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DISTRIBUTION OF THE 2-SELMER RANK UNDER TWISTING

MARK WATKINS

ABSTRACT. Consider the elliptic curve y2 = 23 — z (which is associated to

congruent numbers). Heath-Brown described the 2-Selmer rank distribution
of the quadratic twists of this curve over the set of odd squarefree integers,
using methods involving computing the moments of the 2-Selmer rank via an
analysis of quