if it is in the
image T̂ of this map. Having fixed a selection of non-overlapping basic intervals,
every d̃ is represented by at most one such box.
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5.1.2. For a box T̄ we let k0 be the number of primes pu ≤ P0 = exp
(
(log logX)η0

)
corresponding to singleton sets, and let r̃ be k0 plus the number of basic intervals.

We introduce another parameter η1 and write k1 for the number of singletons
plus basic intervals that are less than Q1, which is exp exp

(
(log logX)η1

)
.

We expect that k0 is roughly αP log logP0 = αPη0 log log logX. We will allow k0

to be as large as κ0αP log logP0 for some parameter κ0 > 3. The error from
excluding d̃ with larger k0 will (essentially) be of relative size 1/(logP0)αPκ0(log κ0−1)

which is the same as (1/ log logX)αPη0[κ0(log κ0−1)].
We expect that k1 is roughly αP log logQ1 = αP(log logX)η1 . We allow k1 to be

as large as κ1αP log logQ1 for some parameter κ1 = 3, and the error from ignoring d̃
with larger k1 will be of relative size 1/(logQ1)αPκ1(log κ1−1), which saves more than
any power of (log logX) asymptotically.

Finally, we introduce Ps = exp
(
(log logX)ηs

)
, dependent on the parameter ηs.

This is the size of allowable moduli in our usage of the prime number theorem in
arithmetic progressions for which we do not care if there is an exceptional zero or
not, as the gains are large enough anyway. We will thus need to exclude conduc-
tors ≥ Ps associated to exceptional zeros.

This then gives us the definition of a (κ0, η1, ηs)-pleasant (X, η0,P)-box. Namely
it is a box with k0 and k1 restricted as above (with respect to κ0 and η1), and such

that there is no d̃ represented by the box that is a multiple of the coprime-to-P
part of some element of the sequence {Mi} of exceptional (Siegel) conductors that
is ≥ Ps = exp

(
(log logX)ηs

)
.

5.1.3. In particular ([21, §4.5]), with η0/2 > η1 > ηs > 0 and κ0η0 = 1/
√

log 1/η0,

upon taking η0 sufficiently small we find that the exceptional set of d̃ ∈ SP(X) that
are not represented by such pleasant boxes is of relative size � 1/(log logX)99.

Thus we can consider such pleasant boxes instead of d̃.
(In fact, in §6.2.2 below we shall append more regularity conditions to boxes,

and the resulting very pleasant boxes will still cover SP(X) with acceptable error).

5.2. We then consider [21, §5] restricting boxes T̄ in various ways. The first to

specify a residue class modulo MP for each prime divisor of d̃.
We thus define the K-trimming of a box. For each l with 1 ≤ l ≤ r̃ we let Kl

be a residue class modulo MP . Recall that the squarefree integers represented by
a box T̄ naturally lie in a Cartesian product

∏
l Tl, where each Tl is a singleton

set or the set of primes in a basic interval (Al, Bl] that are in P. Assuming that
each singleton set meets its requisite K-condition (otherwise we just take T (K) as
empty), we define T (K) =

∏
l Tl(K) where Tl(K) is the set of primes in the basic

interval (Al, Bl] that are in the residue class specified by Kl (in other words, it is
the subset of Tl that meets said Kl-condition).

This procedure of K-trimming does not lose much in our estimates because we
are simply taking progressions to a fixed modulus MP .

Note also that K might contain some “global” information. For instance, in the
case of quadratic fields we have D = 2fεd̃ for some (f, ε) ∈ {0, 2, 3}×{+,−}, which
we prefer to be subject to conditions that ensure D is a fundamental discriminant,
such as d̃ ≡ 3 (4) when (f, ε) = (0,−). This latter condition can then be encoded

into K as saying the number of primes dividing d̃ that are 3 mod 4 is odd.
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In the Selmer case we also more naturally have K̃, which does not specify a
congruence class but rather a class in Q?

l /(Q
?
l )

2 for all l ∈ Ω̃. Since K makes a

stronger restriction, if we prove theorems for it, they also naturally hold for K̃.

5.2.1. We let L be a set of Legendre symbol specifications, so that for 1 ≤ i < j ≤ r̃
we take Lij ∈ {±1}. We then define the (K,L)-restriction of a box. This is the set

of d̃ ∈ T̂ (K) with d̃ = p1 · · · pr̃ such that (pi|pj) = Lij for all 1 ≤ i < j ≤ r̃. This
is more severe than the K-trimming, as in general it will no longer be a Cartesian
product. (If desired, we can define Lji from Lij by quadratic reciprocity since K
specifies each prime modulo 4).

We write D(r̃,P) for the set of all applicable (K,L); for Gaussian discriminants
this is all of them, while for general discriminants it only has those K that yield
a fundamental discriminant from the (f, ε)-selection; and for the Selmer case it is
again all of them (we twist by squarefree integers, so there is no bookkeeping issue).

5.3. The basic algebraic fact that we will use in the quadratic field case is that
the 4-tuple (f, ε, K̃,L) determines the 4-rank of the narrow class group of Q(

√
D).

This can be made explicit by the Rédei matrix above .
Similarly, in the case where E is an elliptic curve with full 2-torsion, we know

that the 4-tuple (E, ε, K̃,L) determines the 2-Selmer rank of Ed for d = εd̃; however,
the explicit matrix is more ponderous here [21, §§7-8], having two rows/columns

for each prime divisor of d, and indeed similarly for each place in Ω̃.

5.3.1. As the Rédei matrix R4 only depends on Legendre symbols for the primes
that divide D, we can rewrite it in terms of “formal symbols” similarly to as we did
for the 2-Selmer pairing matrix in [21, §8]. Indeed, this will allow us to fix a choice
of R4-basis for all D that meet a given (f, ε,K,L) specification, so that comparison
between such D at the 8-rank level is then possible.

Given u, we define the set Pu of u formal symbols ṗi for 1 ≤ i ≤ u, and the
formal symbol ḋ, which is 2fε times the product of these u symbols; we consider the
symbols to commute under concatenation/multiplication, and whether one has 2̇
(or even ε̇) as a formal symbol or not is largely a matter of taste/expediency.

Given (K̃,L) we then define Legendre/Hilbert symbols for the formal symbols

as (q|ṗj)? = (q, ṗj)ṗj = K̃?qj for q ∈ Ω̃ (with here q =∞ as q = −1) and 1 ≤ j ≤ r̃,
and (ṗi|ṗj)? = (ṗi, ṗj)ṗj = L?ij for 1 ≤ i 6= j ≤ r̃, and (ṗj , ṗj)ṗj = (−1, ṗj)ṗj = K̃?∞j .
The Rédei matrix R4 for (f, ε,K,L) can then be described in terms of these (note
in particular that K gives conditions modulo 8, so (2|ṗj) is again determinable).

6. Hypercube co-ordinates

For a fixed (f, ε) ∈ {0, 2, 3}× {+,−}, we consider a residue and Legendre speci-
fication (K,L) ∈ D(r̃,P), with e its 4-rank and {~wj}j a basis for the left kernel of
the pairing matrix R4(f, ε,K,L), with this matrix being r-by-r (so the vectors are
in Fr2). We assume ~we+1 = (1, 1, . . . , 1), which we call the obvious vector (and/or
basis element).

From now until §12 we will only consider the case of Gaussian discriminants. In
particular, this implies that R4 is symmetric, so the bases for the left/right kernels
can be taken to be the same. However, other than the enumeration of various types
of characters in §6.1.1 (which in general will need some modifications), much of
what we say in this section will be applicable in more generality.
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6.1. We let ψ be a multiplicative character on the space of matrices over F2 with e
rows and (e+1) columns, and write ψ? for its additive version (taking values in F2).

We can write ψ as a product
∏
i

∏
j ψ

c(i,j)
i,j for some exponent-array c of zeros and

ones where ψ?i,j ∈ M̂at(e, e+ 1,F2) is the basic character that is dual to the matrix
whose (i, j)-entry is 1 with the rest 0.

Depending on the particularities of the c-array, we then divide into three cases.

6.1.1. The first case (Type I) is when for some 1 ≤ i, j ≤ e there are asymmetric
entries c(i, j) 6= c(j, i) in the c-array. Here we will take hz

ψ and hs
ψ to be basis

indices with c(hs
ψ, h

z
ψ) = 1 6= c(hz

ψ, h
s
ψ). The set Vψ will have three hypercube

co-ordinates:11 first sψ, which is taken to be in the set of co-ordinates such that
nonobvious basis elements are zero except the (hs

ψ)th, which is nonzero at said
co-ordinate; a second zψ for which all nonobvious basis elements are zero except
the (hz

ψ)th, which is nonzero at said co-ordinate; and a third co-ordinate z′ψ such

that all nonobvious basis elements are zero at it.12

The second case (Type II) is when the exponent array c(i, j) is symmetric in its
left e-by-e block, and has a nonzero rightmost column or a nonzero diagonal entry
(or indeed, possibly both). In this case the obvious vector ~we+1 = (1, . . . , 1) plays
a rôle. We let hz

ψ be a basis index at which either c(hz
ψ, e+ 1) = 1 or c(hz

ψ, h
z
ψ) = 1,

and call the corresponding basis vector ~wh
z
ψ the z-distinguished basis vector. We

then take the set Vψ of hypercube co-ordinates to have two elements:13 first sψ,
which is taken to be in the set of co-ordinates at which all nonobvious basis elements
are zero; and a second co-ordinate zψ for which all nonobvious basis elements are
zero except the (hz

ψ)th, which is nonzero at said co-ordinate. (One can note that

when e = 1 we are always in Type II).
The third case (Type III) is when c(i, j) has a rightmost column and diagonal

of zero, and the remaining entries are symmetric with c(i, j) = c(j, i). Here we
take hz

ψ and hs
ψ to be basis indices with c(hz

ψ, h
s
ψ) = 1, and indeed there is some

choice of these since the c(i, j) are not all zero. As previously, we call the associated
basis vectors the z-distinguished and s-distinguished basis vectors. Here we again
take Vψ to have two elements: first sψ, which should again be a co-ordinate for
which all nonobvious basis elements are zero except the (hs

ψ)th, which is nonzero at

said co-ordinate; and another co-ordinate zψ, for which the same holds but for (hz
ψ)

instead of (hs
ψ).

We give a pictorial representation of this, with the left side corresponding to
Type I or III (the latter needs no z′ψ), and the right to Type II.

0 0 0
0 0 0

011010010101
0 0 0

110111000011
0 0 0

(hs
ψ)th basis vector

(hz
ψ)th basis vector

zψ z′ψ sψ

0 0
0 0

011010100101
0 0

111111111111
0 0

obvious vector

(hz
ψ)th basis vector

zψ sψ

11Smith calls these “variable indices”, but there are so many indices and variables floating

about, I think it is better to denote them more distinctly.
12This is simpler than what is proposed in [4, Proposition 6.8], namely that one only need that

the third index not be 1 for both the distinguished basis vectors.
13Smith always has three elements in his variable indices in his analogue (8-rank of imaginary

quadratic fields), but the arrangement is different, so a comparison is not that easy. We follow [4].
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6.2. When (K,L) is sufficiently generic we can readily show that suitable hyper-
cube co-ordinates exist, as indeed approximately r/2e co-ordinates should be zero
at all nonobvious basis elements, etc. In practice, we shall also require sψ to be
large and the other hypercube co-ordinates to be small.

The reader might note the discrepancy between r, which is the number of prime
factors of D and thus the size of the R4 matrix, and r̃, which is one less when f 6= 0
(so 2|D). It is convenient to index the co-ordinates so that r̃ is always the largest
one, thus allowing the 0th to correspond to 2 (if extant). In the Selmer case, the

matrix is of size 2(r̃+Ω̃), and similarly one prefers to index the co-ordinates with r̃
the largest, with 2 bits for each.

6.2.1. We define rg = b(αP/2)(log logX)c, which is as good of a demarcation
point as any (one could make it in terms of r̃ instead of log logX if preferred).

We write Ṽψ for Vψ with sψ removed, and will call a selection of hypercube

co-ordinates well-gapped if sψ ≥ (5/4)rg and rg/5 ≤ i ≤ rg/4 for i ∈ Ṽψ. (The
numerology here is irrelevant; one only needs the upper co-ordinate to be a constant
factor above rg, and the lower co-ordinates a constant factor below it).

6.2.2. Let us expand on this a bit.
The upper candidate co-ordinates are the integers in [(5/4)rg, r̃], and the lower

candidate co-ordinates are the integers in [rg/5, rg/4]. We write νz and νs for the
numbers of such upper/lower candidate co-ordinates; the former is ≈ (3/4)rg and
the latter is ≈ (1/20)rg, with both of these � log logX.

It is then convenient to require regularity on the prime divisors of d̃ (in other
words, regularity in the box-sizing) at various demarcation points. We introduce
the notation EL2 (u,X) = exp exp(u log logX), noting that logEL2 (u,X) = (logX)u.

Recall we expect αP log log pj ∼ j. For a box T̄ we will require that all the primes
in Tl for l ≥ (5/8)αP log logX are ≥ exp exp

(
0.62(log logX)

)
= EL2 (0.62, X). This

will ensure the upper hypercube co-ordinate is large. We then require all the primes
in Tl for l ≤ rg ∼ (αP/2) log logX to be small-ish, namely ≤ EL2 (0.51, X). Sim-
ilarly, we require all the primes in Tl for l > rg to be ≥ EL2 (0.49, X). Finally
all the primes in Tl for l ≥ rg/5 ∼ (1/10)αP(log logX) should be ≥ EL2 (0.09, X),
and this ensures the lower hypercube co-ordinates are of some size; while similarly
for l ≤ rg/4 ∼ (1/8)αP(log logX) all the primes in Tl should be ≤ EL2 (0.13, X), to
ensure that they are not too large.

(This is somewhat of a minimal set of regularity conditions, and one could append
a few more to ease/sharpen later bounds if desired).

We enhance the definition of pleasant to include these, referring to such boxes as
very pleasant. We will typically drop reference to the parameters, with the implicit
understanding that we have η0/2 > η1 > ηs > 0 and κ0η0 = 1/

√
log 1/η0, and

consider the limit η0 → 0. As with [21, §4.3] the exceptional sets are sparse.

Lemma 6.2.3. The number of d̃ that are represented by a pleasant box that is not
very pleasant is � ΦP(X)/(logX)c̃.

The proof (left to the reader) is easier than in [21, Lemma 4.3.2] as here the
demarcations are proportional to log logX.

6.3. Given a large subset of the r co-ordinates, it is not hard to show (via tails
of the binomial distribution) that having a nonobvious nontrivial kernel vector
with an abnormal number of 0’s or 1’s at said co-ordinates is rare. However, this
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statement only regards the vectors one at a time, and we want such a result when
considering a “joint distribution” on a set of them – that is, if we take b basis
vectors, then approximately 1/2b of co-ordinate selections should match any binary
pattern therein.

The following Lemma allows us to pass from single vectors to sets of them.

Lemma 6.3.1. [4, Lemma 6.9]. Suppose every nontrivial element of a subspace G

of vectors on Fl2 has l/2+Θ(λE) co-ordinates that are zero where λ = (3+
√

17/4).
Then for every linearly independent subset S of b vectors from G and every

pattern P in Fb2 the number of co-ordinates matching P on S is l/2b + Θ(λbE).

Here we have used the Θ-notation, which is the big-Oh notation but with an
implicit constant of 1.

Proof. We induct on b, with b = 0 being trivial and b = 1 the supposition.
We let u(S, P ) be the number of co-ordinates that match the pattern P for the

vectors in S. We write S = {~v1, ~v2, . . . , } and define P10 to be the pattern P with
the first entry (corresponding to ~v1) flipped, with similarly P01 flipping the second
entry, and P11 flipping both of these.

We can then note that sums over such perturbed patterns reduce the problem,
as u(S, P ) + u(S, P10) = u(S\{~v1}, P ′1) and u(S, P ) + u(S, P01) = u(S\{~v2}, P ′2),
where P ′i removes the ith item from P . A slightly more subtler computation is

that u(S, P ) + u(S, P11) = u(S\{~v1, ~v2} ∪ {~v1 + ~v2}, P̃ ′), where P̃ ′ is the relevant
pattern for the new basis. We can thus estimate these sums by induction.

Of course, the reason why we chose two special co-ordinates is that we also
have u(S, P )+u(S, P10)+u(S, P01)+u(S, P11) = u(S\{~v1, ~v2}, P ′′12), which we can
also estimate by induction. We then interpose a beneficial linear combination as

2
(
u(S, P )− l/2b

)
=
(
3u(S, P ) + u(S, P01) + u(S, P10) + u(S, P11)− 6l/2b

)
−
(
u(S, P ) + u(S, P01) + u(S, P10) + u(S, P11)− 4l/2b

)
which we see is equal to

=
(
[u(S, P ) + u(S, P01)] + [u(S, P ) + u(S, P10)] + [u(S, P ) + u(S, P11)]− 6l/2b]

)
−
(
[u(S, P ) + u(S, P01) + u(S, P10) + u(S, P11)]− 4l/2b

)
=
(
3l/2b−1 + Θ(3 · λb−1E)− 6l/2b

)
−
(
l/2b−2 + Θ(λb−2E)− 4l/2b

)
= Θ

(
(3/λ+ 1/λ2)λbE

)
,

and indeed λ = (3 +
√

17)/4 implies 2 = 3/λ+ 1/λ2 to complete the proof. �

6.4. One could take the definition of generic (K,L) simply to be that there is a
suitable choice of basis for the kernel of R4 such that well-gapped hypercube co-
ordinates exist (for all characters ψ). It is rather more convenient to give a sufficient
condition for this to be true.

We define a rotten vector in Fr2 to be one that is nonobvious and nontrivial and
fails either to have νz/2+Θ(λ(log logX)3/4) zeros/ones on the νz lower candidate co-
ordinates, or to have νs/2+Θ(λ(log logX)3/4) zeros/ones on the νs upper candidate

co-ordinates (where λ = (3 +
√

17)/4 ≈ 1.781).
A specification (K,L) is pattern-generic if there are no rotten vectors in the

kernel of R4(K,L). A specification is size-generic if e ≤ 99
√

log log logX. It is
generic if it is both pattern- and size-generic.
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Lemma 6.4.1. If (K,L) ∈ D(r̃,P) is generic, then for sufficiently large X there is

a selection of well-gapped hypercube co-ordinates for every ψ? ∈ M̂at(e, e+ 1,F2).

Proof. Given ψ we then have its c-array, and take hz
ψ based upon its shape (§6.1.1),

and similarly with hs
ψ for Types I or III. These indices correspond to basis vectors

of ker(R4). We then wish to select well-gapped hypercube co-ordinates based upon
these distinguished indices.

Since (K,L) is pattern-generic, every nontrivial nonobvious vector in the kernel
has nearly the expected number of zeros/ones on the upper and lower candidate
co-ordinates.

We want there to be an upper candidate co-ordinate with the pattern from the
nonobvious basis vectors being all zeros for Type II, or all zeros except for hs

ψ

for Type I or III. By the preceding Lemma, the number of upper candidate co-
ordinates that match such a pattern is νs/2

e + Θ
(
1.781e(log logX)3/4

)
, and since

we have e ≤ 99
√

log log logX and νs � log logX, this is positive for sufficiently
large X.

Similarly, we want there to be a lower candidate co-ordinate whose pattern is all
zeros except for hz

ψ, and the number of lower candidate co-ordinates with such a

pattern is νz/2
e + Θ

(
1.781e(log logX)3/4

)
, again positive for sufficiently large X.

Finally, for Type I we want there to be a lower candidate co-ordinate whose
pattern on the nonobvious basis vectors is all zeros, and the same computation as
above shows one exists. �

6.4.2. Next we show that the effect of the non-generic (K,L) can be placed in the
error term. We recall that k0 ≤ κ0η0αP log log logX and k1 ≤ 3(log logX)η1 in
terms of our parameters.

Lemma 6.4.3. The proportion of specifications (K,L) ∈ D(r̃,P) that are not size-
generic is � 1/(log logX)99.

For a pleasant box T̄ , the sum of #T (K,L) over (K,L) ∈ D(r̃,P) that are not
size-generic is � #T · 2k0/2k1/

√
log logX � #T/(log logX)49/99 (as η0 → 0).

Proof. The first statement follows immediately since the proportion of (K,L) with
a given e-value is � 1/2e(e+1)/2.

The latter claim follows in the manner of [21, Proposition 6.3.1, §6.4], as we have

r̃!
∑

(K,L)

eεf (K,L)=e

#T (K,L) =
∑

(K,L)

eεf (K,L)=e

∑
σ∈Symr̃

#T (Kσ,Lσ) = r̃!
∑

(K,L)

eεf (K,L)=e

#T

2(r̃2)ξr̃P

+O
( r̃! ·#T2k0/2k1√

log logX

)
,

the final step from Proposition 6.3.1 therein, and the result follows. �

6.4.4. Next we make an accounting of how often each vector (in particular, the rot-
ten ones) appears in kernels. The version here is specific to Gaussian discriminants,
and we will employ a more complicated analysis in the general case (Lemma 12.3.2).

Lemma 6.4.5. Every nonobvious nonzero vector in Fr2 is in the kernel of R4(K,L)
for a proportion 2/2r of the (K,L) ∈ D(r̃,P).

Proof. The Rédei matrix is symmetric and r-by-r, with row sums equal to 0. We
remove (say) the rightmost column and bottom row, and the vectors ~v of the kernel

of the remaining matrixM will give vectors in the kernel of R4 as (~v, 0) and (~v+~1, 1).
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Thus we are interested in how often a vector ~v is in the kernel of a symmetric
F2-matrix M of size (r − 1). For any nonzero vector ~v, it is in exactly 1/2r−1

of the M ; for instance (1, 0, 0, · · · , 0) is in the left kernel precisely when the left
column is zero, and by symmetry the same argument works for any nonzero vector.

When D is odd we have r = r̃ and there is a one-to-one correspondence between

the 2(r̃2) choices of L and such M (any K-conditions do not matter here), and the
result follows. On the other hand, when D is even we collate any K-conditions
into K̃-conditions modulo 8 (thus two possibilities for each prime, either 1 mod 8 or

5 mod 8) and then the number of (K̃,L) is 2(r2), again in one-to-one correspondence
with the M of above. �

Lemma 6.4.6. The proportion of (K,L) ∈ D(r̃,P) that are not pattern-generic
is � exp(−c̃

√
log logX).

For a pleasant box T̄ the sum of #T (K,L) over (K,L) ∈ D(r̃,P) that are not
pattern-generic is � #T/(log logX)99.

Proof. By Stirling’s approximation and tails of the binomial distribution, the num-
ber of rotten vectors is� 2r exp(−c̃P

√
log logX). On the other hand every nontriv-

ial nonobvious vector is in a proportion � 1/2r of the kernels. So the proportion
of nongeneric (K,L) is as stated.

Then by [21, Lemma 5.5.1] we lose only a factor of � 2k0k1 when passing to
T -sizing, and as the exponent here is k0k1 ≤ κ0η0(log log logX) · 3(log logX)η1 , we
see that this is dominated by exp(−c̃

√
log logX). �

6.4.7. By these last two Lemmata and the above Lemma 6.2.3 concerning the
sparsity of d̃ that are represented by not very pleasant boxes, we can restrict our
future considerations to very pleasant boxes and generic (K,L)-specifications, and
thus will always have well-gapped hypercube co-ordinates.

6.5. The question remains what to do with these hypercube co-ordinates.
Given a box T̄ with T =

∏
l Tl, we will specialize every component Tl to a single

prime, except those corresponding to a hypercube co-ordinate. It will be natural
to do so in two steps, first for the part t↓ up to rg ∼ (αP/2) log logX, and then for
the part t↑ beyond this.

We thus let T ↓ be the product of the Tl with l ≤ rg and l 6∈ Ṽψ, and T ↑ be the
product of the Tl with l > rg and l 6= sψ. Allowing a suitable re-ordering of the
components of the Cartesian product, we then have

T (K) = T ↓(K)×
∏
u∈Ṽψ

Tu(K)× T ↑(K)× Tsψ (K).

We shall let the variable in Tsψ (K) range freely, and show cancellation over it;
however, this will depend on Frobenius-equidistribution over a field defined from
elements of the Tu(K) from the lower hypercube co-ordinates. It will thus be
profitable to break up

∏
u Tu(K) into smaller parts, which we call grids.14

14Smith uses this term totally differently (as a union of product of real intervals) on page 51,
but later (see the supergrid Zl on page 81, or the grids Z′AR on page 83) appears to use it to refer

to a notion more similar to ours.
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6.5.1. We will take grids Ž =
∏
u Ž

u where Žu ⊂ Tu(K) for u ∈ Ṽψ, and each Žu

is of size B. We write nψ for the number of u ∈ Ṽψ, that is, the number of lower
hypercube co-ordinates.

It can get notationally messy if we had to refer to elements žui of Žu, with Ž
itself being in a sequence, etc. Fortunately, in our case we have nψ ≤ 2, and thus

can write more simply either Ž = Z or Ž = Z × Z ′.
(Of course, we will eventually ensure that all these specializations with t↓, t↑,

and Ž are compatible with L).

6.5.2. We will take a collection {Ži}i for which every intersection is of size at
most 1, with the multiset

⋃
i Ži covering the L-compatible part of

∏
u Tu(K) fairly

uniformly, for instance, having all but a small proportion of elements appearing a
fixed number R̄ of times in the multi-set union.

If we had nψ = 1 this would perhaps be a familiar problem: for instance, given
a set of size 10999 take a collection of subsets each of size 109 which intersect in at
most one element and cover the original set nearly uniformly to multiplicity 1099.

However, I don’t know of any precursor result already with nψ > 1, and we

will also need to ensure L-conditions on Ž, etc. Smith instead gives a completely
combinatorial Lemma that we replicate in §9 below. This will allow us to reduce
the situation to detection of ψ-cancellation on Cartesian products such as

t↓ × Ž × t↑ × Tsψ (K)

where t↑ ∈ T ↑ and t↓ ∈ T ↓ perhaps would be more properly written as products of
singleton sets (rather than as tuples). For the next two sections we will work with
this ansatz; first, we develop suitable notation to refer to various box components
and restrictions.

6.6. We assume that we have a very pleasant box T̄ , a residue and Legendre
specification (K,L), a basis of size (e+ 1) for the kernel of R4(K,L) that contains
the obvious vector, a nontrivial multiplicative character ψ on Mat(e, e+1,F2), and
a set of well-gapped hypercube co-ordinates Vψ.

To remind ourselves that we are in the case of Gaussian discriminants, we will
refer to T̄ as a P4-box.

Recall that rg = b(αP/2) log logXc. We let I↓ be the set of indices15 l ≤ rg

and I?↓ when excluding l ∈ Vψ, and T ↓ be the Cartesian product of the Tl over
such l ∈ I?↓ . Similarly, we let I↑ be the set of indices l > rg, with I?↑ removing l = sψ,

and T ↑ the Cartesian product of the Tl over such l.
Upon abusing notation by allowing permuting of the components, we then have

T (K) = T ↓(K)×
∏
u∈V?ψ

Tu(K)× T ↑(K)× Tsψ (K).

(We perhaps could drop the notational K-references here, but particularly with the
Selmer case in mind I prefer to retain them).

We will also write r↑g for the size I?↑ , and similarly r↓g for the size of I?↓ . We refer
to the indices l ≤ rg as the lower co-ordinates, and l > rg as the upper co-ordinates.

15Here we speak of indices (as opposed to co-ordinates), since the T -components correspond

to divisors of d̃. Any distinction here is mostly irrelevant except for bookkeeping.
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6.6.1. We write t↓ for an element of T ↓(K), though notationally it may also rep-
resent a product of singleton sets therein. Note that many t↓ will not even meet
the Legendre specifications for the indices in I?↓ . We say that t↓ is L-compatible if

it does meet these, and write T ↓(K)vLw for the set of such t↓.
We write Tj(K)[L|t↓] for the subset of Tj(K) that meets the L-specifications

corresponding to t↓. This will typically be about 1/2r
↓
g smaller than Tj(K). Note

here that we used the single-bracket notation when referring to a single component
that is being Legendre-restricted from other components, while the double-bracket
notation of above refers to the L-compatibility of elements of T ↓(K) themselves.

Similarly, given a set Ž =
∏
u Ž

u ⊂
∏
u∈V?ψ

Tu(K), which we will call a grid

(at least when it meets further L-conditions), we write Tj(K)[L|Ž] for the subset

of Tj(K) that meets the L-specifications for all elements of Ž. The grid compo-

nents Žu will all be of size B and there will be nψ of them, so this gives nψB
Legendre conditions, and the resulting restriction will typically be about 1/2nψB as
large. We will also allow this notation to accumulate, with Tj(K)[L|t↓, Ž] restrict-

ing Tj(K) by L-specifications from both t↓ and Ž.

In particular, we will have T ↑(K)vL|t↓, Žw – this is the members of T ↑(K) that
are L-compatible amongst themselves (in the upper co-ordinates), and furthermore
are L-compatible with respect to t↓ and all members of Ž.

6.6.2. Finally we introduce T (K,L)〈t↓〉, which is the subset of T (K,L) such that
the restriction to the T ↓-component is t↓. Note that the elements of this set meet
all the L-conditions, not just those associated to t↓. We also have T (K,L)〈t↓ × y〉,
where y is an element of

∏
u Tu(K) associated to the lower hypercube co-ordinates.

7. Applying results from Rédei symbols

As above with §6.6, we assume we have a very pleasant P4-box T̄ , a residue and
Legendre specification (K,L) ∈ D(r̃,P) that is generic, a basis of size (e + 1) for
the kernel of R4(K,L) that contains the obvious vector, a nontrivial multiplicative
character ψ on Mat(e, e+1,F2), and a set of well-gapped hypercube co-ordinates Vψ.

7.1. Corresponding to the selection of nψ lower hypercube co-ordinates we will

have a grid Ž =
∏
u Ž

u with each of the nψ components Žu being of size B,

with nψ ≤ 2 and B = b
√

log logX/999c. Here we have Žu ⊂ Tu(K) for all u ∈ Ṽψ.

Since we will have nψ ≤ 2, we can more simply write either Ž = Z or Ž = Z × Z ′
rather than Ž =

∏
u Ž

u.
With evident notation as in §6.6, we will be considering

A(t↓, Ž, t↑) = t↓ × Ž × t↑ × Tsψ (K)[L|t↓, Ž, t↑]

where t↓ is L-compatible, and every element in Ž is L-compatible with itself and t↓,
and t↑ is L-compatible with: itself, t↓, and every element of Ž. Thus, this is by
design a subset of T (K,L), and indeed is a subset of T (K,L)〈t↓〉.

Our goal will be to detect some sort of cancellation (for a ψ-sum) over the final
component Tsψ (K)[L|t↓, Ž, t↑], and we will achieve this by showing that for almost

all choices of t↑ this set of primes is Frobenius-equidistributed in a field associated
to Ž. We will then sum (or take the union) over t↑, leaving us to further discuss
the intricacies of Ž in §9ff.
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7.2. We define a field LŽ from Ž, depending on the type of ψ as enumerated
in §6.1.1. For now we will consider the case where ψ is of Type III, where we
take LŽ to be the compositum of number fields

LŽ =

B∏
k=2

φ[p1pk,−1]

where the pk (including p1) are the primes in Ž, and φ[a, b] is any16 field in Fmr
a,b ,

with the latter (as in §4.5.1) being the set of minimally ramified Galois extensions

of Q(
√
a,
√
b) that are cyclic of degree 4 over Q(

√
ab).

We let KŽ be the largest multiquadratic extension of Q inside LŽ , which will be

generated by
√
−1 and the

√
p1pk for pk ∈ Ž, and thus be of degree 2 · 2B−1. We

can note that the primes q in Tl(K)[L|Ž] (for any applicable l, in particular l = sψ)
split completely in KŽ : first (−1|q) = +1, while (pipj |q) = (pi|q)(pj |q) = L2

ul = +1

where u is the lower hypercube co-ordinate associated to Ž.

7.2.1. We have a natural isomorphism from Gal(LŽ/KŽ) to the image of ∂Ž , where

the latter is defined in §3.2 for a set H as the linear map ∂H : F̃H2 → F̃H×H2 from the

rule given by
(
∂HF

)
(~u1, ~u2) =

∑
~c∈FH2

F
(
(uc11 , ..., u

ch
h )
)

for a given map F ∈ F̃H2 .

This isomorphism sends an element τ to the map that sends (pi, pj) to the element

in F2 that signifies whether τ is trivial in Gal
(
φ[pipj ,−1]/Q(

√
pipj ,

√
−1)

)
. This

isomorphism implies that LŽ/KŽ is of degree 2B−1, so LŽ/Q is of degree 2 · 4B−1.
(We say a bit more about this isomorphism in §7.8.3 below).

7.3. We want to describe how to relate a map g̃ that is in the image of ∂Ž×vBw to

a map g from vBw × vBw to Gal(LŽ/KŽ), and vice-versa. (Here vBw is the set of
integers from 1 to B).

Suppose we have a map g : vBw×vBw→ Gal(LŽ/KŽ) that satisfies g(i, j) = τiτj
for some sequence {τl}l (of length B) of elements in Gal(LŽ/KŽ). From the above
isomorphism ι : Gal(LŽ/KŽ) → im(∂Ž) we get that ιg(i, j) = ∂ŽFi + ∂ŽFj for

some maps Fm : Ž → F2. This then gives us a map

g̃(ž1, ž2, i, j) =
(
∂ŽFi

)
(ž1, ž2) +

(
∂ŽFj

)
(ž1, ž2) = Fi(ž1) +Fi(ž2) +Fj(ž1) +Fj(ž2),

and the latter shows that g̃ is in the image of ∂Ž×vBw.

Similarly, if we start from g̃ in this image, for some F̃ : Ž × vBw → F2 we

then have that g̃(ž1, ž2, i, j) = F̃ (i, ž1) + F̃ (i, ž2) + F̃ (j, ž1) + F̃ (j, ž2), which then
induces some Fm : Ž → F2 with g̃(ž1, ž2, i, j) =

(
∂ŽFi

)
(ž1, ž2) +

(
∂ŽFj

)
(ž1, ž2),

and thereupon a sequence of τ ∈ Gal(LŽ/KŽ) with g(i, j) = τiτj .
Note that a sequence of τ ∈ Gal(LŽ/KŽ) corresponding to g is specified uniquely

by an arbitrary choice of one element (say τ1), with g(1, j) = τ1τj then determining

the others. We will subsequently work with a specific g̃0 on Ž× vBw chosen so that
it is ε-good as defined in §3.2.

16The original preprint version of [4] seems to allow any choice (page 44) of φ[pkpl,−1] for

all 1 ≤ k, l ≤ B, though correspondence with Koymans clarified that (for instance) in gen-
eral φ[p1p2,−1] and φ[p1p3,−1] should determine what φ[p2p3,−1] must be (as the twisting

factor of Stevenhagen [18, (43)] is then prescribed).
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7.4. With g in im(∂Ž×vBw) as above, suppose that S = {si}i is a sequence of B

primes taken from Tsψ (K)[L|t↓, Ž, t↑] that satisfies the Frobenius relation given
by g(1, j) = FrobLŽ/KŽ (s1) ·FrobLŽ/KŽ (sj). We can identify S with vBw of above.

Recall we are working on

A(t↓, Ž, t↑) = t↓ × Ž × t↑ × Tsψ (K)[L|t↓, Ž, t↑]

and have a nontrivial multiplicative character ψ that maps R8(~t) to {±1}, with the
associated additive character ψ? to F2. As such, we have a map ψ̄? that sends Ž×S
to F2, given by ψ̄?(ž, s) = ψ?

(
R8(t↓ × ž × t↑ × s)

)
.

Given an ε-good g̃, we will select the sequence S in such a way that g̃ = ∂Ž×Sψ̄
?,

as this will imply
∑
c∈Ž×S ψ̄(c) has some cancellation, and in particular its ab-

solute value is ≤ 2ε(#Ž#S). Upon showing below (§8) that Tsψ (K)[L|t↓, Ž, t↑] is

Frobenius-equidistributed (in LŽ/KŽ) for almost all choices of t↑, we will then have

suitable cancellation on such A(t↓ × Ž × t↑).

7.5. We now use the results on Rédei symbols to show we can ensure g̃ = ∂ψ̄?

on Ž × S when ψ is of Type III.

Lemma 7.5.1. Suppose ψ is of Type III (§6.1.1) and S ⊂ Tsψ (K)[L|Ž] is a sequence
of primes, and g̃ a map in im(∂Ž×S) with g(1, j) = FrobLŽ/KŽ (s1) ·FrobLŽ/KŽ (sj)

for 1 ≤ j ≤ B = #S. Then we have g̃ = ∂ψ̄? on Ž × S.

As Ž = Z in this case, we shall suppress ornamentation on the variables.

Proof. First we compute what g̃ is. Identifying vBw with S we see g(s1, s2) = τs1τs2 ,
so the value of g̃

(
(z1, s1), (z2, s2)

)
then exactly says whether the image of τs1τs2

in Gal
(
φ[z1z2,−1]/Q(

√
z1z2,

√
−1)

) ∼= F2 is trivial or not (in other words, whether
the images of τs1 and τs2 are the same); meanwhile, the Rédei symbol [z1z2,−1, s1]
says whether the image of τs1 is trivial in this extension, and similarly for s2, so we
have g̃

(
(z1, s1), (z2, s2)

)
= [z1z2,−1, s1] + [z1z2,−1, s2] = [z1z2,−1, s1s2].

7.5.2. Then we compute out what ∂ψ̄? is, and by definition of ∂ it is

(∂ψ̄?)
(
(z1, s1), (z2, s2)

)
= ψ̄?(z1, s1) + ψ̄?(z1, s2) + ψ̄?(z2, s1) + ψ̄?(z2, s2).

We recall that ψ? =
∑
i

∑
j c(i, j)ψ

?
i,j is a linear combination of basic characters,

and we will compute the contribution from each (i, j) separately. In this case
(Type III) of symmetry we have c(i, j) = c(j, i), and in particular the distinguished
basis indices hs

ψ and hz
ψ have c(hs

ψ, h
z
ψ) = c(hz

ψ, h
s
ψ) = 1. Meanwhile the diagonal

and right-column entries of c are zero, so c(j, j) = c(j, e + 1) = 0 for all j. Also,
the (hs

ψ)th basis element is the unique nonobvious one which is nonzero at sψ
(corresponding to S), and the (hz

ψ)th basis element is the unique nonobvious one

which is nonzero at the hypercube co-ordinate zψ corresponding to Ž.
We write bk =

∏
l 6∈Vψ t

vl
l where ~v is the kth basis vector and (vl) its components,

and u for the product here where all vl = 1. When we are considering even D
(so f = 3) we multiply bk by 8 when the 0th component of vk is 1, and similarly
multiply u by 8.
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7.5.3. Suppose first that we have a pair (i, j) where neither i nor j is equal to hs
ψ

or hz
ψ. Then we have that the relevant co-ordinates of the ith and jth basis vec-

tors ~wi and ~wj are zero, namely
(
(wizψ , w

i
zψ

), (wjzψ , w
j
sψ

)
)

=
(
(0, 0), (0, 0)

)
. Indeed,

we work in the generality of this latter 4-tuple being specified. In terms of the Artin
pairing we then simply have ψ̄?i,j(z, s) = 〈χbi , bj〉zsu, so that ∂ψ̄?i,j

(
(z1, s1), (z2, s2)

)
is

〈χbi , bj〉z1s1u + 〈χbi , bj〉z2s1u + 〈χbi , bj〉z2s2u + 〈χbi , bj〉z1s2u,

and writing this in terms of Rédei symbols gives

[bi, z1s1biu, bj ] + [bi, z2s1biu, bj ] + [bi, z2s2biu, bj ] + [bi, z1s2biu, bj ] = [bi, 1, bj ] = 0,

upon using linearity in the second input.
Next we consider when a pair (i, j) has exactly one entry in common with the

distinguished basis indices. Again we work in terms of 4-tuples as above. So suppose
that

(
(wizψ , w

i
sψ

), (wjzψ , w
j
sψ

)
)

=
(
(0, 0), (0, 1)

)
, which occurs when j = hs

ψ and i is

neither hs
ψ nor hz

ψ. We then have that the Artin pairing is ψ̄?i,j(z, s) = 〈χbi , sbj〉zsu,

so that ∂ψ̄?i,j
(
(z1, s1), (z2, s2)

)
is

〈χbi , s1bj〉z1s1u + 〈χbi , s1bj〉z2s1u + 〈χbi , s2bj〉z2s2u + 〈χbi , s2bj〉z1s2u,

and in terms of Rédei symbols this is

[bi, z1s1biu, s1bj ] + [bi, z2s1biu, s1bj ] + [bi, z2s2biu, s2bj ] + [bi, z1s2biu, s2bj ]

= [bi, z1z2, s1bj ] + [bi, z1z2, s2bj ] = [bi, z1z2, s1s2],

where we used linearity in the second input, then linearity in the third. Moving
the nonzero entry of the 4-tuple gives similar results; for instance, when j = hs

ψ

we get [bi, s1s2, z1z2] which by reciprocity is the same, while if i is hz
ψ or hs

ψ we

get [z1z2, s1s2, bj ] or the equivalent [s1s2, z1z2, bj ]. This is then sufficiently useful
in our situation of symmetry: for instance if c(l, hz

ψ) = 1 (with thus l 6= hz
ψ) we

obtain a contribution therein of [bl, s1s2, z1z2]; and then we have c(hz
ψ, l) = 1 also,

for which a similar computation yields [bl, z1z2, s1s2]. Thus their sum is zero.
Finally we get to the cases where both i and j are distinguished basis vector

indices (though of course i 6= j, since the diagonal entries c(l, l) are 0). Suppose then
that

(
(wizψ , w

i
sψ

), (wjzψ , w
j
sψ

)
)

=
(
(1, 0), (0, 1)

)
. We have ψ̄?i,j(z, s) = 〈χzbi , sbj〉zsu,

so that ∂ψ̄?i,j
(
(z1, s1), (z2, s2)

)
is

〈χz1bi , s1bj〉z1s1u + 〈χz2bi , s1bj〉z2s1u + 〈χz2bi , s2bj〉z2s2u + 〈χz1bi , s2bj〉z1s2u,

and in terms of Rédei symbols this is

[z1bi, s1biu, s1bj ] + [z2bi, s1biu, s1bj ] + [z2bi, s2biu, s2bj ] + [z1bi, s2biu, s2bj ]

= [z1z2, s1biu, s1bj ] + [z1z2, s2biu, s2bj ]

= [z1z2, s1biu,−z1z2bibju] + [z1z2, s2biu,−z1z2bibju] = [z1z2, s1s2,−z1z2bibju],

where we used linearity in the first input, then [A,B,C] = [A,B,−ABC], and then
linearity in the second input. Again this calculation is not too useful by itself, but
the computation with the

(
(0, 1), (1, 0)

)
4-tuple gives [s1s2, z1z2,−s1s2bibju]; in our

situation of symmetry we will always be summing these, and applying reciprocity
and linearity gives their sum as [z1z2, s1s2, z1z2s1s2] = [z1z2, s1s2,−1].
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7.5.4. Summing up the above computations, and recalling that the diagonal and
rightmost column of c are 0, we find that ∂ψ̄?

(
(z1, s1), (z2, s2)

)
is∑

i

∑
j

ci,j∂ψ̄
?
i,j

(
(z1, s1), (z2, s2)

)
= ∂

[
ψ̄?hz

ψ,h
s
ψ

+ ψ̄?hs
ψ,h

z
ψ

](
(z1, s1), (z2, s2)

)
= [z1z2, s1s2,−z1z2bhz

ψ
bhs
ψ
u] + [s1s2, z1z2,−s1s2bhs

ψ
bhz
ψ
u] = [z1z2, s1s2,−1].

By Rédei reciprocity, this is thus equal to our computation of g̃ on Ž × S. �

7.6. We now do the analogous computations for Type II (and then Type I in the
next subsection). It is probably easier to first compute the Rédei symbol relations
(and thus ∂ψ̄?), and then define the field LŽ in terms of what we obtain.

Lemma 7.6.1. Suppose ψ is of Type II, so c is symmetric in its leftmost block and
at least one of c(hz

ψ, h
z
ψ) and c(hz

ψ, e+ 1) is nonzero. Then

∂Ž×Sψ̄
?
(
(z1, s1), (z2, s2)

)
= c(hz

ψ, h
z
ψ)[z1z2, s1s2, z1z2] + c(hz

ψ, e+ 1)[z1z2, s1s2,−1].

Proof. We recall that for Type II we have c(i, j) = c(j, i) for 1 ≤ i, j ≤ e, and
that the distinguished basis index hz

ψ has either c(hz
ψ, h

z
ψ) or c(hz

ψ, e + 1) nonzero

(or possibly both). All nonobvious basis vectors are zero at the hypercube co-
ordinate sψ, while the (hz

ψ)th basis vector is the only one that is nonzero at the
hypercube co-ordinate zψ.

We again compute ∂ψ̄? as a sum of components
∑
i

∑
j c(i, j)∂ψ̄

?
i,j .

7.6.2. When neither i nor j is equal to hz
ψ or (e+1), we are in the simple situation

where
(
(wizψ , w

i
sψ

)
, (wjzψ , w

j
sψ

)) =
(
(0, 0), (0, 0)

)
, and the first computation in §7.5.3

gives ∂ψ̄?i,j
(
(z1, s1), (z2, s2)

)
= 0.

Next we consider when i or j is hz
ψ, with the other not (e+1), and moreover i 6= j.

When j = hz
ψ with the 4-tuple

(
(wizψ , w

i
sψ

), (wjzψ , w
j
sψ

)
)

=
(
(0, 0), (1, 0)

)
, by the

second computation in §7.5.3 we get [bi, z1z2, s1s2]. Again we can use c-symmetry
to pair nonzero c(l, hz

ψ) with c(hz
ψ, l); the above computation gives [bl, z1z2, s1s2]

for (i, j) = (l, hz
ψ), while the analogous computation for (i, j) = (hz

ψ, l) with the

4-tuple
(
(1, 0), (0, 0)

)
yields [s1s2, z1z2, bl], with the sum ergo being 0.

7.6.3. Next suppose that i = j = hz
ψ, considered in the generality of the 4-tuple(

(wizψ , w
i
sψ

), (wjzψ , w
j
sψ

)
)

=
(
(1, 0), (1, 0)

)
. Here we have ψ̄?i,j(z, s) = 〈χzbi , zbj〉zsu,

so that ∂ψ̄?i,j
(
(z1, s1), (z2, s2)

)
is

〈χz1bi , z1bj〉z1s1u + 〈χz2bi , z2bj〉z2s1u + 〈χz2bi , z2bj〉z2s2u + 〈χz1bi , z1bj〉z1s2u
and in terms of Rédei symbols this is

[z1bi, s1biu, z1bj ] + [z2bi, s1biu, z2bj ] + [z2bi, s2biu, z2bj ] + [z1bi, s2biu, z1bj ]

= [z1bi, s1biu,−s1bju] + [z2bi, s1biu,−s1bju]+

+ [z1bi, s2biu,−s2bju] + [z2bi, s2biu,−s2bju]

= [z1z2, s1biu,−s1bju] + [z1z2, s2biu,−s2bju]

= [z1z2, s1biu, z1z2bibj ] + [z1z2, s2biu, z1z2bibj ] = [z1z2, s1s2, z1z2bibj ],

where we applied [A,B,C] = [A,B,−ABC], then linearity in the first input,
then [A,B,C] = [A,B,−ABC] again, and linearity in the second input. Since i = j
we have bi = bj , and this is [z1z2, s1s2, z1z2].
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Suppose next j = e+1 and i 6= hz
ψ, or again we can work in the 4-tuple generality

of
(
(wizψ , w

i
sψ

), (wjzψ , w
j
sψ

)
)

=
(
(0, 0), (1, 1)

)
. We have ψ̄?i,j(z, s) = 〈χbi , zsbj〉zsu, so

that ∂ψ̄?i,j
(
(z1, s1), (z2, s2)

)
is

〈χbi , z1s1bj〉z1s1u + 〈χbi , z2s1bj〉z2s1u + 〈χbi , z2s2bj〉z2s2u + 〈χbi , z1s2bj〉z1s2u.
which in terms of Rédei symbols is

[bi, z1s1biu, z1s1bj ] + [bi, z2s1biu, z2s1bj ] + [bi, z2s2biu, z2s2bj ] + [bi, z1s2biu, z1s2bj ]

= [bi, z1s1biu,−bju] + [bi, z2s1biu,−bju] + [bi, z2s2biu,−bju] + [bi, z1s2biu,−bju]

by [A,B,C] = [A,B,−ABC], and this is 0 by linearity in the second input.
Finally, suppose (i, j) = (hz

ψ, e + 1), considered in the generality of the 4-tuple(
(wizψ , w

i
sψ

), (wjzψ , w
j
sψ

)
)

=
(
(1, 0), (1, 1)

)
. We have ψ̄?i,j(z, s) = 〈χzbi , zsbj〉zsu, so

that ∂ψ̄?i,j
(
(z1, s1), (z2, s2)

)
is

〈χz1bi , z1s1bj〉z1s1u + 〈χz1bi , z1s2bj〉z1s2u + 〈χz2bi , z2s2bj〉z2s2u + 〈χz2bi , z2s1bj〉z2s1u.
and in terms of Rédei symbols this is

[z1bi, s1biu, z1s1bj ] + [z1bi, s2biu, z1s2bj ] + [z2bi, s2biu, z2s2bj ] + [z2bi, s1biu, z2s1bj ]

= [z1bi, s1biu,−bju] + [z1bi, s2biu,−bju] + [z2bi, s2biu,−bju] + [z2bi, s1biu,−bju]

= [z1z2, s1biu,−bju] + [z1z2, s2biu,−bju] = [z1z2, s1s2,−bju]

upon using [A,B,C] = [A,B,−ABC] and linearity in the first and second inputs.
For the obvious vector we have be+1 = u, so this is [z1z2, s1s2,−1].

7.6.4. Putting these all together, we find in Type II that ∂ψ̄?
(
(z1, s1), (z2, s2)

)
is∑

i

∑
j

c(i, j)∂ψ̄?i,j
(
(z1, s1), (z2, s2)

)
= ∂

[
c(hz

ψ, h
z
ψ)ψ̄?hz

ψ,h
z
ψ

+ c(hz
ψ, e+ 1)ψ̄?hz

ψ,e+1

](
(z1, s1), (z2, s2)

)
= c(hz

ψ, h
z
ψ)[z1z2, s1s2, z1z2] + c(hz

ψ, e+ 1)[z1z2, s1s2,−1],

and this gives the statement of the Lemma. �

7.6.5. The above then informs us how to define LŽ in this case. We let

LŽ =

B∏
k=2

φ[p1pk, (−1)c(h
z
ψ,e+1)(p1pk)c(h

z
ψ,h

z
ψ)],

where again φ[a, b] is a field from Fmr
a,b as in §4.5.1 or §7.2 (here φ[p1pk, p1pk] will

be cyclic quartic rather than octic dihedral, but this does not really matter).
We let KŽ be the largest multiquadratic extension of Q inside LŽ , which will be

generated by the
√
p1pk for pk ∈ Ž when c(hz

ψ, e+ 1) = 0, and in general will also

have
√
−1. We again note that any prime in Tl(K)[L|Ž] splits completely in KŽ .

We have a natural isomorphism from Gal(LŽ/KŽ) to the image of ∂Ž that sends
an element τ to the map that sends (pi, pj) to the element in F2 to signify whether τ

is trivial in Gal
(
φ[pipj , x]/Q(

√
pipj ,

√
x)
)
, where x = (−1)c(h

z
ψ,e+1)(pipj)

c(hz
ψ,h

z
ψ).

We take a map g̃ : (Ž × vBw) × (Ž × vBw) → F2 in im(∂Ž×vBw) as in §7.4, and

suppose that S = {si}i is a sequence of B primes taken from Tsψ (K)[L|t↓, Ž, t↑] that
satisfies the Frobenius relation given by g(1, j) = FrobLŽ/KŽ (s1) · FrobLŽ/KŽ (sj).
We have the following Lemma, proven in the same way as Lemma 7.5.1.
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Lemma 7.6.6. Suppose ψ is of Type II (§6.1.1) and S ⊂ Tsψ (K)[L|Ž] is a sequence
of primes, and g̃ a map in im(∂Ž×S) with g(1, j) = FrobLŽ/KŽ (s1) ·FrobLŽ/KŽ (sj)

for 1 ≤ j ≤ B = #S. Then we have g̃ = ∂ψ̄? on Ž × S.

7.7. The case of Type I is somewhat more notationally burdensome due to the
fact that Ž is now a Cartesian product Z ×Z ′. On the other hand, the occurrence
of the third hypercube co-ordinate makes some of the calculations simpler.

We recall that we have an s-distinguished basis vector (indexed by hs
ψ) and a

z-distinguished basis vector (indexed by hz
ψ); the former is 1 at the hypercube

co-ordinate sψ and 0 at zψ, while the latter switches the behavior. Also, all the
other non-obvious basis vectors are 0 at these hypercube co-ordinates. In terms of
the c-coefficients, we have c(hs

ψ, h
z
ψ) = 1 and c(hz

ψ, h
s
ψ) = 0.

We also have a third hypercube co-ordinate z′ψ at which all the non-obvious basis
vectors are zero.

Lemma 7.7.1. Suppose ψ is of Type I. Then

∂Ž×Sψ̄
?
(
(z1, z

′
1, s1), (z2, z

′
2, s2)

)
= [s1s2, z

′
1z
′
2, z1z2].

Proof. First consider (i, j) with i, j 6∈ {e + 1, hz
ψ, h

s
ψ}. All 6 relevant co-ordinate

values are 0, so ψ̄?i,j(z, z
′, s) = 〈χbi , bj〉zz′su, and ∂ψ̄?i,j

(
(z1, z

′
1, s1), (z2, z

′
2, s2)

)
is

〈χbi , bj〉z1z′1s1u + 〈χbi , bj〉z1z′2s1u + 〈χbi , bj〉z2z′1s1u + 〈χbi , bj〉z2z′2s1u+

+ 〈χbi , bj〉z1z′1s2u + 〈χbi , bj〉z1z′2s2u + 〈χbi , bj〉z2z′1s2u + 〈χbi , bj〉z2z′2s2u.

In terms of Rédei symbols this is the 8-fold sum
∑
z̃

∑
z̃′
∑
s̃[bi, z̃z̃

′s̃biu, bj ], where
each of the tildes indicates a co-ordinate to be summed over. By linearity in the
second input this is 0.

Next we have (i, j) with i = hs
ψ with j 6∈ {i, e + 1, hz

ψ}. The only nonzero co-

ordinate value is the (sψ)th for the ith basis vector, so ψ̄?i,j(z, z
′, s) = 〈χsbi , bj〉zz′su,

and the 8-fold sum becomes∑
z̃

∑
z̃′

[s1bi, z̃z̃
′biu, bj ] +

∑
z̃

∑
z̃′

[s2bi, z̃z̃
′biu, bj ]

in terms of Rédei symbols, with again this being 0 by linearity in the second input.
The same holds true if we switch the identity of i and j, or of hs

ψ and hz
ψ.

For the diagonal terms (i, i) with i = hs
ψ we have ψ̄?i,i(z, z

′, s) = 〈χsbi , sbi〉zz′su,
and the 8-fold sum is∑

z̃

∑
z̃′

[s1bi, z̃z̃
′biu, s1bi] +

∑
z̃

∑
z̃′

[s2bi, z̃z̃
′biu, s2bi],

which again is 0. The analogous computation holds for (i, i) with i = hz
ψ.

7.7.2. We then will get a main term from (i, j) = (hs
ψ, h

z
ψ). Here two of the six

co-ordinate values are nonzero, and we have ψ̄?i,j(z, z
′, s) = 〈χsbi , zbj〉zz′su, and we

find the 8-fold sum is

[s1bi, z1z
′
1biu, z1bj ]+[s1bi, z1z

′
2biu, z1bj ]+[s1bi, z2z

′
1biu, z2bj ]+[s1bi, z2z

′
2biu, z2bj ]+

+[s2bi, z1z
′
1biu, z1bj ]+[s2bi, z1z

′
2biu, z1bj ]+[s2bi, z2z

′
1biu, z2bj ]+[s2bi, z2z

′
2biu, z2bj ],

which by linearity in the second input is

[s1bi, z
′
1z
′
2, z1bj ] + [s1bi, z

′
1z
′
2, z2bj ] + [s2bi, z

′
1z
′
2, z1bj ] + [s2bi, z

′
1z
′
2, z2bj ],
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and then by linearity in the third and first input is

[s1bi, z
′
1z
′
2, z1z2] + [s2bi, z

′
1z
′
2, z1z2] = [s1s2, z

′
1z
′
2, z1, z2].

Note that (i, j) = (hz
ψ, h

s
ψ) has c(i, j) = 0 by the asymmetry assumption, and so

does not contribute.
We still need to consider cases where j = e+ 1 (with the obvious basis vector).

When i 6∈ {hs
ψ, h

z
ψ} we have ψ̄?i,j(z, z

′, s) = 〈χbi , zz′sbj〉zz′su, with then the 8-fold

sum as
∑
z̃

∑
z̃′
∑
s̃[bi, z̃z̃

′s̃biu, z̃z̃
′s̃bj ] =

∑
z̃

∑
z̃′
∑
s̃[bi, z̃z̃

′s̃biu,−bju] = 0.
Finally we have (i, j) = (hs

ψ, e + 1), where ψ̄?i,j(z, z
′, s) = 〈χsbi , zz′sbj〉zz′su and

the 8-fold sum is∑
z̃

∑
z̃′

[s1bi, z̃z̃
′biu, s1z̃z̃

′bj ] +
∑
z̃

∑
z̃′

[s2bi, z̃z̃
′biu, s2z̃z̃

′bj ]

=
∑
z̃

∑
z̃′

[s1bi, z̃z̃
′biu,−bju] +

∑
z̃

∑
z̃′

[s2bi, z̃z̃
′biu,−bju] = 0,

with an analogous computation for (i, j) = (hz
ψ, e+ 1). Putting these all together,

we get the Lemma. �

7.7.3. The above then informs us how to define LŽ in this case. We let

LŽ =

B∏
k=2

B∏
l=2

φ[p1pk, p
′
1p
′
l]

where the pk come from Z and the p′l from Z ′, and φ[a, b] is a field from Fmr
a,b as

in §4.5.1 or §7.2.
We let KŽ be the largest multiquadratic extension of Q inside LŽ , and note that

any prime in Tl(K)[L|Ž] splits completely in KŽ .
We have a natural isomorphism from Gal(LŽ/KŽ) to the image of ∂Ž . This

sends an element τ to the map that sends
(
(pi, p

′
i), (pj , p

′
j)
)

to the element in F2

signifying whether τ is trivial in Gal
(
φ[pipj , p

′
ip
′
j ]/Q(

√
pipj ,

√
p′ip
′
j)
)
.

We take a map g̃ : (Ž × vBw) × (Ž × vBw) → F2 in im(∂Ž×vBw) as in §7.4, and

suppose that S = {si}i is a sequence of B primes taken from Tsψ (K)[L|t↓, Ž, t↑] that
satisfies the Frobenius relation given by g(1, j) = FrobLŽ/KŽ (s1) · FrobLŽ/KŽ (sj).
We have the following Lemma, proven in the same way as Lemma 7.5.1.

Lemma 7.7.4. Suppose ψ is of Type I (§6.1.1) and S ⊂ Tsψ (K)[L|Ž] is a sequence
of primes, and g̃ a map in im(∂Ž×S) with g(1, j) = FrobLŽ/KŽ (s1) ·FrobLŽ/KŽ (sj)

for 1 ≤ j ≤ B = #S. Then we have g̃ = ∂ψ̄? on Ž × S.

7.8. We sum up the calculations of the various types, and phrase the results in
terms of cancellation for some g̃ that is ε-good (see §3.2.1).

Proposition 7.8.1. Suppose that ψ is a nontrivial multiplicative character for the
space Mat(e, e + 1,F2), and let S be a sequence of primes from Tsψ (K)[L|t↓, Ž, t↑]
of length B, and take g̃ ∈ im(∂Ž×S) with g(1, j) = FrobLŽ/KŽ (s1) · FrobLŽ/KŽ (sj)
for 1 ≤ j ≤ B = #S, with g̃ being ε-good. Then∣∣∣∣ ∑

(ž,s)∈Ž×S

ψ̄
(
(ž, s)

)∣∣∣∣ ≤ 2ε(#Ž#S).
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Proof. From the Lemmata for the various types we have ∂ψ̄? = g̃. Since g̃ is ε-good
the same is true for ψ̄?, so |#(ψ̄?)−1(0)−(#Ž#S)/2| ≤ ε(#Ž#S). Transforming ψ̄?

to ψ̄ then gives the result. �

7.8.2. Let us record some facts about the fields LŽ and KŽ in the three cases.
For Type III we have

LŽ =

B∏
k=2

φ[p1pk,−1]

where the pk are from Ž, and φ[a, b] is any field in Fmr
a,b , with the latter (as in §4.5.1)

being the set of minimally ramified Galois extensions of Q(
√
a,
√
b) that are cyclic

of degree 4 over Q(
√
ab). The largest multiquadratic extension KŽ of Q inside LŽ

is generated by
√
−1 and the

√
p1pk for pk ∈ Ž, and is thus of degree 2 · 2B−1.

We also have that Gal(LŽ/KŽ) is isomorphic to im(∂Ž), and thus LŽ/KŽ has
degree 2B−1, with the degree of LŽ/Q then being 2 · 4B−1.

Similarly, for Type II we have

LŽ =

B∏
k=2

φ[p1pk, (−1)c(h
z
ψ,e+1)(p1pk)c(h

z
ψ,h

z
ψ)],

and when c(hz
ψ, e + 1) is nonzero we reach the same conclusions as with Type III.

Moreover, things are even easier in the alternative case, as then the φ[p1pk, p1pk]
are all cyclic of degree 4 over Q.

Finally, for Type I we have

LŽ =

B∏
k=2

B∏
l=2

φ[p1pk, p
′
1p
′
l],

where here there are two components in Ž = Z×Z ′. The largest multiquadratic ex-
tension KŽ of Q inside LŽ is generated by

√
p1pk and

√
p′1p
′
l for pk ∈ Z and p′l ∈ Z ′,

so is of degree 22(B−1) = 2nψ(B−1). Meanwhile, the isomorphism from Gal(LŽ/KŽ)

to im(∂Ž) implies LŽ/KŽ has degree 2(B−1)2

= 2(B−1)nψ .
In particular, each possibility for LŽ is Galois over Q and its Galois group has

order a power-of-two, with this group then being nilpotent (as all finite p-groups
are), hence monomial, so that the Artin conjecture is known to hold [1], namely
the L-functions of the irreducible representations are entire, and we can apply the
Chebotarev density theorem as in §3.1.2.

The degrees v of said irreducible representations will be less than the square root
of the size m of the Galois group. Meanwhile, the ramified primes will be those in
the union

⋃
u Ž

u and possibly the prime 2, each of the former being tamely ramified.
This gives the conductor of each irreducible representation as ≤ (8K)v, where K is
the product of the primes in

⋃
u Ž

u, and is thus ≤ E2(0.13, X)nψB � E2(0.14, X)
by regularity (see §6.2.2).

7.8.3. (Exercise). Let us verify ι is an isomorphism from Gal(LŽ/KŽ) to im(∂Ž),
for Type III. This sends an element τ to the map that sends (p1, p2) to the ele-
ment in F2 signifying whether τ is trivial in Gal

(
φ[p1p2,−1]/Q(

√
p1p2,

√
−1)

)
. An

alternative phrasing is whether the image of τ in Gal
(
φ[p1p2,−1]KŽ/KŽ

)
is trivial.

First we note that ι is a homomorphism. It sends τ to gτ (i, j) that says whether
the image of τ in Gal

(
φ[pipj ,−1]KŽ/KŽ

)
is trivial, and gτ1τ2 is then just the sum
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of the maps gτ1 and gτ2 . Moreover, the kernel of ι is trivial, as any nonidentity τ
will be nontrivial in some Gal

(
φ[pipj ,−1]KŽ/KŽ

)
.

Next we check that the image of ι is in im(∂Ž). Indeed, we let Fτ (j) deter-
mine whether the image of τ in Gal

(
φ[p1pj ,−1]KŽ/KŽ

)
is trivial, and then we

have gτ (i, j) = Fτ (i) + Fτ (j). Similarly, writing this in reverse shows that the im-
age of ι is all of im(∂Ž); that is, with g(i, j) = F (i) + F (j) there is some τ that is
trivial in Gal

(
φ[p1pj ,−1]KŽ/KŽ

)
precisely when F (j) = 0.

8. Frobenius equi-distribution with the upper hypercube co-ordinate

Almost all of what we do in the sequel below will be applicable more generally
than just to Gaussian discriminants, but we still refer to a P4-box to remind us of
this constraint.

As with §6.6, we again assume we have a very pleasant P4-box T̄ , a residue and
Legendre specification (K,L) that is generic, a basis of size (e + 1) for the kernel
of R4(K,L) that contains the obvious vector, a nontrivial multiplicative character ψ
on Mat(e, e+ 1,F2), and a set of well-gapped hypercube co-ordinates Vψ.

With notation as in §6.6, we will be considering

A(t↓, Ž, t↑) = t↓ × Ž × t↑ × Tsψ (K)[L|t↓, Ž, t↑]

where t↓ and t↑ are respectively products of singleton subsets (and/or elements
therein) from T ↓(K) and T ↑(K), and Ž is a suitable subset of

∏
u∈Ṽψ Tu(K) asso-

ciated to the lower hypercube co-ordinates.
Given t↓ and Ž, we will now show that almost all choices of L-compatible t↑

have Tsψ (K)[L|t↓, Ž, t↑] equi-distributed over Frobenius classes for LŽ/KŽ , and the

results of the previous section will then imply that ψ
(
R8(~t)

)
has cancellation when

summed over ~t ∈ A(t↓, Ž, t↑).
For notation, we define T τl to be the subset of p ∈ Tl such that the Frobenius im-

age FrobLŽ/KŽ (p) is τ , and the various restrictions of this in the expected manner.
We shall only need this for l = sψ.

8.1. The equi-distribution follows from two things: namely T τsψ (K)[L|t↓, Ž] is of

the expected size for every τ (by the Chebotarev theorem and primes in arith-
metic progressions to small moduli); and the number of t↑ with an unexpected size
of T τsψ (K)[L|t↓, Ž, t↑] is small (which will follow from a bilinear estimate).

We recall our notation EL2 (u,X) = exp exp(u log logX) which in turn implies
that logEL2 (u,X) = (logX)u. Also, r↓g is the number of indices in I?↓ , and is thus

the number of components of the corresponding Cartesian product T ↓, while Ž
has nψ components each of size B = b

√
log logX/999c.

Lemma 8.1.1. Suppose that T̄ is a very pleasant P4-box and (K,L) is a generic
residue and Legendre specification. Let t↓ be an element of T ↓(K)vLw, and Ž be a
grid that is L-compatible (with respect to t↓), with components of size B for the nψ
well-gapped lower hypercube co-ordinates, with sψ the upper hypercube co-ordinate.
Then for every τ ∈ Gal(LŽ/KŽ) we have (with EL2 (u,X) = exp exp(u log logX))

#T τsψ (K)[L|t↓, Ž] =
#Tsψ (K)[L|t↓, Ž]

2(B−1)nψ

[
1 +O

( 1

EL2 (0.09, X)

)]
.

Proof. There are two aspects here: firstly to use primes in arithmetic progressions
(or more particularly: primes with a fixed Legendre symbol) for the moduli with t↓
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and Ž; and secondly to use the Chebotarev theorem for the equi-distribution of τ .
Of course, the former is merely the case of degree 1 Artin representations in the
Chebotarev terminology.

Since we have sψ ≥ (5/8)(αP log logX) and T̄ is very pleasant (see §6.2.2), the
primes in question will be � exp exp(0.62 log logX) = EL2 (0.62, X); meanwhile
since rg ≤ (αP/2) log logX, again by very pleasantness the moduli will be bounded

as � EL2 (0.51, X)r
↓
gEL2 (0.13, X)nψB � EL2 (0.52, X)

Applying the prime number theorem for arithmetic progressions, this gives us

#Tsψ (K)[L|t↓, Ž] =
#Tsψ (K)

2r
↓
g+nψB

+O
(
Ẽ ·#Tsψ (K)(logX)0.62

)
where

Ẽ = exp

(
−c̃ logEL2 (0.62, X)√

logEL2 (0.62, X) + logEL2 (0.52, X)

)
+ EL2 (0.62, X)−1/

√
Ps .

Here Ps = exp
(
(log logX)ηs

)
corresponds to the allowable limit of exceptional zeros

for pleasant boxes. We thus get − log log Ẽ & (0.62− 0.52) log logX which implies

that Ẽ � 1/E2(0.095, X) for sufficiently large X.

8.1.2. We then want to estimate #T τsψ (K)[L|t↓, Ž] by the Chebotarev density the-

orem. Referring to §7.8.2 the degree m of LŽ/Q is ≤ 2 ·4B
nψ

, and every irreducible

Artin representation has degree bounded by
√
m. The conductors are all ≤ (8K)

√
m

where K is the product of all the primes in
⋃
u Ž

u, with K ≤ EL2 (0.13, X)nψB by
very pleasantness.

We also append the Legendre specifications from t↓ and Ž; this amounts to
twisting by the various degree 1 Artin represenations associated to the quadratic
fields they define, and as above this is harmless in the conductor aspect. Indeed,
the total conductor is

� EL2 (0.51, X)r
↓
g · EL2 (0.13, X)nψB · 8

√
m · EL2 (0.13, X)

√
mnψB � EL2 (0.52, X),

where here we noted that

log logEL2 (0.13, X)
√
mnψB = log(

√
mnψB) + log logEL2 (0.13, X)

= log
√
m+ 0.13 log logX +O(log log logX)

≤ Bnψ log 2 + 0.13 log logX +O(log log logX) . 0.131 log logX

since Bnψ ≤ (log logX)/9992.
We then apply the Chebotarev density theorem, giving a bound for the character

sums corresponding to the irreducible representations and get a bound of

� U/U1/
√
Ps + U exp

(
− (logU)/m6

√
logU + 3 logEL2 (0.52, X)

)
· log

(
UmEL2 (0.52, X)

)
·m3/2

where U is the size of primes in Tsψ (K). Since m6 ≤ 64 · 46B2 � (logX)1/105

and U � EL2 (0.62, X), we thus obtain equi-distribution of the Frobenius classes
for LŽ/Q, which then naturally gives the result for LŽ/KŽ . Specifically, we obtain

#T τsψ (K)[L|t↓, Ž] =
#Tsψ (K)

2r
↓
g+nψB · 2(B−1)nψ

[
1 +O

( 1

EL2 (0.09, X)

)]
.

Combining this with the previous estimate then gives the Lemma. �
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8.1.3. We next turn to results for equi-distribution with respect to t↑, which will
only hold on average for almost all selections therein.

We recall that r↑g is the number of indices in I?↑ , and is thus the number of

components of the Cartesian product T ↑. Meanwhile T ↑(K)vL|t↓, Žw is as in §6.6.1:
the L-compatible subset of T ↑(K) with respect to itself, t↓, and all members of Ž.

Lemma 8.1.4. Suppose that T̄ is a very pleasant P4-box and (K,L) is a generic
residue and Legendre specification. Let t↓ be an element of T ↓(K)vLw, and Ž be a
grid that is L-compatible (with respect to t↓), with components of size B for the nψ
well-gapped lower hypercube co-ordinates, with sψ the upper hypercube co-ordinate.
Then for every τ ∈ Gal(LŽ/KŽ) we have (with EL2 (u,X) = exp exp(u log logX)
and r↑g the number of indices in I?↑ )

∑
t↑∈T↑(K)vL|t↓,Žw

∣∣∣∣#T τsψ (K)[L|t↓, Ž, t↑]−
#T τsψ (K)[L|t↓, Ž]

2r
↑
g

∣∣∣∣� #T ↑(K) ·#Tsψ (K)

EL2 (0.47, X)
.

Proof. As with various other proofs, we will show this by computing the average
and mean value, and applying Cauchy’s inequality. Since T̄ is very pleasant, by
regularity we have that the primes forming t↑ are ≥ EL2 (0.49, X); ergo we can

exclusively employ the bilinear estimate (1) for sums with (t↑j |tsψ ). We have∑
t↑∈T↑(K)vL|t↓,Žw

#T τsψ (K)[L|t↓, Ž, t↑] =
∑

t↑∈T↑(K)vL|t↓,Žw

∑
tsψ∈T τsψ (K)[L|t↓,Ž]

W(t↑, tsψ ,L)

where

W(t↑, tsψ ,L) =
1

2r
↑
g

∏
j∈I?↑

[
1 + Lj,sψ (t↑j |tsψ )

]
with t↑j the components of t↑ and r↑g the number of indices in I?↑ . Multiplying out
the product gives a main term of

#T ↑(K)vL|t↓, Žw ·
#T τsψ (K)[L|t↓, Ž]

2r
↑
g

.

There are (2r
↑
g − 1) other terms; each has a term (ta|tsψ ) for some a ∈ I?↑ , and we

can bound each by the bilinear estimate (1) (using suitable α, β) to get an error of

� 2r
↑
g − 1

2rg

∏
j 6=a

∑
tj∈Tj(K)

∣∣∣∣ ∑
ta∈Ta(K)

∑
tsψ∈T τsψ (K)[L|t↓,Ž]

αtaβtsψ (ta|tsψ )

∣∣∣∣
� #T ↑(K) ·#Tsψ (K)

(C logX)2

exp
(
exp(0.49 log logX)/9

)
where C ∼ (log logX)99 is the compression factor of our basic intervals and we
bounded #T τsψ (K)[L|t↓, Ž] ≤ #Tsψ (K). This gives us∑

t↑∈T↑(K)vL|t↓,Žw

#T τsψ (K,L)[t↓, Z, t↑]

= #T ↑(K)vL|t↓, Žw ·
#T τsψ (K,L)[t↓, Ž]

2r
↑
g

+O
(#T ↑(K) ·#Tsψ (K)

EL2 (0.48, X)

)
,
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8.1.5. We then do the same for the mean-square value, which is∑
t↑∈T↑(K)vL|t↓,Žw

∑∑
t
(1)
sψ
,t

(2)
sψ
∈T τsψ (K)[L|t↓,Ž]

W ′(t↑, t(1)
sψ
, t(2)

sψ
,L)

where

W ′(t↑, t(1)
sψ
, t(2)

sψ
,L) =

1

(2r
↑
g )2

∏
j∈I?↑

[
1 + Lj,sψ (t↑j |t

(1)
sψ

)
][

1 + Lj,sψ (t↑j |t
(2)
sψ

)
]
.

In the same manner as above we get∑
t↑∈T↑(K)vL|t↓,Žw

#T τsψ (K,L)[t↓, Z, t↑]2

= #T ↑(K)vL|t↓, Žw ·
#T τsψ (K,L)[t↓, Ž]2

4r
↑
g

+O
(#T ↑(K) ·#Tsψ (K)2

EL2 (0.48, X)

)
,

and applying Cauchy’s inequality then gives the Lemma. �

Corollary 8.1.6. For every τ ∈ Gal(LŽ/KŽ) we have∑
t↑∈T↑(K)vL|t↓,Žw

∣∣∣∣#T τsψ (K)[L|t↓, Ž, t↑]−
#Tsψ (K)[L|t↓, Ž, t↑]

2(B−1)nψ

∣∣∣∣� #T ↑(K) ·#Tsψ (K)

EL2 (0.09, X)
.

Proof. This follows from the previous two Lemmata. The triangle inequality implies
the sum in question is bounded by∑

t↑

∣∣∣∣#T τsψ (K)[L|t↓, Ž, t↑]−
#T τsψ (K)[L|t↓, Ž]

2r
↑
g

∣∣∣∣
+

1

2r
↑
g

∑
t↑

∣∣∣∣#T τsψ (K)[L|t↓, Ž]−
#Tsψ (K)[L|t↓, Ž]

2(B−1)nψ

∣∣∣∣
+

1

2(B−1)nψ

∑
t↑

∣∣∣∣#Tsψ (K)[L|t↓, Ž]

2r↑g
−#Tsψ (K)[L|t↓, Ž, t↑]

∣∣∣∣,
and Lemma 8.1.4 bounds the first sum, with then Lemma 8.1.1 used for the second,
while upon summing Lemma 8.1.4 over τ (or arguing directly as in its proof) we
find it bounds the third sum. �

8.2. We now accumulate the results of the previous sections. We assume we are
given t↓ and Ž that are L-compatible, and will show cancellation for ψ

(
R8(~t)

)
when

summing over ~t in

B?(t↓ × Ž) =
(
t↓ × Ž ×

∏
j∈I↑

Tj(K)[L|t↓, Ž]
)
∩ T (K,L)〈t↓〉,

where the final intersection ensures that everything is L-compatible. In particular,
we can write a sum over B?(t↓ × Ž) as∑

~t∈B?(t↓×Ž)

=
∑
ž∈Ž

∑
t↑∈T↑(K)vL|t↓,Žw

∑
tsψ∈Tsψ

(K)[L|t↓,Ž,t↑]

with the condition that everything in Ž be L-compatible with t↓ and itself, and
similarly t↓ ∈ T ↓(K)vLw to ensure its L-compatibility in the first place.
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Proposition 8.2.1. Suppose that T̄ is a very pleasant P4-box and (K,L) is a
generic residue and Legendre specification. Let t↓ be an element of T ↓(K)vLw,
and Ž be a grid that is L-compatible (with respect to t↓), with nψ components of
size B = b

√
log logX/999c for the well-gapped lower hypercube co-ordinates, with sψ

the upper hypercube co-ordinate. Writing R8(~t) for the 8-rank pairing matrix for ~t
in terms of a fixed basis for the kernel of R4(K,L), we have∑

~t∈B?(t↓×Ž)

ψ
(
R8(~t)

)
� #B?(t↓ × Ž)√

B
+

#T ↑(K) ·#Tsψ (K)

EL2 (0.07, X)
.

Proof. We are considering the sum∑
~t∈B?(t↓×Ž)

ψ
(
R8(~t)

)
=
∑
ž∈Ž

∑
t↑

∑
tsψ∈Tsψ

(K)[L|t↓,Ž,t↑]

ψ
(
R8(t↓, ž, t↑, tsψ )

)
.

We first remove the t↑ ∈ T ↑(K)vL|t↓, Žw for which there is τ ∈ Gal(LŽ/KŽ) with∣∣∣∣#T τsψ (K)[L|t↓, Ž, t↑]−
#Tsψ (K)[L|t↓, Ž, t↑]

2(B−1)nψ

∣∣∣∣ ≥ #Tsψ (K)

EL2 (0.08, X)
.

By the above Corollary 8.1.6, these bad t↑ ∈ T ↑b contribute no more than

#Ž
∑
t↑∈T↑b

#Tsψ (K) ≤ #Ž · EL2 (0.08, X)
∑
t↑

∣∣∣(· · · )∣∣∣� #T ↑(K) ·#Tsψ (K)

EL2 (0.085, X)
,

where the ellipsis indicates the same T -difference as in the previous display.
For each remaining t↑ ∈ T ↑(K)vL|t↓, Žw we split up Tsψ (K)[L|t↓, Ž, t↑] into the

τ -orbits for Gal(LŽ/KŽ). We let a = minτ #T τsψ (K)[L|t↓, Ž, t↑], and by the above

removal of bad t↑ we see that each such τ -set is approximately this size. We choose
subsets T̃ τ ⊂ T τsψ (K)[L|t↓, Ž, t↑] each of size a, and then re-partition

⋃
τ T̃

τ into

sets A with one element from each T̃ τ . (Thus, there will be a such sets A, each of
size #Gal(LŽ/KŽ)).

We then choose an ε-good map g̃0 ∈ im(∂Ž×S), and the calculation in §3.2.1

shows that this is possible (for sufficiently large X) for ε = 99/
√
B.

8.2.2. For each A as above and for each τ ∈ Gal(LŽ/KŽ)), we form the unique
sequence Sτ (A) with g0(1, j) = τ ·FrobLŽ/KŽ (sj) for sj ∈ A for all 1 ≤ j ≤ B. Note
that Sτ (A) may contain repeats, but in any case when we take the multiset-union
over τ we get an uniform covering of A of multiplicity B. For good t↑ we then have∑

ž∈Ž

∑
tsψ∈

⋃
τ T̃

τ

ψ
(
R8(t↓, ž, t↑, tsψ )

)
=
∑
ž∈Ž

∑
A

∑
τ

1

B

∑
s∈Sτ (A)

ψ̄
(
(ž, s)

)
.

Now the point of making this sub-division is that we can apply Lemma 7.8.1 to the
sum over (ž, s) here, and thus for good t↑ we find∣∣∣∣∑
ž∈Ž

∑
tsψ

ψ
(
R8(t↓, ž, t↑, tsψ )

)∣∣∣∣� ε ·#Ž#Tsψ (K)[L|t↓, Ž, t↑] +O
(#Ž ·#Tsψ (K)

EL2 (0.079, X)

)
,

where the tsψ -sum is over Tsψ (K)[L|t↓, Ž, t↑], and we accounted the error with

the τ -equidistribution via #T τsψ (K)[L|t↓, Ž, t↑] − #T̃ τ ≤ 2#Tsψ (K)/EL2 (0.08, X)

for good t↑ (with summing over τ giving another factor � 2(B−1)nψ ≤ logX).



NOTES ON 4-SELMER AND 8-CLASS RANKS 35

Upon summing over good t↑ ∈ T ↑(K)vL|t↓, Žw and including the error induced
from bad t↑, we conclude that for all L-compatible (t↓, Ž) we have

∑
~t∈B?(t↓×Ž)

ψ
(
R8(~t)

)
� ε ·#B?(t↓ × Ž) +

#T ↑(K) ·#Tsψ (K)

EL2 (0.07, X)
.

With ε = 99/
√
B this then gives the Proposition. �

It is perhaps worth emphasizing that this is the place where the crucial cancel-
lation comes from.

8.2.3. It will be convenient to refer to consider the Cartesian product in B?(t↓×Ž)
when the intersection with T (K,L)〈t↓〉 is not present, so we define

B(t↓ × Ž) = t↓ × Ž ×
∏
j∈I↑

Tj(K)[L|t↓, Ž].

9. The selection of the grids

We will now collate grids into a fairly uniform cover Z(t↓) of L-compatible
selections from

(∏
u∈Ṽψ Tu(K)

)
vL|t↓w over the lower hypercube co-ordinates. We

shall fix t↓ ∈ T ↓(K)vLw and consider ~t ∈ T (K,L)〈t↓〉. What we wish to show, and
it will take us two sections to complete, is that with a beneficial selection Z(t↓) of
grids the counting function

Λt↓(~t) = #{Ž : Ž ∈ Z(t↓) | ~t ∈ B(t↓ × Ž)}

= #{Ž : Ž ∈ Z(t↓) | ~t ∈ t↓ × Ž ×
∏
j∈I↑

Tj(K)[L|t↓, Ž]}

will be fairly uniform in size, at least outside of a negligible set of ~t ∈ T (K,L)〈t↓〉.
With a result like Λt↓(~t) ≈ U in hand, we will then have∑

~t∈T (K,L)

ψ
(
R8(~t)

)
=

∑
t↓∈T↓(K)vLw

∑
~t∈T (K,L)〈t↓〉

ψ
(
R8(~t)

)
≈ 1

U

∑
t↓

∑
~t∈T (K,L)〈t↓〉

Λt↓(~t)ψ
(
R8(~t)

)
=

1

U

∑
t↓

∑
Ž∈Z(t↓)

∑
~t∈B?(t↓×Ž)

ψ
(
R8(~t)

)
,

with B?(t↓ × Ž) as in §8.2, and indeed the previous section showed adequate can-
cellation over the inner sum. (Note here we omitted the set of summation for t↓ on
the second line, and will continue to use such shorthand below).

There are two aspects to this. First we will select the Ž so that they cover the
L-compatible subset of the Cartesian product over lower hypercube co-ordinates
nearly uniformly; this is essentially a combinatorial argument that we give in this
section. Secondly, we will show that such a selection indeed induces approximate
Λ-equi-sizing when considering B?(t↓ × Ž). This will use the bilinear estimate (1)
and primes in arithmetic progressions.
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9.1. Consider a Cartesian product H =
∏
j Hj of sets. What we wish to show is

that if W ⊂ H has enough density, then there is some product
∏
j Gj ⊂ W with

each Gj ⊂ Hj of reasonable size. This is clear in the case when the number h of
components is 1, and our application will only additionally need the case of h = 2;
however, an inductive argument readily handles the general case, so we opt for a
phrasing in such generality.17 We follow Smith’s presentation [15, Proposition 4.1].

Lemma 9.1.1. Suppose that we have v sets Vj each of size n, and W ⊂
∏
j Vj has

density δ. When

l ≤ n(δ/2v+1)l
v−1+lv−2+···+1

there are subsets Gj ⊂ Vj each of size l such that
∏
j Gj ⊂W .

The appearance of lv−1 in the exponent here is the dominating factor, so we will
essentially need lv−1 . (log n)/ log(2v+1/δ) for this assumption to be met.

Proof. We write I(l, δ, v) = (δ/2v+1)l
v+lv−1+···+l. The result is trivial when l = 0.

Similarly, when l = 1 there is such a subset when δ ≥ 1/nv, and otherwise we
have 1 > n(δ/2v+1)v so that the size-supposition is not met.

Our induction hypothesis (on v) will be that: for every Cartesian product
∏
j Vj

of v sets with #Vj = n and W ⊂
∏
j Vj of density ≥ δ, when l ≤ nI(l, δ, v)1/l there

are at least I(l, δ, v)
(
n
l

)v
tuples of subsets Gj ⊂ Vj with #Gj = l and

∏
j Gj ⊂ W .

(The positivity of I(l, δ, v) then implies there is at least one such set). We let Nl(W )

be the number of tuples of such subsets, and aim to show Nl(W ) ≥ I(l, δ, v)
(
n
l

)v
.

The v = 1 case says that when l ≤ n(δ/4) there are at least (δ/4)l
(
n
l

)
sub-

sets G1 ⊂W with #G1 = l. Indeed, since #W ≥ dδne the number of such subsets

is
(

#W
l

)
≥
(dδne

l

)
≥ (δn−l)l

l! ≥ (3δn/4)l

l! ≥ (3δ/4)l
(
n
l

)
.

9.1.2. We let P be the subset of p ∈ Vv such that W ∩ (V1× · · · ×Vv−1×{p}) has
density at least δ/2 in V1 × · · · × Vv−1.

The union of W ∩ (V1×· · ·×Vv−1×{p}) over all p 6∈ P contains ≤ nv−1(δ/2) ·n
elements. Since W has at least density δ and thus ≥ δnv elements, we thus see that
there are ≥

[
δnv − (δ/2)nv

]
/nv−1 = (δ/2)n elements in P .

Meanwhile, the number of subsets Aj ⊂ Vj with #Aj = l for 1 ≤ j < v is
(
n
l

)v−1
.

For a given tuple a of such subsets, we denote by ua the number of p ∈ P such
that A1 × · · · ×Av−1 × {p} ⊂W , so that Nl(W ) ≥

∑
a

(
ua
l

)
.

To use this, for p ∈ P we write W ′ × {p} = W ∩ (V1 × · · · × Vv−1 × {p}) so
that W ′ has density at least δ/2, and then we can apply the induction hypothesis
to V1×· · ·×Vv−1 and W ′, with the same l and n, and (δ, v) replaced by (δ/2, v−1).
We readily verify that

I(l, δ, v) = (δ/2v)l
v+···+l ≤ (δ/2v)l

v−1+···l = I(l, δ/2, v − 1),

so that our assumption l ≤ nI(l, δ, v)1/l implies l ≤ nI(l, δ/2, v − 1)1/l. Thus for

each p ∈ P the induction hypothesis tells us there are at least I(l, δ/2, v− 1)
(
n
l

)v−1

tuples a with A1 × · · · × Av−1 ⊂ W ′, with each A1 × · · · × Av−1 × {p} then being

17Such a result is perhaps somewhere in the combinatorics literature, but again it seems simpler
to show it directly.



NOTES ON 4-SELMER AND 8-CLASS RANKS 37

contained in W , so that∑
a

ua ≥ #P · I(l, δ/2, v − 1)

(
n

l

)v−1

≥ (δ/2)n · I(l, δ/2, v − 1)

(
n

l

)v−1

.

Comparing this to Nl(W ) ≥
∑
a

(
ua
l

)
, we see that (in particular) when n is sig-

nificantly larger than l there must be some ua that exceed l, which then contribute
nontrivially to the sum. More explicitly, Hölder’s inequality says(∑

a

ua

)l
≤
(∑

a

1l
)l−1 (∑

a

ula

)
so that ∑

a

ula ≥
(

(δ/2)n · I(l, δ/2, v − 1)
)l(n

l

)l(v−1)/(
n

l

)(l−1)(v−1)

.

Now when ua ≥ 2l we have
(
ua
l

)
≥ (ua − l)l/l! ≥ (ua/2)l/l!, so in any case we

have
(
ua
l

)
≥ (ua/2)l/l!− ll/l!, implying∑

a

(
ua
l

)
≥
∑
a

( (ua/2)l

l!
− ll

l!

)
≥ 1

l!

[(
(δ/4)n · I(l, δ/2, v − 1)

)l − ll](n
l

)v−1

.

Since

I(l, δ/2, v − 1)l(δ/4)l = (δ/2v+1)l
v+···+l2(δ/4)l

= (δ/2v+1)l
v+···+l2+l(2v+1/4)l = I(l, δ, v)(2v/2)l

we then get

Nl(W ) ≥
∑
a

(
ua
l

)
≥ 1

l!

[
nl(2v/2)lI(l, δ, v)− ll

](n
l

)v−1

,

and use the assumption nlI(l, δ, v) ≥ ll and v ≥ 2 and l ≥ 1 to bound Nl(W ) as

≥ 1

l!

[
nlI(l, δ, v)

][
(2v/2)l − 1

](n
l

)v−1

≥ nl

l!
I(l, δ, v)

(
n

l

)v−1

≥ I(l, δ, v)

(
n

l

)v
.

This verifies the induction hypothesis, and shows the Lemma. �

We then generalize this in a slightly more flexible version (allowing the sets Vj
to be different sizes), and phrase it contrapositively (the form in which it is used).

Corollary 9.1.3. Suppose that we have v sets Vj the smallest of which has cardinal-
ity n, and W ⊂

∏
j Vj contains no product

∏
j Gj with #Gj = l for all 1 ≤ j ≤ v.

Then the density δ of W satisfies δ ≤ 2v+1/n1/lv .

Proof. First we note that the enlargement of the sets makes no difference, as we
can find subsets V ′j all of size n such that the intersection W ∩

∏
j V
′
j has density

at least δ in
∏
j V
′
j . Also, when l = 1 we would need W to be empty, whence δ = 0.

Since W contains no
∏
j Gj , by the Proposition we have l(2v+1/δ)l

v−1+···+1 ≥ n,

which implies (the worst case for the latter inequality is when δ = 1 and v = 1)

log n ≤ log l +
(
lv−1 + · · ·+ 1

)
log(2v+1/δ) ≤ lv(log 2v+1/δ).

The estimate on δ follows. �
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In our case we will have n ≥ EL2 (0.08, X) and lv ≤ log logX and v ≤ 2, so that

δ ≤ 8/ exp exp(0.08 log logX)1/ log logX � 1/EL2 (0.07, X).

9.2. We will now take a selection of grids that will cover the L-compatible subset
of
∏
u∈Ṽψ Tu(K) fairly uniformly, and whose intersections are all at most of size 1.

We let R̄ = bEL2 (0.05, X)c = bexp exp(0.05 log logX)c, and this will be the mul-
tiplicity to which we (nearly) cover the L-compatible subset of

∏
u Tu(K). In partic-

ular, since T̄ is very pleasant the Tu(K) for the lower hypercube co-ordinates u have
cardinality ≥ EL2 (0.08, X), which ensures this is much larger than R̄. Meanwhile,
all of the grids will be of size Bnψ ≤ B2 ≤ (log logX)/9992.

9.2.1. We take t↓ ∈ T ↓(K)vLw and define Yt↓ as
(∏

u∈Ṽψ Tu(K)
)
vL|t↓w, which is

thus the L-compatible subset of
∏
u Tu(K) therein18 with respect to t↓. Recall that

a grid (or perhaps a B-grid if we want to emphasize the size) is a subset Ž ⊂ Yt↓
such that Ž =

∏
u Ž

u with each #Žu = B.
We make a selection Z(t↓) of grids so that:19 every y ∈ Yt↓ is in at most R̄ of the

grids; and #(Ži ∩ Žj) ≤ 1 for i 6= j. We also want Z(t↓) to be maximal with these
properties, in that there is no grid that can be appended which preserves them.20

9.2.2. The point here is that maximality of Z(t↓) implies that almost all y ∈ Yt↓
appear in exactly R̄ grids. Indeed, let us define RZ(y) to be the number of grids
in which y ∈ Yt↓ appears. (Recall that E2(u,X) = exp exp(u log logX)).

Proposition 9.2.3. Suppose that Z(t↓) is a maximal R̄-selection of grids. Then the
set of y ∈ Yt↓ such that RZ(y) 6= R̄ has density � 1/E2(0.07, X) in

∏
u∈Ṽψ Tu(K).

Proof. Given an R̄-selection Z(t↓) of grids we define

Ỹt↓(Z) = {y ∈ Yt↓ | y is in less than R̄ of the grids in Z(t↓)},

and let λ be the density of Ỹt↓(Z) in
∏
u Tu(K).

We then take a maximal W ⊆ Ỹt↓(Z) with #(W ∩Ž) ≤ 1 for all grids Ž ∈ Z(t↓).
The maximality of W implies that is has reasonable density. Indeed, the union U
of grids that contain some element of W has cardinality ≤ #W · R̄Bnψ , and if
this is smaller than #Ỹt↑(Z) = λ#

∏
u Tu(K) then W is not maximal (any element

of Ỹt↑(Z)\U is appendable). Thus the density of W in
∏
u Tu(K) is ≥ λ/R̄Bnψ .

Furthermore, if there are sets Zu ⊂ Tu(K) for u ∈ Ṽψ such that all #Zu = B
and

∏
u Z

u ⊂ W , then Z(t↓) is not maximal, as we can append
∏
u Z

u to it

(sinceW ⊆ Ỹt↓(Z) each y ∈ Yt↓ will still be in at most R̄ grids, while the intersection
property will be retained since #(W ∩ Ž) ≤ 1 for all grids Ž).

Thus we can apply the above Corollary 9.1.3 to W ⊆
∏
u Tu(K) and obtain

λ/R̄Bnψ ≤ 2nψ+1/EL2 (0.08, X)1/ log logX ,

so that λ� 1/EL2 (0.07, X). �

18Both [14, page 80] and [4, page 41] work in the Cartesian product
∏
u Tu(K)[L|t↓] rather

than our
∏
u Tu(K). I don’t particularly see the reason for their choice, as one has to contend

(when nψ > 1) with L-information amongst lower hypercube co-ordinates anyway. Moreover,

they then have to verify that each Tu(K)[L|t↓] is large, which can only be done on average over t↓.
19It is also convenient word-wise to ensure that each y ∈ Yt↓ appears in at least one grid

in Z(t↓), so that the “union of the grids” is indeed Yt↓ .
20The notation Z(t↓) could contain L to note L-compatibility, but I chose to suppress this.
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10. Applying grids

Given t↓ ∈ T ↓(K)vLw with Z(t↓) chosen as a maximal R̄-selection of grids as in
the previous section, we will now show that

Λt↓(~t) = #{Ž : Ž ∈ Z(t↓) | ~t ∈ B(t↓ × Ž)}
is near its expected size, at least outside of a negligible set of ~t. Again the notation
might have this be ΛZ(~t), but I’ve chosen to emphasize the dependence on t↓.
Similarly, as we have now fixed a maximal R̄-selection Z(t↓) of grids, we will refer
to Rt↓(y) instead of RZ(y) for the number of grids that y appears in.

As with the proof of various other Lemmata, the main idea is to compute the
average and mean square, and the sums in question can be estimated by either the
bilinear estimate or primes in arithmetic progressions (we have no further need of
the Chebotarev estimate, as it was only used for the upper hypercube co-ordinate).

Our arrangement of the arguments seems able to remove the need for the notion
of “extravagant spacing” introduced by Smith.

10.1. I find it more convenient to first give a Lemma that shows that the size
of T (K,L)〈t↓〉 is approximately reduced by the correct power-of-2 when the Tj
for j > r↑g are restricted by the full Ž information (rather than just for one y-value

therein), as per the definition of B(t↓ × Ž).
Note that the analogue of this argument for Smith (top page 81) works on each

upper co-ordinate individually, comparing the sizes of the Tj-restrictions. This is
then emulated by Chan, Koymans, Milovic, and Pagano [4, (6.9ff)]. I cannot say
whether this is a real technical advantage for us or not.

In any case, these authors also do not take an average over t↓ and Ž, and doing
so is what allows us to avoid extravagant spacing.

10.1.1. We recall EL2 (u,X) = exp exp(u log logX) and R̄ = bE2(0.05, X)c, while

B(t↓ × Ž) = t↓ × Ž ×
∏
j∈I↑

Tj(K)[L|t↓, Ž],

and that (as a shorthand) sums over t↓ range over T ↓(K)vLw.

Lemma 10.1.2. Suppose that T̄ is a very pleasant P4-box and (K,L) a generic
residue and Legendre specification, and for each t↓ ∈ T ↓(K)vLw we have a maximal
R̄-selection Z(t↓) of grids that each have nψ components of size B, with Yt↓ the
union of such grids, so that Yt↓ =

(∏
u∈Ṽψ Tu(K)

)
vL|t↓w. Then we have∑

t↓

∑∑
Ž∈Z(t↓)

y∈Y
t↓∩Ž

[
#
(
T (K,L)〈t↓ × y〉 ∩ B(t↓ × Ž)

)
− #T (K,L)〈t↓ × y〉

2nψ(B−1)r⇑g

]
� #T (K)

EL2 (0.21, X)

where r⇑g = #I↑ is the number of upper indices (including sψ). Furthermore,∑
t↓

∑∑∑
Ž1,Ž2∈Z(t↓)

Ž1 6=Ž2

y∈Y
t↓∩(Ž1∩Ž2)

[
#
(
T (K,L)〈t↓×y〉∩B(t↓× Ž1)∩B(t↓× Ž2)

)
−#T (K,L)〈t↓ × y〉

22nψ(B−1)r⇑g

]

is similarly� #T (K)/EL2 (0.21, X). (Note that these estimates do not have absolute
values on the summands).
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One might prefer to put a multiplier such as R̄/2nψ(B−1)r⇑g in the error, but
since EL2 (0.21, X) is so much larger than this, it does not matter. We can also
note that [4, (6.9ff)] only saves 1/(logX)c̃, as their usage of primes in arithmetic
progressions can have a rather large modulus compared to the size of the primes
(with these separated by only the “extravagant spacing” gap).

Proof. We will show that

(2)
∑
t↓

∑∑
Ž∈Z(t↓)

y∈Y
t↓∩Ž

#T (K,L)〈t↓ × y〉 ≈ 1

2v

∑
t↓

∑∑
Ž∈Z(t↓)

y∈Y
t↓∩Ž

∏
j∈I↑

#Tj(K)

where v =
(r⇑g

2

)
+ (r↓g + nψ)r⇑g with r↓g the number of indices in I?↓ , while∑

t↓

∑∑
Ž∈Z(t↓)

y∈Y
t↓∩Ž

#
(
T (K,L)〈t↓ × y〉 ∩ B(t↓ × Ž)

)
≈ 1

2w

∑
t↓

∑∑
Ž∈Z(t↓)

y∈Y
t↓∩Ž

∏
j∈I↑

#Tj(K)

where w =
(r⇑g

2

)
+ (r↓g + nψB)r⇑g , and this will give the first result.

Furthermore, we will show∑
t↓

∑∑∑
Ž1,Ž2∈Z(t↓)

y∈Y
t↓∩(Ž1∩Ž2)

#
(
T (K,L)〈t↓ × y〉 ∩ B(t↓ × Ž1) ∩ B(t↓ × Ž2)

)

≈ 1

2b

∑
t↓

∑∑∑
Ž1,Ž2∈Z(t↓)

y∈Y
t↓∩(Ž1∩Ž2)

∏
j∈I↑

#Tj(K),

where b =
(r⇑g

2

)
+
(
r↓g + nψ(2B − 1)

)
r⇑g , and this will then give the second result.

10.1.3. We begin by noting that (t↓ × y) fixes all the lower indices, and that

#T (K,L)〈t↓ × y〉 =
1

2v

∏
j∈I↑

∑
tj∈Tj(K)

Wy(~t)

where v =
(r⇑g

2

)
+ (r↓g + nψ)r⇑g and ~t is a shorthand for t↓, y, and the tj , with

Wy(~t) = P (I↑,L,~t) ·
∏
j∈I↑

( ∏
u∈Ṽψ

[
1 + Luj(yu|tj)

] ∏
i∈I?↓

[
1 + Lij(ti|tj)

])
where yu denotes a component of y, and

P (I↑,L,~t) =
∏
j1∈I↑

∏
j2∈I↑
j2>j1

[
1 + Lj1j2(tj1 |tj2)

]
is the Legendre product over the upper indices I↑. Indeed, this latter product
ensures the primes from the upper indices are L-compatible amongst themselves,
and the rest of the product ensures they are compatible with t↓ and y.

Thus our target sum is

A =
∑
t↓

∑∑
Ž∈Z(t↓)

y∈Y
t↓∩Ž

#T (K,L)〈t↓ × y〉 =
∑
t↓

∑∑
Ž∈Z(t↓)

y∈Y
t↓∩Ž

1

2v

∏
j∈I↑

∑
tj∈Tj(K)

Wy(~t).
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We then ease the sum over Ž by instead summing over aB-fold copy of the Cartesian
product

∏
u Tu(K) over the lower hypercube co-ordinates. This gives us

A =
1

2v

∑
t↓

∏
u∈Ṽψ

∑
tBu ∈Tu(K)B<

Ht↓(
∏
u t
B
u )

∑
y∈

∏
u t
B
u

∏
j∈I↑

∑
tj∈Tj(K)

Wy(~t)

where Tu(K)B< is the set of strictly increasingly ordered B-tuples from Tu(K),

with tBu thus such a B-tuple, and
∏
u t
B
u forms a concatenation of this over u ∈ Ṽψ.

Meanwhile Ht↓(
∏
u t
B
u ) counts the number of times (either 0 or 1) that

∏
u t
B
u ap-

pears as a grid in Z(t↓). In essence, we have re-written the grid Ž as
∏
u t
B
u ; but

as many of the latter do not correspond to grids,21 we then detect this via H. The
notation in the sum over y ∈

∏
u t
B
u refers to selecting one element of tBu for each u,

so that y is an nψ-tuple, indeed in
∏
u Tu(K).

10.1.4. We then expand the products in Wy. Every multiplicand therein corre-
sponds to one of:22 a pair (m,n) with rg < m < n; a pair (l, n) with l ≤ rg < n

and l 6∈ Ṽψ; or a pair (u, n) with u ∈ Ṽψ and n > rg, with then yu appearing in Wy

from this. With S(y) as the set of such pairs (the y-dependence here is tangential,
occurring in yu), we are then summing over nonempty subsets of this for the error
estimate, while the main term is indeed given as in (2). More specifically, we have

A =
1

2v

∑
t↓

∏
u∈Ṽψ

∑
tBu ∈Tu(K)B<

Ht↓(
∏
u t
B
u )

∑
y∈

∏
ut
B
u

∑
S⊆S(y)

∏
j∈I↑

∑
tj∈Tj(K)

US(~t)

=
1

2v

∏
u∈Ṽψ

∑
tBu ∈Tu(K)B<

∑
y∈

∏
ut
B
u

∑
S⊆S(y)

[∑
t↓

Ht↓(
∏
u t
B
u )

∏
j∈I↑

∑
tj∈Tj(K)

US(~t)

]
where (with m, l, u denoting types of elements as above)

US(~t) =
∏

(m,n)∈S

Lmn(tm|tn)
∏

(l,n)∈S

Lln(tl|tn)
∏

(u,n)∈S

Lun(yu|tn).

Suppose first that there is some (m,n) ∈ S with m > rg. We then isolate these
two variables, with the contribution E(S) bracketed above being∑

t↓

Ht↓(
∏
u t
B
u )

∏
j∈I↑
j 6=m,n

∑
tj∈Tj(K)

∑∑
tm∈Tm(K)

tn∈Tn(K)

αtmβtn(tm|tn),

where αtm can contain various terms such as (ti|tm), (tj1 |tm), (tm|tj2), and (yu|tm);
and similarly for βtn . We then use the bilinear estimate (1) on the inner double
sum, and since m > rg, by regularity we have #Tm(K) � EL2 (0.49, X). Thus

the inner double sum is bounded as� (C logX)2#Tm(K)#Tn(K)/EL2 (0.49, X)1/9,

21It may seem wasteful to create a B-fold sum from the lower hypercube co-ordinates, but
they are so much smaller than what we gain elsewhere that this does not matter.

22Although the notation is more complicated here than with the proof of [21, Proposition 5.4.1],

the estimates are superior in the end, as every contributor to the error will have a term (·|tj) with tj
large. Moreover, the immense gains easily outswamp the number of subsets, as recall that previ-
ously we were considering t’s as small as P1 = exp exp

(
(log logX)η1

)
or even exp

(
(log logX)999

)
,

while here the smallest is exp exp(0.25 log logX).
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where C ∼ (log logX)99 is the compression factor of our basic intervals. Summing
over such S, this gives a contribution to A bounded as

� 2r
2 ∏
u∈Ṽψ

∑
tBu ∈Tu(K)B<

∑
y∈

∏
u t
B
u

∑
t↓

∏
j∈I↑ #Tj(K)

EL2 (0.48, X)

� #T (K)

EL2 (0.47, X)

∏
u∈Ṽψ

#Tu(K)B � #T (K)

EL2 (0.46, X)
,

where we used #Tu(K)� EL2 (0.13, X) for the lower hypercube co-ordinates. (One
can estimate the tBu -sum with more sharply via H, but there is no reason to do so,
and in the next paragraph we do not so clearly have such an option).

Next, if there is some (l, n) ∈ S such that the primes in Tl exceed EL2 (0.25, X)
we can again use the bilinear estimate. It is a bit more complicated to reduce to
an acceptable form, but here we have E(S) as∑

t↓
l̂
∈T↓

l̂
(K)

∏
j∈I↑
j 6=n

∑
tj∈Tj(K)

∑∑
tl∈Tl(K)

tn∈Tn(K)

Ht↓(
∏
u t
B
u )αtlβtn(tl|tn),

where t↓
l̂

omits the lth co-ordinate. The point is that in the inner double sum H
only depends on tl and not tn, so we can again use the bilinear estimate. Here also
we have summed t↓ over T ↓(K) instead of T ↓(K)vLw, but the Legendre conditions
can just be included in the coefficients (for instance, if t↓ is not L-compatible, then
we take Ht↓ to be zero). The error contribution here is � #T (K)/EL2 (0.24, X).

Finally, in the remaining case we can use primes in arithmetic progressions.
There is some element (l, n) or (u, n) in S for some n, and we write E(S) as∑

t↓

Ht↓(
∏
u t
B
u )
∏
j∈I↑
j 6=n

∑
tj∈Tj(K)

∑
tn∈Tn(K)

(MS |tn),

where MS is the product of tl and yu for (l, n) and (u, n) in S. We have that
all tl in MS are � EL2 (0.26, X) (else the bilinear estimate would have been used),
and yu � EL2 (0.13, X) by regularity of the lower hypercube co-ordinates. On
the other hand, the primes in Tn are � EL2 (0.49, X) by regularity at rg. Thus
with U � EL2 (0.49, X) being size of the primes in Tn, the inner sum is bounded by

U

[
exp

(
− logU

exp
(
(log logX)ηs

))+ exp

(
−c̃ logU√

logU + 3 logMS

)]
� U

EL2 (0.22, X)
,

where for the first term we used the pleasantness of T̄ to bound the effect of excep-
tional zeros. This then gives an overall bound of � #T (K)/EL2 (0.215, X).

Thus (2) holds with an acceptable error for the first statement of the Lemma.

10.1.5. We next note that for y ∈ Ž (else the intersection is empty) we have

#T (K,L)〈t↓ × y〉 ∩ B(t↓ × Ž) =
1

2w

∏
j∈I↑

∑
tj∈Tj(K)

W ′
Ž

(~t)

where w =
(r⇑g

2

)
+ (r↓g + nψB)r⇑g and

W ′
Ž

(~t) = P (I↑,L,~t) ·
∏
j∈I↑

( ∏
u∈Ṽψ

∏
žu∈Žu

[
1 + Luj(žu|tj)

]
·
∏
i∈I?↓

[
1 + Lij(ti|tj)

])
.
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This includes the Legendre conditions for members of Ž besides just y.
Thus our target sum is

A′ =
∑
t↓

∑∑
Ž∈Z(t↓)

y∈Y
t↓∩Ž

#T (K,L)〈t↓ × y〉 =
∑
t↓

∑∑
Ž∈Z(t↓)

y∈Y
t↓∩Ž

1

2w

∏
j∈I↑

∑
tj∈Tj(K)

W ′
Ž

(~t).

We again ease the sum over Ž by instead summing over a B-fold copy of the
Cartesian product

∏
u Tu(K) over the lower hypercube co-ordinates. This gives us

A′ =
1

2w

∑
t↓

∏
u∈Ṽψ

∑
tBu ∈Tu(K)B<

Ht↓(
∏
u t
B
u )

∑
y∈

∏
ut
B
u

∏
j∈I↑

∑
tj∈Tj(K)

W ′∏
ut
B
u

(~t)

where

W ′∏
ut
B
u

(~t) = P (I↑,L,~t) ·
∏
j∈I↑

( ∏
u∈Ṽψ

∏
wu∈tBu

[
1 + Luj(wu|tj)

]
·
∏
i∈I?↓

[
1 + Lij(ti|tj)

])
.

We then expand the products in W ′. Every multiplicand therein corresponds to
one of: a pair (m,n) with rg < m < n; a pair (l, n) with l ≤ rg < n and l 6∈ Ṽψ; or

a triple (wu, u, n) with u ∈ Ṽψ, wu ∈ tBu , and n > rg. Letting S ′(
∏
u t
B
u ) be the set

of such pairs and triples, we are then summing over nonempty subsets of this for
the error estimate, while the main term is given above. More specifically, we have

A′ =
1

2w

∑
t↓

∏
u∈Ṽψ

∑
tBu ∈Tu(K)B<

Ht↓(
∏
u t
B
u )

∑
y∈

∏
ut
B
u

∑
S⊆S′(

∏
ut
B
u )

∏
j∈I↑

∑
tj∈Tj(K)

U ′S(~t)

=
1

2w

∏
u∈Ṽψ

∑
tBu ∈Tu(K)B<

∑
y∈

∏
ut
B
u

∑
S⊆S′(

∏
ut
B
u )

[∑
t↓

Ht↓(
∏
u t
B
u )

∏
j∈I↑

∑
tj∈Tj(K)

U ′S(~t)

]
where

U ′S(~t) =
∏

(m,n)∈S

Lmn(tm|tn)
∏

(l,n)∈S

Lln(tl|tn)
∏

(wu,u,n)∈S

Lun(wu|tn).

Again if there is (m,n) ∈ S with m > rg we can use the bilinear estimate
on (tm|tn). Similarly, if there is (l, n) ∈ S where the primes in Tl are ≥ EL2 (0.25, X)
we can use the bilinear estimate on (tl|tn). Finally, if there is no such pair as above,
we can use primes in arithmetic progressions. Here the modulus might have more
factors from the lower hypercube co-ordinates with wu ∈ tBu , but as their number
is bounded by B, this is harmless. We thus conclude the first part of the Lemma.

10.1.6. Finally, with b =
(r⇑g

2

)
+
(
r↓g + nψ(2B − 1)

)
r⇑g , for y ∈ Ž1 ∩ Ž2 we have

#T (K,L)〈t↓ × y〉 ∩ B(t↓ × Ž1) ∩ B(t↓ × Ž2) =
1

2b

∏
j∈I↑

∑
tj∈Tj(K)

W ′′
Ž1,Ž2

(~t)

where W ′′
Ž1,Ž2

(~t) is P (I↑,L,~t) times∏
j∈I↑

( ∏
u∈Ṽψ

∏
žu1∈Žu1

[
1 + Luj(žu1 |tj)

] ∏
žu2∈Žu2

[
1 + Luj(žu2 |tj)

]
·
∏
i∈I?↓

[
1 + Lij(ti|tj)

])
.

This includes Legendre conditions for members of Ž1 ∪ Ž2 besides just y. Note
that {y} = Ž1 ∩ Ž2, and thus exactly one of the conditions is redundant for each j.



44 MARK WATKINS

The proof then goes in the same manner as before, and we get the result. �

10.2. Next we show Λt↑(~t) is typically near the expected size. Its definition is

Λt↓(~t) = #{Ž : Ž ∈ Z(t↓) | ~t ∈ B(t↓ × Ž)}

= #
{
Ž : Ž ∈ Z(t↓) | ~t ∈ t↓ × Ž ×

∏
j∈I↑

Tj(K)[L|t↓, Ž]
}
.

Lemma 10.2.1. Suppose that T̄ is a very pleasant P4-box and (K,L) is a generic
residue and Legendre specification, while ψ is a nontrivial multiplicative charac-
ter of Mat(e, e + 1,F2) and Vψ a choice of well-gapped hypercube co-ordinates.
Suppose that with R̄ = bEL2 (0.05, X)c for each t↓ ∈ T ↓(K)vLw we have a maximal
R̄-selection Z(t↓) of (L-compatible) grids in

∏
u∈Ṽψ Tu(K) with each grid having nψ

components of size B = b
√

log logX/999c. Then∑
t↓

∑
~t∈T (K,L)〈t↓〉

∣∣∣∣Λt↓(~t)− R̄

2nψ(B−1)r⇑g

∣∣∣∣�√
R̄ ·#T (K),

with r⇑g = #I↑ the number of upper indices and EL2 (u,X) = exp exp(u log logX).

Let us note that R̄/2nψ(B−1)r⇑g is indeed the expected size of Λt↓(~t). We have
that ~t ∈ T (K,L)〈t↓〉, and it has some components y from the lower hypercube co-
ordinates. In particular, ~t satisfies the Legendre conditions with respect to y, and
so is in t↓× y×

∏
j∈I↑ Tj(K)[L|t↓, y]. Note also that y is in approximately R̄ of the

grids Ž. The effect of including Legendre conditions from Ž (in the definition of Λ)
should be to reduce this R̄ by a factor of 2 for each j and each prime in Ž that is
not in y. The number of such primes is nψ(B − 1), and the number of j is r⇑g .

Proof. Again we will compute the average and mean square.

10.2.2. We fix the lower hypercube co-ordinate components as y, signify this con-
dition with πṼψ(

~t) = y, and thereby find the sum of Λt↓(~t) over ~t is∑
~t∈T (K,L)〈t↓〉

Λt↓(~t) =
∑
y∈Y

t↓

∑
~t∈T (K,L)〈t↓〉
πṼψ

(~t)=y

Λt↓(~t) =
∑
y∈Y

t↓

∑
~t∈T (K,L)〈t↓〉
πṼψ

(~t)=y

∑
Ž∈Z(t↓)

~t∈B(t↓×Ž)

1

=
∑
y∈Y

t↓

∑
Ž∈Z(t↓)

#
(
T (K,L)〈t↓ × y〉 ∩ B(t↓ × Ž)

)
.

Taking the sum of this over t↓, the previous Lemma 10.1.2 then tells us that∑
t↓

∑
~t∈T (K,L)〈t↓〉

Λt↓(~t) =
∑
t↓

∑
Ž∈Z(t↓)

∑
y∈Y

t↓∩Ž

#T (K,L)〈t↓ × y〉
2nψ(B−1)r⇑g

+O
( #T (K)

EL2 (0.21, X)

)
.

Switching the order of y and Ž, the definition of Rt↓(y) says the main term is∑
t↓

∑
y∈Y

t↓

Rt↓(y)
#T (K,L)〈t↓ × y〉

2nψ(B−1)r⇑g
,
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and the error of replacing Rt↓(y) by R̄ here is estimated by Proposition 9.2.3 as

�
∑
t↓

R̄
∑
y∈Ỹ

t↓

#T (K,L)〈t↓ × y〉
2nψ(B−1)r⇑g

� R̄
∑
t↓

#T (K)〈t↓〉
EL2 (0.07, X)

� #T (K)

EL2 (0.06, X)
.

For the main term with Rt↓(y) replaced by R̄, executing the sum over y ∈ Yt↓
removes it from the angle brackets, and so we conclude that∑
t↓

∑
~t∈T (K,L)〈t↓〉

Λt↓(~t) = R̄
∑
t↓

#T (K,L)〈t↓〉
2nψ(B−1)r⇑g

+O
( #T (K)

EL2 (0.21, X)

)
+O

( #T (K)

EL2 (0.06, X)

)
.

10.2.3. For the mean square we have∑
~t∈T (K,L)〈t↓〉

Λt↓(~t)
2 =

∑
y∈Y

t↓

∑
~t∈T (K,L)〈t↓〉
πṼψ

(~t)=y

∑∑
Ž1,Ž2∈Z(t↓)

~t∈B(t↓×Ž1)∩B(t↓×Ž2)

1

=
∑
y∈Y

t↓

∑∑
Ž1,Ž2∈Z(t↓)

#
(
T (K,L)〈t↓ × y〉 ∩ B(t↓ × Ž1) ∩ B(t↓ × Ž2)

)
.

Here we note that y must be in both Ž1 and Ž2 for the intersection to be nontrivial,
and recall that #(Ž1∩ Ž2) ≤ 1 for Ž1 6= Ž2. Thus we split off the diagonal Ž1 = Ž2

contribution,23 and upon including the sum over t↓ we estimate it as above as

�
∑
t↓

∑
y∈Y

t↓

R̄
#T (K,L)〈t↓ × y〉

2nψ(B−1)r⇑g
+O

( #T (K)

EL2 (0.06, X)

)
� R̄ ·#T (K).

For Ž1 6= Ž2 we then apply the second part of the previous Lemma 10.1.2 to get a
contribution to the mean square of∑

t↓

∑∑
Ž1,Ž2∈Z(t↓)

Ž1 6=Ž2

∑
y∈Y

t↓

y∈Ž1∩Ž2

#T (K,L)〈t↓ × y〉
22nψ(B−1)r⇑g

+O
( #T (K)

EL2 (0.21, X)

)
.

For a given y ∈ Yt↓ the number of (Ž1, Ž2)-pairs that have an intersection of {y}
is Rt↓(y)2−Rt↓(y), so upon using Rt↓(y) = R̄ away from Ỹt↓ the main term here is∑
t↓

∑
y∈Y

t↓

[
Rt↓(y)2 −Rt↓(y)

]#T (K,L)〈t↓ × y〉
22nψ(B−1)r⇑g

= R̄2
∑
t↓

∑
y∈Y

t↓

#T (K,L)〈t↓ × y〉
22nψ(B−1)r⇑g

+O
( R̄2 ·#T (K)

EL2 (0.21, X)

)
+O

( R̄2 ·#T (K)

EL2 (0.07, X)

)
.

Putting these together and executing the y-sum then gives∑
t↓

∑
~t∈T (K,L)〈t↓〉

Λt↓(~t)
2 = R̄2

∑
t↓

#T (K,L)〈t↓〉
22nψ(B−1)r⇑g

+O
(
R̄ ·#T (K)

)
.

23One reason to take R̄ reasonably large is to ensure this diagonal contribution is negligible.
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10.2.4. Combining the above results for the average and mean square, since we
have R̄ = EL2 (0.05, X) while nψBr

⇑
g � (log logX)3/2, we obtain

∑
t↓

∑
~t∈T (K,L)〈t↓〉

∣∣∣∣Λt↓(~t)− R̄

2nψ(B−1)r⇑g

∣∣∣∣2 � R̄ ·#T (K),

and applying Cauchy’s inequality gives the result. �

10.3. Now we fill in the details of the sketch at the start of §9, to conclude that
we have ψ-cancellation on T (K,L).

Proposition 10.3.1. Suppose T̄ is a very pleasant P4-box and (K,L) a generic
residue and Legendre specification. We write R8(~t) for the 8-rank pairing matrix
for ~t in terms of a fixed basis for the kernel of R4(K,L), and ψ for a nontrivial
multiplicative character of Mat(e, e+ 1,F2). For B = b

√
log logX/999c we have∑

~t∈T (K,L)

ψ
(
R8(~t)

)
� #T (K,L)√

B
+O

( #T (K)

EL2 (0.03, X)

)
Proof. We start by noting that we have

R̄

2nψ(B−1)r⇑g

∑
~t∈T (K,L)

ψ
(
R8(~t)

)
=

R̄

2nψ(B−1)r⇑g

∑
t↓

∑
~t∈T (K,L)〈t↓〉

ψ
(
R8(~t)

)
from specifying t↓, and then break this up as∑

t↓

∑
~t∈T (K,L)〈t↓〉

Λt↓(~t)ψ
(
R8(~t)

)
+
∑
t↓

∑
~t∈T (K,L)〈t↓〉

[
R̄

2nψ(B−1)r⇑g
− Λt↓(~t)

]
ψ
(
R8(~t)

)
The second term here is �

√
R̄ ·#T (K) by the preceding Lemma 10.2.1, while the

first can be re-arranged and estimated by Proposition 8.2.1 as∑
t↓

∑
Ž∈Z(t↓)

∑
~t∈B?(t↓×Ž)

ψ
(
R8(~t)

)
� 1√

B

∑
t↓

∑
Ž∈Z(t↓)

#B?(t↓ × Ž) +O
( R̄ ·#T (K)

EL2 (0.07, X)

)
.

Undoing this re-arrangement then gives a bound for the original expression as

� 1√
B

∑
t↓

∑
~t∈T (K,L)〈t↓〉

Λt↓(~t)�
1√
B

R̄ ·#T (K,L)

2nψ(B−1)r⇑g
+O

(√
R̄ ·#T (K)

)
where we estimated the double sum again by Lemma 10.2.1.

Dividing out by R̄/2nψ(B−1)r⇑g then gives the result. �

11. Putting everything together

What we have shown is that, in favorable circumstances, every nontrivial mul-
tiplicative character ψ on Mat(e, e + 1,F2) has cancellation for ψ

(
R8(~t)

)
when

summed over ~t ∈ T (K,L). Let us review what this means, and then derive some
consequences below.
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11.1. As with §6.6, we have a very pleasant P4-box T̄ , a generic residue and
Legendre specification (K,L), and a basis of size (e+ 1) for the kernel of R4(K,L)
that contains the obvious vector. There is then an 8-rank pairing matrix R8(~t)
for ~t ∈ T (K,L), and we have shown that every nontrivial multiplicative character ψ
on Mat(e, e+ 1,F2) has cancellation for the sum of ψ

(
R8(~t)

)
over ~t.

By character duality this gives us equi-distribution of R8(~t) in its matrix space,
and summing over (K,L) then yields a result for boxes, which can then be summed
over to finally get the result for Gaussian discriminants. We now carry this out.

11.1.1. First we sum over residue and Legendre specifications (K,L) ∈ D(r̃,P)
with a given narrow 4-rank e, accounting for those that are non-generic (see §6.4).

Lemma 11.1.2. Let T̄ be a very pleasant P4-box, with (f, ε) ∈ {(0,+), (3,+)}
and e ≥ 0 given. Then for any matrix M ∈ Mat(e, e+ 1,F2) we have24∑

(K,L)∈D(r̃,P)

efε (K,L)=e

∑
~t∈T (K,L)

R8(~t)=M

1 =
γG(e)

2e(e+1)
·#T +O

( #T

(log logX)1/4

)
,

with efε (K,L) the narrow 4-rank for the residue and Legendre specification (K,L),
and R8 the 8-rank pairing matrix for a fixed basis of the kernel of R4(K,L), and

γG(e) =
1

2e(e+1)/2

∞∏
u=1

(1 + 1/2u)−1
e∏
j=1

(1− 1/2j)−1.

Proof. We want to estimate

A =
∑

(K,L)

efε (K,L)=e

∑
~t∈T (K,L)

R8(~t)=M

1− γG(e)

2e(e+1)
·#T.

By our previous results for the narrow 4-rank in the case of Gaussian discriminants
(see [21, §12.1.1]), for a pleasant box T̄ we have

γG(e) ·#T =
∑

(K,L)∈D(r̃,P)

efε (K,L)=e

#T (K,L) +O
( #T

(log logX)49/99

)

Thus we have

A =
∑

(K,L)

efε (K,L)=e

[ ∑
~t∈T (K,L)

R8(~t)=M

1− #T (K,L)

2e(e+1)

]
+O

( #T

(log logX)49/99

)
,

and we can bound the effect of nongeneric (K,L) as

≤
∑?

(K,L)

∣∣∣∣ ∑
~t∈T (K,L)

R8(~t)=M

1− #T (K,L)

2e(e+1)

∣∣∣∣ ≤ ∑?

(K,L)

#T (K,L)� #T

(log logX)49/99
,

where we used the estimates of Lemmata 6.4.3 and 6.4.6.

24One can be more weaselly and get O
(
1/2e(e+1)

√
B
)
+Oω

(
1/(log logX)ω

)
for any ω < 1/2 for

the relative error; the slim advantages of this are for e between constant multiples of
√

log log logX.



48 MARK WATKINS

Meanwhile, for generic (K,L) we use character duality and Proposition 10.3.1
for all nontrivial multiplicative characters ψ on Mat(e, e+ 1,F2) to get∑

~t∈T (K,L)

R8(~t)=M

1 =
∑
ψ

ψ(M)

2e(e+1)

∑
~t∈T (K,L)

ψ
(
R8(~t)

)

=
#T (K,L)

2e(e+1)
+O

(#T (K,L)√
B

)
+O

( #T (K)

EL2 (0.03, X)

)
.

We then sum this over generic (K,L), noting that the number of L is 2(r̃2), so is
dominated by EL2 (0.03, X). With B = b

√
log logX/999c this gives the Lemma. �

We can then pass from boxes to Gaussian discriminants, upon accounting for
boxes that are not very pleasant. Their effect is bounded by ΦP(X)/(logX)c̃, as
follows from the analysis in §5.1.3 combined with the (very pleasant) regularity
accounting in Lemma 6.2.3. Thus upon summing over very pleasant boxes we get
Theorem 1.1.2, namely that for any M ∈ Mat(e, e+ 1,F2) we have

#{d ≤ X : d ∈ G | e4(d) = e,R8(d) = M}
#{d ≤ X : d ∈ G}

=
γG(e)

2e(e+1)
+O

( 1

(log logX)1/4

)
.

12. Narrow 8-ranks of quadratic class groups

Now we consider the case of the narrow 8-rank of the class group of a quadratic
field,25 and explain the necessary modifications to §6 and the ensuing differences in
the computations of §7. The rest of the argument will then follow as before.

The pairing matrix R4(K,L) is no longer symmetric in the general quadratic
case. Thus the bases for the characters (left kernel) and ideal classes (right kernel)
are no longer the same. This is actually perhaps somewhat of an advantage, as
we can apply the Rédei symbol relations from hypercube co-ordinates a bit more
easily, while the necessary genericity analysis is not too much more difficult.

Also, for imaginary quadratic fields we still have some control of the ideal classes
by the relation that [(

√
D)] is trivial. Thus when f ∈ {0, 3} the obvious vector will

be in the right kernel, and when f = 2 the quasi-obvious vector (0, 1, 1, . . . , 1) will
be (we shall simply refer to both of these as “obvious”). There is no real reason
to carry the influence of this vector along to the higher pairing matrices, so in the
imaginary case we can take R8 as an e-by-e matrix. We write ẽ to be the number
of columns of R8, so that this is e when D < 0 and (e+ 1) when D > 0.

12.1. First we describe how we will apply hypercube co-ordinates in this case. We
will then show that well-gapped selections of such exist generically.

12.1.1. Let ψ? =
∑
i

∑
j c(i, j)ψ

?
i,j be a nontrivial character in M̂at(e, ẽ,F2), where

the ψ?i,j are basic characters dual to matrices with exactly one nonzero entry.
Let hs

ψ and hz
ψ be indices such that c(hs

ψ, h
z
ψ) = 1. We then take sψ to be a

co-ordinate such that the (hs
ψ)th vector in the left kernel is the unique nonobvious

vector in either kernel that is nonzero at it; and we take zψ to be a co-ordinate such
that the (hz

ψ)th vector in the right kernel is the unique nonobvious vector in either

25Note that Smith only considers imaginary quadratic fields, though at least at the 8-rank
level it seems that the generalization to all quadratic fields is rather straightforward.
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kernel that is nonzero at it; and z′ψ to be a co-ordinate where all the nonobvious

vectors in either kernel are zero.26

We give a pictorial description of this; note that there is no difference in the case
where hs

ψ = hz
ψ, as these are referring to indices for different bases in any event.

0 0 0
0 0 0

011010010101
0 0 0

110111000011
0 0 0

(hs
ψ)th left kernel basis vector

(hz
ψ)th right kernel basis vector

zψ z′ψ sψ

12.2. Let us compute the value of ∂Ž×Sψ̄
? in terms of Rédei symbols. As previ-

ously, here ψ̄? sends Ž × S to F2, given by ψ̄?(ž, s) = ψ?
(
R8(t↓ × ž × t↑ × s)

)
,

where t↓ and t↑ are fixed. As with §7.5, we write bk =
∏
l 6∈Vψ t

wl
l where ~w is the kth

basis vector of the right kernel (for ideals) and (el) its components. When we are
considering even D we multiply bk by 2 when the 0th component of the kth right
kernel basis vector is 1. Similarly, we write bk =

∏
l 6∈Vψ t̂

wl
l where now ~w is the kth

basis vector of the left kernel. Here t̂l is tl ·(−1)(tl−1)/2, and is thus a discriminantal
divisor of D. When D is even and the 0th component of the kth left kernel basis
vector is 1, we multiply bk by the one of {−4,−8, 8} that is a discriminantal divisor
of D. We let u be this product for the left kernel where all el = 1 (including e0 if
applicable).

Lemma 12.2.1. Suppose ψ is as above. Then

∂Ž×Sψ̄
?
(
(z1, z

′
1, s1), (z2, z

′
2, s2)

)
= [s1s2, z

′
1z
′
2, z1z2].

Proof. Suppose first that (i, j) is a pair with i 6= hs
ψ and j 6= hz

ψ. In this case

we simply have ψ̄?i,j(z, z
′, s) = 〈χbi , bj〉ẑẑ′ŝu (where ẑ is the discriminantal divisor

corresponding to z, etc., noting that the K-condition fixes these modulo 4), so

that ∂ψ̄?i,j
(
(z1, z

′
1, s1), (z2, z

′
2, s2)

)
is
∑
z̃

∑
z̃′
∑
s̃[bi,

ˆ̃z ˆ̃z′ ˆ̃sbiu, bj ] where as with the
proof of Lemma 7.7.1 each of the tildes is a co-ordinate to be summed over. By
linearity in the second input this is 0.

Suppose next that j = hz
ψ and i 6= hs

ψ. Then the relevant basis vector in the right

kernel is nonzero at the zψ-coordinate, and we have ψ̄?i,j(z, z
′, s) = 〈χbi , zbj〉ẑẑ′ŝu.

Here we find that ∂ψ̄?i,j
(
(z1, z

′
1, s1), (z2, z

′
2, s2)

)
is∑

z̃′

∑
s̃

[bi, ẑ1
ˆ̃z′ ˆ̃sbiu, z1bj ] +

∑
z̃′

∑
s̃

[bi, ẑ2
ˆ̃z′ ˆ̃sbiu, z2bj ] = 0,

again by linearity in the second input with both double sums. A similar calculation
gives the same answer when i = hs

ψ and j 6= hz
ψ.

26Smith takes the (hzψ)th vector in the right kernel to be nonzero at z′ψ (see the first half of

Definition 3.4(3) of [15], in particular the third part of the third bullet point, where wb? refers to

the basis of ideals as at the bottom of page 20). On the other hand, the second display in Smith’s
Theorem 2.8 indicates that each basis vector has at most one variable index at which it is nonzero.

As explained to me by Peter Koymans, the answer to this riddle (at least in the imaginary

quadratic case) is that one can multiply by the ideal (
√
D) before applying Theorem 2.8 (cf. Propo-

sition 3.6, particularly the addition with tb in the proof). It seems more straightforward to select
co-ordinates as we do; Smith’s setup does only use one fixed index bi throughout (independent of
the character), but this doesn’t seem to give any technical gain.
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Finally we have the case where (i, j) = (hs
ψ, h

z
ψ), which will contribute nontriv-

ially. Here ψ̄?i,j(z, z
′, s) = 〈χŝbi , zbj〉ẑẑ′ŝu, and ∂ψ̄?i,j

(
(z1, z

′
1, s1), (z2, z

′
2, s2)

)
is

[ŝ1bi, ẑ1ẑ
′
1biu, z1bj ]+[ŝ1bi, ẑ1ẑ

′
2biu, z1bj ]+[ŝ1bi, ẑ2ẑ

′
1biu, z2bj ]+[ŝ1bi, ẑ2ẑ

′
2biu, z2bj ]+

+[ŝ2bi, ẑ1ẑ
′
1biu, z1bj ]+[ŝ2bi, ẑ1ẑ

′
2biu, z1bj ]+[ŝ2bi, ẑ2ẑ

′
1biu, z2bj ]+[ŝ2bi, ẑ2ẑ

′
2biu, z2bj ],

which by linearity in the second input is

[ŝ1bi, ẑ
′
1ẑ
′
2, z1bj ] + [ŝ1bi, ẑ

′
1ẑ
′
2, z2bj ] + [ŝ2bi, ẑ

′
1ẑ
′
2, z1bj ] + [ŝ2bi, ẑ

′
1ẑ
′
2, z2bj ],

and then by linearity in the third and first input is

[ŝ1bi, ẑ
′
1ẑ
′
2, z1z2] + [ŝ2bi, ẑ

′
1ẑ
′
2, z1z2] = [ŝ1ŝ2, ẑ

′
1ẑ
′
2, z1z2] = [s1s2, z

′
1z
′
2, z1z2],

the last step since K fixes the classes mod 4, so s1 ≡ s2 (4) and z′1 ≡ z′2 (4).
There is thus a unique (i, j)-pair that contributes to the sum, so we get∑

i

∑
j

ci,j∂ψ̄
?
i,j

(
(z1, z

′
1, s1), (z2, z

′
2, s2)

)
= [s1s2, z

′
1z
′
2, z1z2],

which is the statement of the Lemma. �

12.3. In order to imitate our previous arguments, we will need to show that for
each generic (K,L) there is a well-gapped choice of hypercube co-ordinates.

12.3.1. We will first count how often a given vector in Fr2 appears in either kernel
of R4(K,L) when aggregated over (K,L) ∈ D(r̃,P), in imitation of Lemma 6.4.5.
We also want to count how often a pair (~v, ~w) ∈ (Fr2)2 has ~v in the left kernel and ~w
in the right kernel. The case where ~v = ~w will require special accounting.

We consider a fixed (f, ε) ∈ {0, 2, 3} × {+,−} and r̃, and have the following.

Lemma 12.3.2. For every K-specification modulo 8, every nonobvious nonzero
vector in Fr2 is in the left kernel of R4(K,L) for a proportion � 1/2r of the L. The
same holds true for the right kernel.

One distinction between this and Lemma 6.4.5 is that there we were working
with R4-matrices that were known to be symmetric (perhaps this is best thought
of as being part of the P-condition, which here contains all odd primes). However,
the proof here could be much the same, even with the extra splitting into K-strata
(which is more for later technical convenience than anything else). Yet, we instead
give a proof based more on our genericity analysis (following Swinnerton-Dyer) in
the 2-Selmer case.

Proof. As in [21, §8.1.2ff] we introduce formal variables as a way of discussing
independence of L-entries, though I’ve decided to omit the dot on L, using L′
instead. Indeed, here we directly take L′ij = (ˆ̇pi|ṗj)? for 1 ≤ i, j ≤ r̃ with i 6= j.
When ε = +1 these are independent for 1 ≤ i < j ≤ r̃, while for ε = −1 they
are independent for 1 ≤ i < j < r̃. It is also convenient to notate L′0j and L′j0
as corresponding to the Kronecker symbols with 2 from Kj when f 6= 0, and
moreover L′jj =

∑
i 6=j L′ij for the column sum (including i = 0 when f 6= 0). (Thus

the L′-matrix is just the Rédei matrix R4).
We wish to show that for a nonobvious nonzero vector there are at least r+O(1)

independent conditions (in the formal variables) that correspond to it being in a
kernel. Similar to [21, §8.1.3], a set of linear combinations of formal variables here
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is independent if they are independent in the free F2-algebra modulo: the rela-
tions from the column (and row, where applicable) sums being zero; those arising
from quadratic reciprocity (such relations are made precise by the K-conditions
modulo 4); and the L′0j being specified by K.

For instance, taking ε = −1, given a nonzero vector ~v there is an associated
nonempty set I of indices at which it is nonzero, and for ~v to be in the left kernel we
need

∑
i∈I L′ic = 0 for all 1 ≤ c < r̃. For each column c that has c ∈ I, its condition

is the unique one involving L′cc (and is thus the unique one involving L′cr̃ if one
prefers); this condition is nontrivial in the quotient algebra when ~v is nonobvious,
and we thus see that all such conditions are independent of each other and the
others. Meanwhile, the condition for each remaining column c has L′ic appearing
for some i (since I is nonempty), whilst L′ci does not appear (since c 6∈ I). Thus
these (r̃ − 1) conditions are all independent.

A similar argument applies for the right kernel. When ε = +1 one can simply
ignore (for the right kernel) the condition from the r̃th row, and the argument is
then the same. �

12.3.3. Next we consider both kernels simultaneously. A pair of vectors (~v, ~w) is
a kernel pair for a matrix if ~v is in its left kernel and ~w is in its right kernel.

Lemma 12.3.4. Suppose (~v, ~w) in (Fr2)2 with ~v 6= ~w such that neither ~v nor ~w is
zero or obvious. Then (~v, ~w) is a kernel pair for R4(K,L) for a proportion � 1/4r

of the (K̃,L).

Proof. As with the previous proof, we employ formal variables. However, as we are
now aggregating over K we take independent only to mean they are independent
in the free F2-algebra modulo the relations from the column/row sums being zero
and those arising from quadratic reciprocity.

12.3.5. Given a nonzero vector ~v there is an associated nonempty set I of indices
at which it is nonzero, and for ~v to be in the left kernel we need

∑
i∈I L′ic = 0 for

all 1 ≤ c < r̃. Similarly, there is a nonempty set J of indices at which ~w is nonzero,
and for it to be in the right kernel we need

∑
j∈J L′aj = 0 for all 1 ≤ a < r̃ (ignoring

the r̃th column regardless of whether ε = −1). This gives a list of 2(r̃−1) conditions.
They all are nontrivial in the quotient algebra since ~v and ~w are nonobvious. We
wish to show that 2r +O(1) of them are independent.

Since ~v 6= ~w we have I 6= J , and thus there is some z in their symmetric
difference; without loss of generality we will take z ∈ I. Also, since J is nonempty
there is some y in it. Finally, we take some arbitrary x 6∈ {0, r̃, y, z}, and remove
the conditions from the xth, yth, and zth rows and columns from our list (of course,
when y, z ∈ {0, r̃} they were already not there – we also tacitly assume r̃ ≥ 4).

In particular, we can note that the collection of 2(r̃− 2) expressions L′bb and L′zb
for b 6∈ {0, r̃, x} are all independent (this is why we introduce x), and similarly for
the collection with L′bb and L′by; our strategy to show independence of the members
of our list shall essentially be to show the conditions therein can be “triangularized”
so as to be reduced to members of the above collections.

12.3.6. For b 6∈ (I ∩ J) ∪ {0, r̃, x}, we note that the column-condition
∑
i L′ib = 0

depends on L′zb since z ∈ I. The only other condition that could depend on L′zb
is the row-condition for z; however this dependence does not occur since b 6∈ J
(and moreover we removed the z-row condition anyway). Meanwhile, there are two
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possibilities for a condition to depend on L′bz, either from the z-column condition
or from the b-row condition. The former does not occur because we removed said
condition from our list, and the latter has no dependence on L′bz since z 6∈ J .
This implies the b-column condition is independent of all the others. Similarly∑
j L′bj = 0 depends on L′by while no other condition depends on L′by since b 6∈ I,

and no remaining27 condition depends on L′yb (either since b 6∈ J or since we removed

the y-row condition). Thus the two b-conditions are independent of all the others
in this case.

When b ∈ I but b 6∈ J (again with b 6∈ {0, r̃, x}), the condition
∑
i L′ib = 0 is

the unique one with L′bb, and is thus independent of all the others. Meanwhile
the row-condition

∑
j L′bj = 0 depends on L′by, and no other condition depends on

this since we removed the y-column condition; moreover, no remaining condition
depends on L′yb since b 6∈ J (alternatively, since we removed the y-row condition).
Thus the two b-conditions are independent of all the others in this case.

When b ∈ J but b 6∈ I, the condition
∑
j L′bj = 0 is the unique one with L′bb, and

is thus independent of all the others. Meanwhile
∑
i L′ib = 0 depends on L′zb, and

no other condition depends on this since we removed the z-row condition, while no
remaining condition depends on L′bz due to the removal of the z-column condition
(or alternatively that b 6∈ I). Thus the two b-conditions are independent of all the
others in this case.

When b ∈ I ∪ J we have one condition as
∑
i L′ib = 0, and then sum the

row/column conditions to get
∑
i L′ib +

∑
j L′bj = 0 for the second condition. This

no longer depends on L′bb, so the first condition is the unique one with it, and is thus
independent of the others. The second condition depends on L′zb but not on L′bz,
and indeed no unremoved condition depends on L′bz since z 6∈ J . On the other
hand, no remaining condition depends on L′zb since we removed the row-condition
for z. Thus the two b-conditions are independent of all the others in this case.

We conclude that requiring (~v, ~w) to be a kernel pair imposes at least 2(r̃ − 4)
independent conditions on L, showing the Lemma. �

12.3.7. Now we delve into the case where ~v is in both kernels.
Given a vector ~v ∈ Fr2 we can associate to it a product of formal symbols

(see §5.3.1) as associated28 to R4(K,L). This product is given by v̇ = 2̇v0
∏r̃
i=1 ṗ

vi
i .

Recalling that ḋ is 2̇fε times the product of the odd ṗ, the condition that ~v be in
the right kernel is that (v̇, ḋ)

∏
Q = 1 (see §4.3.1). In particular, in the imaginary

quadratic case the (quasi-)obvious vector ~o has ȯ = −ḋ up to squares, and the fact

that it is in the right kernel is thus encoded by (−ḋ, ḋ)
∏
Q = 1.

Similarly, for a vector ~v in the left kernel we can associate to it the formal

product ˆ̇v = ˆ̇2v0
∏r̃
i=1

ˆ̇pvii , where for odd ṗ we have ˆ̇p = ṗ · (−1, ṗ)ṗ (thus flipping

the sign for ṗ associated to a prime that is 3 mod 4), while ˆ̇2 satisfies ˆ̇2
∏
i

ˆ̇pi = ḋ.

The condition that ~v be in the left kernel is then that (ˆ̇v,−ḋ)
∏
Q = 1, and indeed we

see that the obvious vector is in the left kernel via (ḋ,−ḋ)
∏
Q = 1.

27We use this adjective to exclude from consideration the b-column condition that we just

showed to be independent of all other conditions.
28The formal symbols themselves are essentially defined independently of (K,L), as (in con-

junction with (f, ε) that we consider fixed) the residue/Legendre conditions only relevantly specify

the number r of formal symbols; moreover, the scope of (f, ε) is mainly to fix the relation with ḋ.
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12.3.8. Thus if ~v is in both kernels of R4(K,L) we have (v̇, ḋ)
∏
Q = (ˆ̇v,−ḋ)

∏
Q = 1.

Now ˆ̇v = λv̇ where λ ∈ {±1,±2} (up to equivalence by squares) and thus at any

odd29 prime ṗ dividing ḋ we have 1 = (v̇, ḋ)ṗ(v̇,−ḋ)ṗ(λ,−ḋ)ṗ = (v̇,−1)ṗ(λ,−ḋ)ṗ.
When λ = 1 this is a condition just on v̇, implying that no prime that occurs

in v̇ is 3 mod 4; in other words, for primes ṗ dividing v̇ we have (−1|ṗ)? = 0 in
the K-condition. We will write S3

4 (ẋ) for the set of primes (or formal symbols) that
are 3 mod 4 that divide a given formal symbol ẋ. In this λ = 1 case, the condition
that a vector ~v in the left kernel is also in the right kernel is that S3

4 (v̇) is empty.
Of course, we also have to catalogue exactly when λ = 1 occurs, and handle the

other cases. It is convenient to split things based upon (f, ε) and v0 (the latter is 0
by convention when f = 0).

When v0 = 0 we see that λ = 1 exactly when #S3
4 (v̇) is even. Otherwise, we

have λ = −1 and can note that ε = −1 (following either from requiring the discrimi-

nant to be fundamental or from (−1,−ḋ)∞ = 1). Since here (v̇,−1)ṗ(−1, ṗ)ṗ = 1 for

all odd ṗ, it is necessary and sufficient for every prime in S3
4 (ḋ) to also be in S3

4 (v̇).
(One can note that the obvious vector is thus in both kernels when (f, ε) = (0,−1)).
This will suffice (in the Lemma below) to restrict the proportion of (K,L) that

have ~v in both kernels, essentially since S3
4 (ḋ) typically has r/2 members.

When v0 = 1 and f = 2 we have λ = ±2; when the plus sign occurs we then
have (v̇,−1)ṗ(2, ṗ)ṗ = 1 for all odd ṗ, and thus S5

8 (ḋ) is empty, while S3
8 (ḋ) = S3

8 (v̇),
and S7

8 (v̇) is empty. The behaviour for the 3 and 7 classes is switched when λ = −2

(one can also note that (−2,−ḋ)∞ = −1 in this case, so ḋ is negative).

When v0 = 1 and f = 3 we have λ = ±1. Indeed from ˆ̇2
∏
i
ˆ̇pi = ḋ = 2̇fε

∏
i ṗi

we have ˆ̇2 = 2̇ε(−1)#S3
4 (ḋ), so that λ = ε(−1)#S3

4 (v̇)+#S3
4 (ḋ). As above, when λ = 1

the condition for ~v to be in both kernels (assuming it is in at least one) is that S3
4 (v̇)

is empty. Otherwise, when λ = −1 the condition is that S3
4 (ḋ) = S3

4 (v̇). (Again we
can note that the obvious vector is in both kernels when ε = −1).

12.3.9. We sum this up in Table 1. The first column gives the value of v0, and the
second gives any (f, ε) restrictions. (Note that the ε = −1 in the second row is a
conclusion from the λ-conditions). The third column then lists the value of λ, and
at least30 for f 6= 2 the fourth column lists when such λ occurs (with the ≡-sign
being congruence modulo 2). The fifth column then lists the conditions on v̇ that
are equivalent to ~v being in both kernels of R4(K,L) if it is in at least one of them.

12.4. Next we show there are well-gapped choices of hypercube co-ordinates for
generic (K,L). We again define rg = b(αP/2)(log logX)c (here αP = 1), and have
the integers in [(5/4)rg, r̃] as the upper candidate co-ordinates, and the integers
in [rg/5, rg/4] as the lower candidate co-ordinates. We write νz and νs for the
numbers of such upper/lower candidate co-ordinates; the former is ≈ (3/4)rg and
the latter is ≈ (1/20)rg, with both of these � log logX.

29By Hilbert reciprocity the number of places at which (v̇, ḋ)(v̇,−ḋ)(λ,−ḋ) is nonzero is even;
so we need only check it at all odd primes and the infinite place.

30Whereas the distinction between S34 (v̇) being empty or equal to S34 (ḋ) will make a (minor)
difference in the analysis, the flipping of the congruence classes mod 8 does not, so we need not
be more specific when f = 2.
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v0 (f, ε) λ λ-conditions ~v-conditions
0 any 1 #S3

4 (v̇) is even S3
4 (v̇) is empty

0 ε = −1 −1 #S3
4 (v̇) is odd S3

4 (v̇) = S3
4 (ḋ)

1 f = 2 2 S5
8 (ḋ) = S7

8 (v̇) = ∅,S3
8 (v̇) = S3

8 (ḋ)

1 f = 2 −2 S5
8 (ḋ) = S3

8 (v̇) = ∅,S7
8 (v̇) = S7

8 (ḋ)

1 ε = +1 1 #S3
4 (v̇) ≡ #S3

4 (ḋ) S3
4 (v̇) is empty

1 ε = −1 1 #S3
4 (v̇) 6≡ #S3

4 (ḋ) S3
4 (v̇) is empty

1 ε = +1 −1 #S3
4 (v̇) 6≡ #S3

4 (ḋ) S3
4 (v̇) = S3

4 (ḋ) (impossible)

1 ε = −1 −1 #S3
4 (v̇) ≡ #S3

4 (ḋ) S3
4 (v̇) = S3

4 (ḋ)

Table 1. When is a vector in one kernel also in the other?

We then need a slight generalization of the results of §6.4, so as to handle our
current situation where we can have two distinct kernel bases. The notion of size-
genericity is the same as before (namely e ≤ 99

√
log log logX), and Lemma 6.4.3

readily gives the desired bound therein.

12.4.1. The situation with pattern-genericity is a bit more articulated. We again
have rotten vectors in Fr2, which fail either to have νz/2 + Θ(λ(log logX)3/4) ze-
ros/ones on the νz lower candidate co-ordinates, or to have νs/2+Θ(λ(log logX)3/4)

zeros/ones on the νs upper candidate co-ordinates (where λ = (3+
√

17)/4 ≈ 1.781).
We also have bi-rotten vector pairs (~v, ~w), which are those where ~v+ ~w is rotten,

trivial, or obvious.31 Though we will apply this when ~v and ~w are vectors from
different kernels, this vector addition makes sense on Fr2.

We say (K,L) is pattern-generic if: there are no rotten vectors in either ker-
nel of R4(K,L), and there are also no bi-rotten kernel pairs except when both
components are trivial or obvious.

Lemma 12.4.2. The proportion of (K,L) ∈ D(r̃,P) that are not pattern-generic
is � exp(−c̃

√
log logX).

For a pleasant box T̄ the sum of #T (K,L) over (K,L) ∈ D(r̃,P) that are not
pattern-generic is � #T/(log logX)99.

Proof. By Stirling’s approximation and tails of the binomial distribution, the num-
ber of rotten vectors is � 2r exp(−c̃P

√
log logX). Meanwhile, every nontrivial

nonobvious vector is in a proportion � 1/2r of the kernels by Lemma 12.3.2, giv-
ing an overall proportion that fits into the bound of the Lemma.

Similarly, the number of bi-rotten vector pairs with ~v or ~w as zero or obvious
is also � 2r exp(−c̃P

√
log logX), and each occurs in a proportion � 1/2r of the

kernels to reach the same conclusion.

12.4.3. Next we consider kernel pairs. We first note that we have 4r̃ possibili-

ties for K mod 8, while there are 2(r̃2) possibilities for L. We can ignore K such
that #S3

4 (ḋ) ≤ 0.49r or #S5
8 (ḋ) ≤ 0.24r; indeed, the former contributes a negligible

proportion � (1/2)0.01r2/0.50r � 1/(logX)c̃, and the latter similarly contributes a

proportion � (3/4)0.01r2/0.25r. We call the remaining K balanced.

31One can note that (~v,~v) is thus always bi-rotten, and in the case of a symmetric R4 this
would then force (when e > 0) us into a situation of non-genericity. Hence the analysis for

Gaussian discriminants needed to use something more specific to its situation.
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We consider bi-rotten vector pairs (~w, ~w) with ~w nonzero and nonobvious. How
many of the (K,L) have some such (~w, ~w) as a kernel pair? The number of
such (K,L) is bounded by

∑
~v N(~v) where N(~v) is the number of (K,L) that have

a specific such (~v,~v) as a kernel pair. Moreover, this sum is equal to
∑
K
∑
~v NK(~v)

where NK(~v) counts the number of L such that (K,L) has (~v,~v) a kernel pair. Also,

by Lemma 12.3.2 we have the simplistic (yet useful) upper bound NK(~v)� 2(r̃2)/2r.

Referring to Table 1, the condition that #S5
8 (ḋ) ≥ 0.24r on K already suffices to

exclude any kernel pairs (~v,~v) when λ = ±2. Thus we can ignore the K with λ = ±2

in the above sum. Otherwise, given K, the proportion of ~v that have S3
4 (v̇) = S3

4 (ḋ)

is 1/2#S3
4 (ḋ), with the same for the proportion that have S3

4 (v̇) empty. The ~v that do
not meet the (fifth column) condition listed in Table 1 cannot have (~v,~v) as a kernel

pair forK, regardless of what L is. Since #S3
4 (ḋ) ≥ 0.49r for the balancedK that are

under consideration, we thus have
∑
~v NK(~v)� (2r/20.49r)·(2(r̃2)/2r), and summing

over such balanced K then gives an overall contribution of 1/20.49r � 1/(logX)c̃

to the proportion of (K,L) that have some nonzero nonobvious kernel pair (~w, ~w).
Finally, the number of bi-rotten vector pairs (~v, ~w) with ~v 6= ~w and neither ~v

nor ~w zero or obvious is� 4r exp(−c̃P
√

log logX) by tails of the binomial distribu-
tion, and every such pair is in a proportion � 1/4r of the kernels by Lemma 12.3.4

So the proportion of nongeneric (K,L) is as stated.

12.4.4. Then by [21, Lemma 5.5.1] we lose only a factor of � 2k0k1 when passing
to T -sizing, and as the exponent here is ≤ κ0η0(log log logX) · 3(log logX)η1 , we
see that this is dominated by exp(−c̃

√
log logX). �

Lemma 12.4.5. If (K,L) ∈ D(r̃,P) is generic, then for sufficiently large X there

is a selection of well-gapped hypercube co-ordinates for every ψ? ∈ M̂at(e, ẽ,F2).

Proof. Given ψ we have its c-array, and take hz
ψ and hs

ψ so that c(hs
ψ, h

z
ψ) = 1. We

then wish to select well-gapped hypercube co-ordinates based upon these distin-
guished indices.

Since (K,L) is pattern-generic, every nontrivial nonobvious vector in either ker-
nel has nearly the expected number of zeros/ones on the upper and lower candidate
co-ordinates; moreover, the space of dimension (e+ ẽ) generated by nonobvious ba-
sis vectors from the left and right kernels has the same property – there are no
rotten (or trivial, or obvious) vectors in it.

We want there to be an upper candidate co-ordinate with the pattern from
the nonobvious joint basis vectors having exactly one prescribed nonzero entry.
By Lemma 6.3.1, the number of upper candidate co-ordinates that match such a
pattern is νs/2

e+ẽ + Θ
(
1.781e+ẽ(log logX)3/4

)
; since we have e ≤ 99

√
log log logX

and νs � log logX, this is positive for sufficiently large X.
The same argument applies to select the lower hypercube co-ordinates. �

12.5. Finally, we can follow §§8-11 above, and get the expected results. (In par-
ticular, the choice of fields LŽ is as with Type I in §7.7.3).

Theorem 12.5.1. The asymptotic proportion of negative fundamental discrimi-
nants whose class group has 4-rank e4 and 8-rank e8 is

#{d ≤ X : −d ∈ F− | e4(−d) = e4, e8(−d) = e8}
#{d ≤ X : −d ∈ F−}

= γI(e4)Pi(e4, e8) +O(Ẽ)
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where the error Ẽ is � 1/(log logX)1/4, while Pi(e4, e8) is the proportion of ma-
trices in Mat(e4, e4,F2) whose kernel has dimension e8, and

γI(e) =
1

2e2

∞∏
u=1

(1− 1/2u)

e∏
j=1

(1− 1/2j)−1
e∏
j=1

(1− 1/2j)−1.

Theorem 12.5.2. The asymptotic proportion of positive fundamental discrimi-
nants whose narrow class group has 4-rank e4 and 8-rank e8 is

#{d ≤ X : d ∈ F+ | e4(d) = e4, e8(d) = e8}
#{d ≤ X : d ∈ F+}

= γR(e4)Pr(e4, e8) +O(Ẽ)

where the error Ẽ is � 1/(log logX)1/4, while Pr(e4, e8) is the proportion of ma-
trices in Mat(e4, e4 + 1,F2) whose left kernel has dimension e8, and

γR(e) =
1

2e(e+1)

∞∏
u=1

(1− 1/2u)

e∏
j=1

(1− 1/2j)−1
e+1∏
j=1

(1− 1/2j)−1.

One could refine these by splitting into the three cases for 2f‖D if desired.

13. 4-Selmer ranks

Finally we consider the case of 4-Selmer ranks of quadratic twists of a fixed
elliptic curve E with full 2-torsion (and no 4-torsion). This was already partially
considered by Smith in [14], before his more general result in [15].

13.1. We shall ultimately show the following result, in terms of the numbers

ρs =
2s∏s

v=1(2v − 1)

∞∏
n=0

(
1− 1/22n+1

)
=

1/2s(s−1)/2∏s
v=1(1− 1/2v)

∞∏
n=1

1

1 + 1/2n
,

for which ρ0 + ρ2 + ρ4 + · · · = ρ1 + ρ3 + ρ5 + · · · = 1 (the n-product is ≈ 0.419422).
We assume E is twist-minimal, meaning there are no bad primes p that can be
removed by quadratic twisting.

Theorem 13.1.1. Let E/Q be a twist-minimal elliptic curve with full rational
2-torsion and no rational 4-torsion point, and consider quadratic twists Ed of E
by odd squarefree integers |d| ≤ X coprime to the product of the bad primes of E.
The proportion of such d such that Ed has 2-Selmer rank of (s2 + 2) and 4-Selmer
rank of (s4 +2) is Pa(s2, s4)ρs2/2+OE

(
1/(log logX)1/4

)
, with an effective constant

in the error, where Pa(s2, s4) is the proportion of alternating matrices over F2 of
size s2 that have a kernel of dimension s4 (here s2 and s4 have the same parity).

In other words, the quotient

#{|d| ≤ X : µ(d) 6= 0, gcd(d,Ω) = 1}| s2(Ed) = s2 + 2, s4(Ed) = s4 + 2}
#{|d| ≤ X : µ(d) 6= 0, gcd(d,Ω) = 1}

is asymptotically equal to

ρs
2
Pa(s2, s4) +OE

( 1

(log logX)1/4

)
.
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13.1.2. Similar to [21, §12.1.2] we can count the number of alternating matrices
of a given size and rank. We first note that the number Bn(q) of nonsingular
alternating matrices of size n over Fq is

q(
n
2)

∏
1≤k≤n
k odd

(1− 1/qk)

for n even (and is 0 for n odd). The number of alternating matrices of size n with
rank w (again necessarily even) is then Bw(q)

[
n
w

]
q

where[ n
w

]
q

=

n∏
i=1

(qi − 1)
/ w∏

i=1

(qi − 1)

n−w∏
j=1

(qj − 1)

is the number of w-dimensional subspaces of a vector space of dimension n, and we

indeed have the expected relation
∑
w Bw(q)

[
n
w

]
q

= q(
n
2).

Using our previous notation of Fq(u) =
∏u
i=1(1− 1/qi) we have

Bw(q)
[ n
w

]
q

= q(
w
2) Fq(w)

Fq2(w/2)
· q(

n
2)Fq(n)

q(
w
2)Fq(w) · q(

n−w
2 )Fq(n− w)

.

With (q, s2, s4) = (2, n, n− w) and dividing out by q(
n
2) we then get

Pa(s2, s4) =
1

2(s42 )

F2(s2)

F2(s4)

/
F4

(s2 − s4

2

)
.

Note also that taking n → ∞ with (n − w) = s constant (and w even) gives ρs/2

as 1/2(s2)F2(s) as we previously indicated in the 2-Selmer case.
In Table 2 we give approximations to Pa(s2, s4) for s2 ≤ 8, with the lower-left

half corresponding to even parity and the upper-right to odd. For instance, we have
that Pa(5, 3) = 155/1024 ≈ 0.1513.

s2 ↓ 7 5 3 1 ←s4

0 1.0000 5 · 10−7 0.0013 0.1577 0.8410 7

2 0.5000 0.5000 0.0010 0.1513 0.8477 5

4 0.4375 0.5469 0.0156 0.1250 0.8750 3

6 0.4238 0.5563 0.0199 3 · 10−5 1.0000 1

8 0.4205 0.5585 0.0209 4 · 10−5 4 · 10−9 s2 ↑
s4→ 0 2 4 6 8

Table 2. Approximations to Pa(s2, s4)

13.2. The proof outline is similar to the case of the 8-rank of a quadratic class
group. We start with the 2-Selmer pairing matrix ME(K̃ε,L); this can be taken to
be symmetrical, whereupon the left/right kernels are the same. There is an alter-
nating pairing on kernel vectors that gives the 4-Selmer pairing matrix, and we can
ignore the obvious vectors from 2-torsion (which span a 2-dimensional subspace).

We want to show that such pairing matrices are equi-distributed, here in the
space of alternating matrices Alt(s2,F2) where s2 is the reduced 2-Selmer rank
(which is 2 less than the 2-Selmer rank in our case of full 2-torsion). Again this
is most easily considered via characters on the matrix space, and the “algebraic
input” (analogous to Rédei symbol relations) here gives a sum of character values



58 MARK WATKINS

over varying co-ordinates in terms of a Frobenius element in some field extension.
We then need to show that suitable hypercube co-ordinates exist (particularly with
respect to genericity), whereupon an argument following §§8-11 will then give the
desired result. (Note that the reduced 4-Selmer rank will have the same parity as
the reduced 2-Selmer rank, due to the alternating nature of the pairing matrix).

13.3. We first recall the definition of the 2-Selmer pairing matrix ([21, §7.1]),
starting with the notation we need for this.

13.3.1. The elliptic curve E : y2 = (x−c1)(x−c2)(x−c3) has full 2-torsion defined
over Q, scaled so that the ci are integers with no nontrivial common square factor.
We write δij = ci − cj for 1 ≤ i 6= j ≤ 3, and require that none of the three
quantities (with i, j, k distinct) given by δijδik = (ci − cj)(ci − ck) are square, so
that E has no rational 4-torsion points. We write Ω for the set of prime divisors
of δ12δ13δ23, in particular noting that 2 ∈ Ω. Moreover, we write Ω̃ for {−1} ∪ Ω,
alternatively interpreted as the set of places in Ω with the infinite place appended.

We will consider quadratic twists of E by squarefree d that are coprime to Ω;
these twists are given by Ed : y2 = (x−dc1)(x−dc2)(x−dc3). As we are interested in
twist families, we can assume there is no prime that has the same nonzero valuation
for all the δij ; if there is such a prime p, we can then twist E by it, with the resulting
curve then being good at p.

13.3.2. We consider twisting E by d = ε
∏
i pi where ε ∈ {±1} and the pi are

distinct primes that are not in Ω.
We write B for the union of Ω̃ with the primes dividing d. We let Yl = Q?

l /(Q
?
l )

2

for l ∈ B, which is naturally a vector space over F2, being of dimension 2 for l ≥ 3
(and dimension 3 for l = 2 and 1 for l = ∞). We let Vl be the space of 3-tuples
(m1,m2,m3) ∈ Y 3

l with m1m2m3 = 1, so that this is again naturally a vector space
over F2, of twice the dimension of Yl. We then let VB =

∑
l∈B Vl.

We then define UB as the subspace of VB generated by the diagonally embed-
ded elements (1, l, l) and (l, l, 1) for all l ∈ B (with l = −1 corresponding to the
infinite place). Meanwhile, we define Wl ⊂ Vl as the image generated by the
points on Ed(Ql) under the Kummer map, defined away from 2-torsion points
as (X,Y ) → (X − dc1, X − dc2, X − dc3), and for 2-torsion points by continuity.
With WB =

∑
l∈BWl, the 2-Selmer group is then the intersection of UB and WB

(both of these vector spaces have half the dimension of VB).
There is also Tate’s pairing-based interpretation. We define el on Vl × Vl by

el
(
(m1,m2,m3)× (m′1,m

′
2,m

′
3)
)

= (m1,m
′
1)l + (m2,m

′
2)l + (m3,m

′
3)l

where (u, v)l is the Hilbert symbol (with values in F2) defined as 0 if ux2 + vy2 is
soluble in Ql and 1 otherwise. We then can extend ⊕lel to VB × VB by additivity.
Our desired pairing matrix is then eB on bases for UB and WB, and the dimension
of the kernel of this matrix is the 2-Selmer rank.

Although it is not immediately important, we can choose bases for UB and WB so
that the 2-Selmer pairing matrix is symmetric; this is rather nontrivial to achieve,
and we only sketched it in [21, §8.2].

In any case, the left kernel of this 2-Selmer pairing matrix then corresponds to
the everywhere locally soluble 2-coverings of Ed. Indeed, recall ([21, §1.1]) that a
triple ~m = (m1,m2,m3) with m1m2m3 a nonzero square gives rise to an intersection
of three quadric equations miy

2
i = x−dci where m1m2m3 is a nonzero square, and



NOTES ON 4-SELMER AND 8-CLASS RANKS 59

we denote such a curve by C(~m). The 2-Selmer group is then the subset of ~m ∈ VB
such that C(~m) is everywhere locally soluble.

These curves C each have genus 1, and for each we have a commutative diagram

Ed Ed

C

[2]

ι

where [2] is multiplication-by-2 and ι is an isomorphism over Q̄.

13.3.3. As in [21, §8.1] we can re-interpret the above in terms of formal symbols.
In particular, the Hilbert symbols involved in the 2-Selmer pairing matrix are

determined (with an obvious identification of ±1 with F2) by the Legendre sym-
bols (pi|pj) for primes pi and pj that divide d (so associated to L), by (q|pj)
for q ∈ Ω̃, and by the sign of d. The conditions for (q|pj) are weaker than congru-
ential K-conditions; we refer to these weaker Legendre conditions for bad primes
as K̃-conditions.

Thus, having fixed bases for UB and WB appropriately, the entries of the pairing
matrix M(Ed) are the same for all squarefree d that are coprime to Ω and have r̃

prime divisors and meet given (K̃ε,L)-specifications, where ε specifies the sign of d.
(The usage of K and L here implies a fixity of ordering for the primes dividing d).

With the formal symbols denoted by ṗj for 1 ≤ j ≤ r̃, given a specifica-

tion (K̃ε,L) we then require that we have (q|ṗj)? = (q, ṗj)ṗj = K?qj for q ∈ Ω̃
and (ṗi|ṗj)? = (ṗi, ṗj)ṗj = L?ij for 1 ≤ i 6= j ≤ r̃, where the ?-superscript indicates
a result in F2 rather than {±1}. We can then rephrase the above as involving a
2-Selmer pairing matrix ME(Kε,L), applicable to d = ε

∏
j pj that meet requisite

residue and Legendre conditions when the ṗj are “evaluated” at its prime divisors.

13.4. Next we wish to discuss the 4-Selmer pairing on members of the 2-Selmer
group of Ed. This is known as the Cassels-Tate pairing [2], and is a bit involved to
define. For our purposes we will not actually do so precisely, but instead mention the
most important facts about it. It is an alternating bilinear pairing on everywhere
locally soluble 2-coverings, and an everywhere locally soluble 2-covering C lifts to
an everywhere locally soluble 4-covering D precisely when it is in the kernel of
this 4-Selmer pairing – that is, its pairing with every everywhere locally soluble
2-covering is trivial. For such an everywhere locally soluble 4-covering D we then
have the commutative diagram

Ed Ed Ed

D C

[2] [2]

ιD ιC

involving multiplication-by-4 on Ed and isomorphisms ιC and ιD defined over Q̄.
The dimension of the kernel of the 4-Selmer pairing matrix is then the 4-Selmer

rank, and the 2-coverings corresponding to the 2-torsion of Ed will always con-
tribute 2 to this dimension.

In fact, the above description with lifts of 2-coverings was later defined by Cassels
via a related pairing (in [3]); subsequently Fisher, Schaefer, and Stoll [7] showed
that in fact the Cassels pairing and the original Cassels-Tate pairing (given in
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terms of co-homology) are in fact the same. For computational purposes, the initial
method in [3] (or [7, §4]) required difficult tasks such as solving norm equations or
computing S-units; this was simplified in the Magma implementation (by Donnelly,
unpublished notes) to involve only solving norm equations over quadratic extensions
of the base field (here Q), which is equivalent to the standard task of solving conics;
however, even this necessity has been obviated by Fisher [6], using instead the
invariant theory of binary quartics.

In any event, for the case where E has at least one nontrivial 2-torsion point one
can additionally exploit the 2-isogenies (rather than the multiplication-by-2 map)
to compute the pairing(s), as described by Fisher [5].

13.4.1. For the purposes of Smith’s work on the 4-Selmer group, what we need to
know is that a sum over a suitable hypercube of 4-Selmer pairings is equal to an
Artin symbol involving a quadratic field extension L/K.

Smith already noted in his first preprint [14, Theorem 3.2] that when d1 and d2

have the same (K̃ε,L)-specifications one can relate the 4-Selmer pairings 〈~m, ~m′〉CT
d1

and 〈~m, ~m′〉CT
d2

, where ~m, ~m′ are 2-Selmer elements for both Ed1 and Ed2 . In par-

ticular, he deduces the relation32

(3) 〈~m, ~m′〉CT
d1

= 〈~m, ~m′〉CT
d2

+
[L/K
d1d2

]
in terms of an Artin symbol for a field extension L/K.33

For the definition of the fields L and K (see [14, §3.2]), given (m1,m2,m3)

and (m′1,m
′
2,m

′
3) in the 2-Selmer group of ME(K̃ε,L) we have

∏
i(mi,m

′
i)v = +1

for all places v, so there is some b ∈ Q such that (mi, bm
′
i)

∏
Q = 1, and this gives

global solutions (xi, yi, zi) to x2
i −miy

2
i = bm′iz

2
i for 1 ≤ i ≤ 3. The basic building

block is then the multiquadratic field K = Q
(√
m1,
√
m2,

√
m′1,

√
m′2
)

with its

extension L = K(
√
α) where α =

∏
i(xi + yi

√
mi). Similar to the Rédei symbol in

the 8-class case (§4.5.1), one can scale the global solutions so that L/K is minimally
ramified (with adequate care being taken at 2 and ∞).

13.4.2. Let us give a somewhat extended example of this. We let a = 113 · 193
and b = 151 ·167, and E : y2 = x(x+a)(x+b). The 2-Selmer group of E has rank 5.
Notating the three components of 2-Selmer elements to correspond respectively to
the roots (0,−a,−b) of the cubic, a basis for the 2-Selmer group is given by

(1, 2, 2), (−113,−113, 1), (151, 3, 3 ·151), (−167,−71, 71 ·167), (193, 3 ·71 ·193, 3 ·71),

which we enumerate as ~e1 to ~e5. The 2-torsion points correspond here to ~e2 + ~e5

and ~e3 + ~e4 (and their sum). It turns out that the 2-covering associated to ~e1 + ~e5

lifts to a 4-covering, as do its translates by 2-torsion points; the other non-2-torsion
element in the 2-Selmer group do not lift to everywhere locally soluble 4-coverings.

We can then select two of these 2-Selmer elements, and find a twist Ed such that
both of them are again everywhere locally soluble. It is perhaps easiest to describe
this in terms of matrices (compare [21, §8.3]). Writing M for the 2-Selmer pairing

matrix of E, we then have the pairing matrix of Ed as Md =
(
M
∗
Ad
∗
)
, where Ad has

32Smith has a condition that (~m, ~m′) not be “alternating”, but I think that is simply the

happenstance where α is square (so that L = K), and in such a case, the Artin symbol is trivial.
33Note there is (perhaps curiously) no direct dependence on E in the formula here; indeed it

only intervenes indirectly in the requirement that ~m, ~m′ be 2-Selmer elements of Ed1
and Ed2

.
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two columns for each prime dividing d (which is positive and coprime to Ω). With ~v

a vector in the kernel of M , we see (~v~0) will be in the kernel of Md when ~vAd = 0,

noting here that both ~v and (~v ~0) yield the same ~m (as a 3-tuple).
Smith’s result then states that for such d where both ~m and ~m′ are 2-Selmer

elements for Ed (and of course E itself) we have34

〈~m, ~m′〉CT
1 = 〈~m, ~m′〉CT

d +
[L/K

d

]
where L/K is derived from ~m and ~m′ as above.

Let us take ~m = (−113,−226, 2) associated to ~e1 + ~e2 and ~m′ = (151, 3, 453)
associated to ~e3, so that 〈~m, ~m′〉CT

1 = 0 since ~m lifts to a 4-covering for E.

The field K here is Q(
√
−113,

√
2,
√

3,
√

151), and we have the nontrivial Hilbert
symbol (−113, 151)113 = (−226, 3)113 = −1, with (−113, 151)2 = (2, 453)2 = −1
too, and finally (−226, 3)3 = (2, 453)3 = −1; whereupon multiplying ~m′ by b = 3
then makes these all be +1. By solving conics we find a suitable choice of α
is (265 + 74

√
−113)(1 + 0

√
−226)(27 + 17

√
2).

We consider d = p to be prime for simplicity, and then find that ~m is a 2-Selmer
element for Ep precisely when p has (−1|p) = (2|p) = (113|p) = +1, while ~m′ is
a 2-Selmer element for Ep precisely when (−1|p) = (2|p) = (3|p) = (151|p) = +1.

The set of such p such that
[L/K

p

]
is nontrivial (so that p splits no more in L that

in K) is {241, 313, 1033, 1129, 1777, 2161, 2617, 2857, 3049, 3673, 3793 . . . }, which is
that same set of such p such that 〈~m, ~m′〉CT

p = 1. In particular, we find that ~m

and ~m′ do not lift to 4-coverings for Ep. Similarly, the set of such p such that
[L/K

p

]
is trivial is {97, 601, 1009, 2953, 4153, 4177, 4561, . . .}, which is the same as the p
with 〈~m, ~m′〉CT

p = 0. Here we cannot yet conclude anything about the lifting of ~m
or ~m′ to a 4-covering, as the Cassels-Tate pairing with the other 2-coverings of Ep
must also be considered.35

The Magma code given in Figure 1 demonstrates how to perform some of the
relevant computations for this example. Via suitable modifications, the reader can
verify a similar computation when starting from ~m and ~m′ with 〈~m, ~m′〉CT

1 = 1,

where the primes with
[L/K

p

]
nontrivial (with L/K defined from ~m, ~m′) are then

those that have 〈~m, ~m′〉CT
p = 0.

13.4.3. Smith’s formula (3) gives a difference (or sum, as it is in F2) of two 4-Selmer
pairings in terms of an Artin symbol, but we really want is a relation for a sum
over eight such pairings; similar to the Rédei case this multi-fold version of the sum
will lead to a simplification of the fields that are involved.

The algebraic input that Smith ultimately uses is embodied in Theorem 2.9 and
the second part of Proposition 3.6 of [15], though we only need the particular case
of the 4-Selmer pairing (rather than general higher 2k-Selmer pairings).

34One can contrast this to the 8-class case, where we have the pairing for d itself in terms of
an Artin symbol; essentially therein we don’t have the “base point” that here corresponds to the

1st quadratic twist (that is, E itself), which indeed can only be evaluated by other means.
35In fact, either by applying CasselsTatePairing with a basis for the TwoSelmerGroup or

using FourDescent on the 2-covering we find that: ~m lifts to a 4-covering for p ∈ {97, 601, 2953, . . .}
and does not for p ∈ {1009, 4153, 4177, 4561, . . .}, while ~m′ lifts for p ∈ {97, 1009, 4153, . . .} and

does not for p ∈ {601, 2953, 4177, 4561, . . .}.
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> Qx<x>:=PolynomialRing(Rationals()); KS:=KroneckerSymbol;

> a:=113*193; b:=151*167; E:=EllipticCurve([0,a+b,0,a*b,0]);

> C3d:=func<e,d|TwoCover(quo<Qx|x^3+(a+b)*d*x^2+(a*b)*d^2*x>!e)>;

> Cd:=func<u,d|C3d(CRT([Qx|u[1],u[2],u[3]],[x,x+a*d,x+b*d]),d)>;

> BASIS:=[[1,2],[-113,-113],[151,3],[-167,-71],[193,3*71*193]];

// check that the 5 given BASIS elements are indeed ELS for E

> IsELS:=func<C|IsLocallySoluble(GenusOneModel(C))>;

> assert &and[IsELS(Cd([s[1],s[2],s[1]*s[2]],1)) : s in BASIS];

// now create all the non-trivial 2-covers, compare to TwoDescent

> m:=func<U|[&*[u[1] : u in U],&*[u[2] : u in U],&*[u[3] : u in U]]>;

> VV:=Subsets(Set([[b[1],b[2],b[1]*b[2]] : b in BASIS]));

> COVERS2:=[Cd(m(v),1) : v in VV | #v ne 0]; // (2^5-1) of these

> T:=TwoDescent(E); assert Set(T) eq Set(COVERS2);

////////////////////////////////////////////////////////////////////

// now do the computation for m1 and m2 and twists by appropriate p

> m1:=[-113,-226,2]; m2:=[151,3,453];

> P:=PrimesUpTo(10000);

> PP:=[p : p in P | KS(-1,p) eq 1 and KS(2,p) eq 1 and KS(3,p) eq 1

and KS(151,p) eq 1 and KS(113,p) eq 1];

> assert &and[IsELS(Cd(m1,p)) and IsELS(Cd(m2,p)) : p in PP];

> [p : p in PP | CasselsTatePairing(Cd(m1,p),Cd(m2,p)) eq 0];

// [ 97, 601, 1009, 2953, 4153, 4177, 4561, 5953, 7417, 7489, ...]

> [p : p in PP | CasselsTatePairing(Cd(m1,p),Cd(m2,p)) eq 1];

// [ 241, 313, 1033, 1129, 1777, 2161, 2617, 2857, 3049, 3673, ...]

////////////////////////////////////////////////////////////////////

// now do the computation with the Artin symbols

> K<sn113,s2,s3,s151>:=NumberField([x^2+113,x^2-2,x^2-3,x^2-151]);

> RationalPoint(Conic([1,-m1[1],-3*m2[1]])); // (265 : -74 : 39)

> RationalPoint(Conic([1,-m1[2],-m2[2]/3])); // (-1 : 0 : 1)

> RationalPoint(Conic([1,-m1[3],-m2[3]/3])); // (27 : -17 : 1)

> alpha:=(265+74*sn113)*(27+17*s2); // signs don’t matter

> AK:=AbsoluteField(K); ZK:=Integers(AK);

> AL:=ext<AK|Polynomial([AK!-alpha,0,1])>; ZL:=MaximalOrder(AL);

> Norm(Discriminant(ZL)); // 2^24, which seems minimally ramified

> ANS:=[<p,#Decomposition(ZL,Factorization(p*ZK)[1][1])> : p in PP];

> [a[1] : a in ANS | a[2] eq 1]; // the primes that don’t split in L

// [ 241, 313, 1033, 1129, 1777, 2161, 2617, 2857, 3049, 3673, ...]

> [a[1] : a in ANS | a[2] eq 2]; // the primes that do split in L

// [ 97, 601, 1009, 2953, 4153, 4177, 4561, 5953, 7417, 7489, ...]

Figure 1. Magma code for Cassels-Tate computations
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We shall eventually choose three hypercube co-ordinates in such a way that:
given a (Kε,L)-specification, a basic character ψ on the space of alternating ma-
trices, and a pair (m,n) at which ψ is nontrivial: the mth basis vector (of the left
kernel) is (10 00 00) at the three co-ordinates and the nth basis vector is (00 00 01),
and all the other basis vectors are (00 00 00). Then we will be interested in sums
such as

(4)
∑
z̃

∑
z̃′

∑
s̃

〈(biz̃, ci, biz̃ci), (bj , cj s̃, bjcj s̃)〉CT
uz̃z̃′s̃

where z̃, z̃′, s̃ each range over a set of 2 primes, while the b’s and the c’s correspond
to the components of the basis vectors away from the hypercube co-ordinates, and
similarly for u (which is a divisor of d). The above sum in particular corresponds
to the case where (i, j) = (m,n) and both z̃ and s̃ vary in the 2-Selmer elements; in
other cases we will consider

∑∑∑
〈(biz̃, ci, biz̃ci), (bj , cj , bjcj)〉CT

uz̃z̃′s̃ and its partner
(essentially swapping z̃ and s̃), and

∑∑∑
〈(bi, ci, bici), (bj , cj , bjcj)〉CT

uz̃z̃′s̃.
In all cases, the sum over z̃′ then gives a sum of 4 Artin symbols by using (3).

When there is no variation of 2-Selmer elements with z̃ and s̃ these Artin symbols
are all the same, so their sum is 0; similarly, when there is variation with only
one of the two variables, the four symbols pair off into two copies of two, again
summing to 0. On the other hand, the sum given in (4) involves Artin symbols with
four (generically) distinct extensions L/K; these each depend on the b’s and c’s,
but when taking the sum over z̃ and s̃ the field extension simplifies, and indeed
becomes as in §7.7.3. Omitting the details of this calculation, we end up with L/K

as a quadratic extension, with K = Q(
√
z1z2,

√
z′1z
′
2) and L = φ[z1z2, z

′
1z
′
2] a

minimally ramified dihedral octic field, with the sum in (4) then equal to the Artin
symbol of s1s2 for L/K. (It is thus the Rédei symbol [z1z2, z

′
1z
′
2, s1s2]).

Let us give an example to illustrate this. We let E be y2 = x3 − x, and consider
the twist by d = 17 · 41 · 73 · 97 · 113 · 193 · 401 as an exemplar. We will not deal per
se with this d, but illustrate how to include it in a hypercube.36

With the components corresponding to the ordering (−d, 0, d) of the roots of the
cubic, we find that (73·113, 1, 73·113) and (1, 17·73·97, 17·73·97) are two examples
of 2-Selmer elements. More abstractly with formal symbols, we require d to have 7
prime divisors all of which are 1 mod 8, and fix (ṗ3, ṗ4, ṗ6, ṗ7) = (73, 97, 193, 401).
We require the congruence conditions

(73|ṗ1) = (97|ṗ1) = (193|ṗ1) = (401|ṗ1) = −1

(73|ṗ2) = (401|ṗ2) = +1, (97|ṗ2) = (193|ṗ2) = −1

(73|ṗ5) = (193|ṗ5) = −1, (97|ṗ5) = (401|ṗ5) = +1

and the Legendre conditions (ṗ1|ṗ2) = −1, (ṗ1|ṗ5) = −1, and (ṗ2|ṗ5) = +1.
The above 2-Selmer elements are then given by (ṗ3ṗ5, 1, ṗ3ṗ5) = (73ṗ5, 1, 73ṗ5)

and (1, ṗ1ṗ3ṗ4, ṗ1ṗ3ṗ4) = (1, 73 · 97ṗ1, 73 · 97ṗ1), with (ṗ1, ṗ2, ṗ5) = (17, 41, 113).
We then want to take another specialization of (ṗ1, ṗ2, ṗ5) that meets the above

congruence and Legendre conditions; but we also require that the Legendre condi-
tions are met for all 23 specializations of ṗ1, ṗ2, and ṗ5.

Specifically, writing the specializations of (ṗ1, ṗ2, ṗ5) as (z1, z
′
1, s1) and (z2, z

′
2, s2),

we require that (zi|z′j) = −1, (zi|sk) = −1, and (z′j |sk) = +1 for all i, j, k ∈ {1, 2},

36This choice is “non-generic” for various reasons (for instance, in general all the prime divisors
of d are not 1 mod 8 as here), but it still demonstrates the formula for the desired 8-fold sum.
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which is a total of 12 conditions. This requirement then ensures locally solu-
bility, so that the 8-fold sum of Cassels-Tate pairings over the specializations
makes sense; in Table 3 we give some examples, with the final column listing
the Artin symbols (as F2-elements) for s1 and s2 in the L/K extension defined

via φ[z1z2, z
′
1z
′
2]/Q(

√
z1z2,

√
z′1z
′
2), while the penultimate column catalogues the 8

Cassels-Tate pairings (again as F2-elements, and ordered with s1 corresponding to
the first 4 entries). In each row the entries in these two columns have the same
F2-sum, as indeed we have (using the Rédei symbol for notational convenience)∑

z̃

∑
z̃′

∑
s̃

〈(73z̃, 1, 73z̃), (1, 73 · 97s̃, 73 · 97s̃)〉CT
73·97·193·401·z̃z̃′s̃ = [z1z2, z

′
1z
′
2, s1s2].

z1 z2 z′1 z′2 s1 s2

17 98009 41 47969 113 38153 11111010 11
17 98009 41 40177 113 13033 11000001 10
17 46049 41 28393 113 59473 11100101 01
17 12809 41 47969 113 2953 10101001 00

22369 45289 5233 81761 64577 21577 10100100 01
96857 5737 98057 93113 60889 1153 11101111 10
70241 14177 9137 41521 37409 47497 10011000 10
22369 4201 66161 32993 70313 10169 01101000 01
18097 28513 58657 16553 60649 71633 11010001 11
62873 87313 5393 54713 4409 4073 11011001 10
89113 5801 83009 15937 19073 76081 01110011 01
22433 96097 26321 80209 21577 69809 10100000 11

Table 3. 8-fold sums of Cassels-Tate pairings, and Artin symbols

13.5. The above calculation with (4) then allows us to set up hypercube co-
ordinates. Given a specification (Kε,L) we fix a basis for the kernel of ME(Kε,L).
In fact, we do so modulo the 2-torsion elements; upon choosing the components
at the primes dividing d in an appropriate way, the 2-torsion elements will be the
same at each such prime, this sameness being one of 00, 01, 10, or 11. Letting s2

be the size of the basis of the kernel modulo torsion, we then take a nontrivial
multiplicative character ψ on the space of alternating matrices of size s2 over F2.
There is then some entry (hz

ψ, h
s
ψ) at which this character is nontrivial. We then

take 3 hypercube co-ordinates: the first is zψ, at which the (hz
ψ)th basis vector is 10

and all other basis vectors are 00; the second is sψ, at which the (hs
ψ)th basis vector

is 01 and all others are 00; and the third is z′ψ where all are 00. Again we give a

pictorial representation.37

00 00 00
00 00 00

1011101101 001011000010
00 00 00

1101000010 001110010111
00 00 00

(hs
ψ)th basis vector

(hz
ψ)th basis vector

zψ z′ψ sψ
An argument as in §6 then shows that for generic cases we can choose such

hypercube co-ordinates as desired (including with respect to size constraints).

37As with Footnote 26, the conditions on S and T in Smith’s Theorem 2.9 compared to his
Definition 3.4(3) can be reconciled via a translation by torsion.
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We then can bound the effect of non-generic (Kε,L), including Swinnerton-Dyer’s
definition of this in the mix. There are some technicalities with passing from sym-
metric ME(Kε,L) matrices defined from Legendre (or Hilbert) symbols to a suitable
distribution of how often a given vector appears in a kernel, but we should again
find that the non-generic cases contribute negligibly.

We then have an analogue of Lemma 7.7.1, namely that

∂Ž×Sψ̄
?
(
(z1, z

′
1, s1), (z2, z

′
2, s2)

)
= [s1s2, z

′
1z
′
2, z1z2],

and we define LŽ as in §7.7.3 as

LŽ =

B∏
k=2

B∏
l=2

φ[p1pk, p
′
1p
′
l]

where pk come from Z and p′l from Z ′, and φ[a, b] is a field from Fmr
a,b as in §4.5.1.

We take KŽ as the largest multiquadratic extension of Q inside LŽ , and note that

any prime in Tl(K)[L|Ž] splits completely in KŽ .
The rest of the proof of Theorem 13.1.1 is then a rehash of Sections 8-11.

13.6. Although I must admit to not fully understanding the situation, let us make
a few preliminary comments about the higher pairings (both for Selmer groups and
class groups).

13.6.1. Let us first discuss the Selmer case, starting with geometry of 2k-coverings.
In general, anm-covering of E is a genus 1 curve that is everywhere locally soluble

and isomorphic to E over Q̄, with the isomorphism fitting into a commutative
diagram with the multiplication-by-m map. (For m ≥ 4, it turns out that one can
realize an m-covering as an intersection of m(m− 3)/2 quadrics in Pm−1).

In our case of the 2k-coverings (of Ed) we have maps

Ed · · · Ed Ed Ed Ed

C2k · · · C8 C4 C2

[2] [2] [2] [2] [2]

ι
2k ι8 ι4 ι2

where the ι are isomorphisms over Q̄.
Swinnerton-Dyer [19] generalizes the Cassels pairing (on everywhere locally sol-

uble 2-coverings) to a pairing for everywhere locally soluble 2k-coverings. This
can be viewed in various ways, for instance as a pairing 〈C2k , C′2k〉 directly on

such 2k-coverings; however, as the pairing-value only depends on the underlying
2-coverings, one can notate it as 〈C2, C′2〉CT

2k+1 for 2-coverings C2 and C′2 that each
lift to a 2k-covering; or as 〈C2k , C′2〉 where again C′2 is a 2-covering that lifts to a
2k-covering. The import of this pairing is: a 2k-covering C2k lifts to a 2k+1-covering
exactly when 〈C2k , C′2〉 is trivial for all 2-coverings C′2 (see [19, Theorem 1, p. 719]).

Similar to (4), one might hope that a sum of 2k+2 pairings of 2k-coverings might
be writable in terms of an Artin symbol. For instance, for the 8-Selmer pairing, we
might hope to write∑

z̃

∑
z̃′

∑
z̃′′

∑
s̃

〈(biz̃, ci, biz̃ci), (bj , cj s̃, bjcj s̃)〉CT8

uz̃z̃′z̃′′s̃

in terms of an Artin symbol for s1s2 in an extension of Q(
√
z1z2,

√
z′1z
′
2,
√
z′′1 z
′′
2 ).

(Here (biz̃, ci, biz̃ci) and (bj , cj s̃, bjcj s̃) are 2-coverings that each lift to a 4-covering,
and indeed do so for all 16 values of uz̃z̃′z̃′′s̃).
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However, as Smith [15] notes after Proposition 4.3 on page 39, there are ex-
tra conditions that should be met for such a formula to follow.38 Koymans and
Pagano [9] give a similar discussion with their (8.5), noting that their Theorems 7.7
and 7.8 give such multi-fold sums in terms of Artin symbols, and then after sub-
sequent comments on page 48 (after the proof of Lemma 8.5) refer the matter to
their Lemma 13.10 for specifics.

In brief, following the bullet points in Smith’s Definition 3.5 there are condi-
tions involving: minimality (defined at the top of page 17), agreement (bottom of
page 18), and acceptable ramification (middle of page 33); each of which involve no-
tions of consistency (middle of page 16).39 An important feature is that all three of
these are additive conditions, and one can control the size of the image (as a vector
space over F2) of a map whose kernel contains the desired hypercubes on which the
sum can be evaluated as an Artin symbol; moreover, this control over the drop in
density from evaluable hypercubes compared to all hypercubes is sufficiently tight
to allow grids to be applied as in §10.

13.6.2. The class group case is not too different from the Selmer case, though there
is the distinction between bases of the left and right kernels of the pairing matrices.

In either case, once a suitably wide enough class of hypercubes is found where
the multi-fold sum can be evaluated in terms of an Artin symbol, the arguments
given in §§8-11 then need only comparatively minor modifications to prove an equi-
distribution result for character values on the matrix spaces of the applicable pair-
ing, whereupon the distribution of the Selmer or narrow class group follows readily.

13.6.3. Let us try to give some idea of what the above conditions on hypercubes
mean. I thank Peter Koymans for his comments on this. Firstly, although Smith has
written the conditions in terms of co-cycles with Galois co-homology, the nomen-
clature already hints at a version involving fields.40 For instance, in the 8-class
case we can consider a datum [{p1, p2}, {q1, q2}, s, u] where χs is a quadratic char-
acter that is 2-divisible in each of the four dual class groups of Q(

√
piqjsu). If

we consider the four conics X2 = p̃q̃uY 2 + sZ2 where p̃ ranges over {p1, p2}
and similarly with q̃, we find that if any three of the conics are soluble then
all four are; in terms of fields, this is equivalent to the existence of a collection
of minimally ramified dihedral extensions (as in §4.5.1) involving Q(

√
a,
√
s) for

each a ∈ {p1q1u, p1q2u, p2q1u, p2q2u}, such that the relative degree of the com-
positum has degree 23 over Q(

√
p1q1u,

√
p1q2u,

√
p2q1u,

√
p2q2u,

√
s), rather than

degree 24 as would generically be expected.41 In particular, due to the local-global

38One can note that in the 4-Selmer or 8-class cases the additional conditions are met: indeed,
in Smith’s Definition 3.5 we only consider S with (at most) one element, so the only proper subset

is empty, with the condition that x̂(∅) have nonempty intersection with Y
◦
∅ then being immediate.

39Meanwhile, Koymans and Pagano cover minimality and agreement in §7.3; acceptable ram-
ification in Lemma 13.10; and consistency in §7.4, though from I can tell they use a somewhat

different notion therein.
40Note that Koymans and Pagano [9] need to keep track of degree l cyclic extensions for l

an odd prime, wherein the quadratic case has a simpler correspondence between extensions and
characters. See also their comments in the Remark after Corollary 4.12.

41Note here that Q(
√
p1q1u,

√
p1q2u,

√
p2q1u,

√
p2q2u,

√
s) is not “independent”, and only has

degree 24 over Q; moreover, as Koymans indicates, one could enlarge this multi-quadratic field

to Q(
√
p̂1,
√
p̂2,
√
q̂1,
√
q̂2,
√
s,
√
û), with the separation of p’s and q’s corresponding to including

the effect of Stevenhagen’s twisting subgroup [18, (43)], which we briefly mentioned in §4.5.1.
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principle for conics, we see that in this case Smith’s minimality criterion follows
immediately from local conditions.

We next translate this into co-cycles. We consider maps from GQ = Gal(Q̄/Q)
to the 2-power-torsion of modules Nb, which are given by Q2/Z2 twisted by χb.

42

In particular (see [15, §2.2]), for any b1 and b2 we have Nb1 [2] = Nb2 [2], and there is
an isomorphism β[b1, b2] between Nb1 and Nb2 that preserves the Galois structure
above Q(

√
b1b2).43 Recall that a co-cycle is a map f from a group G to a G-module

such that f(στ) = f(σ) + σf(τ) for all σ, τ ∈ G; notably, since 1/2 = −1/2
in Q2/Z2, the co-cycles from GQ to Nb[2] are precisely the quadratic characters χc,
where such a character sends σ ∈ GQ to 1/2 when it factors through Q(

√
c)/Q.

Smith then notes (Proposition 2.7) that a 2-torsion element χs in the dual class
group for Q(

√
w) lifts to one of order 2k precisely when there is a co-cycle ψ2k,w

from Gal(Hw/Q) to Nw[2k] such that 2k−1ψ2k,w = χs (the multiplication by 2k−1

moves the image to Nw[2]), where Hw is the Hilbert class field of Q(
√
w). In the

above scenario with the datum [{p1, p2}, {q1, q2}, s, u], we take each ψ4,p̃q̃su to be a
co-cycle from GQ to Np̃q̃su[4] with 2ψ4,p̃q̃su = χs, and minimality is then equivalent
to
∑
p̃

∑
q̃ β[p̃q̃su, p1q1su]◦ψ4,p̃q̃su being a quadratic character.44 From this one sees

that minimality always holds: for σ with χs(σ) = 1/2 we have ψ4,•(σ) ∈ {1/4, 3/4},
and the sum of four such values is in {0, 1/2}; the same conclusion again holds true
when χs(σ) = 0, implying the image is in N [2] so that the 4-fold co-cycle sum is a
quadratic character.

One way Smith uses this minimality condition is apparent in his Proposition 2.5;
if we consider a datum [{p1, p2}, {q1, q2}, {r1, r2}, s, u] and selection of co-cycles ψ4,•
to Np̃q̃r̃su[4] satisfying 2ψ4,p̃q̃r̃su = χs such that the above 4-fold sum is the trivial
character for all 6 subcubes (with u notationally absorbing the fixed co-ordinate),
then (assuming that χs is 4-divisible in each dual class group) upon taking co-cycle
lifts ψ8,• such that 2ψ8,p̃q̃r̃su = ψ4,p̃q̃r̃su, the conclusion of Proposition 2.5 is that the
8-fold sum

∑
p̃

∑
q̃

∑
r̃ β[p̃q̃r̃su, p1q1r1su] ◦ ψ8,p̃q̃r̃su is a quadratic character. (Such

a fact about an 8-fold sum would then be used in the 16-class case).
As for how minimality affects the pairing-sum over a suitable hypercube: in a

consideration of the 16-class case we want a sum such as∑
p̃

∑
q̃

∑
r̃

〈χs, It〉Art16

p̃q̃r̃su

to be 0, where It is an ideal of norm t that is 4-divisible in each class group (and χs
is 4-divisible in each dual). The relevant minimality condition for this can be
sketched as follows: over each Q(

√
p̃q̃r̃su) we have a dihedral/Q extension (with

suitable ramification) of relative degree 8 that contains Q(
√
s); taking the base

field K as the multi-quadratic field (of degree 32) containing the Q(
√
p̃q̃r̃u,

√
s),

these then yield eight extensions Lp̃q̃r̃/K with each being cyclic of degree 4 and

42The action of σ ∈ G on Nb thus has σx = −x when σ(
√
b) = −

√
b, and σx = x otherwise. (In

the Selmer case the modules are twists of E[2∞], thus (Q2/Z2)2 when forgetting the action, but
otherwise much the same). Also, the infinite Galois group is a profinite group defined as a inverse

limit, and the image under the quotient homomorphism to the extension Q(
√
b)/Q determines

whether σ(
√
b) = −

√
b or not.

43On the other hand, if one forgets the G-action, this map is just the identity map on Q2/Z2,

so the notation could be considered to be a bit superfluous (at least in the class group case).
44Again one can be more strict, ensuring that the sum is trivial via translating the ψ4-lifts by

suitable quadratic characters, again corresponding to Stevenhagen’s twisting subgroup.
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suitably ramified; generically the compositum structure of these eight fields should
have no nontrivial containments, whilst Smith’s minimality criterion implies that
any one of the eight is contained in the compositum of the other seven. (One also
requires the same to be true when s is swapped with t).

Unlike the case with 4-class pairings, there is no reason here for minimality
to follow simply from local solubility conditions involving the primes in question.
Perhaps one could hope to write the obstruction to such a compatible selection of
extensions in terms of a Brauer group element, which would then clarify the additive
nature of the condition; indeed, we again should stress that a crucial feature of
such conditions is that they are additive, and so Smith’s combinatorial methods
are applicable upon bounding the image of a map to a vector space over F2.
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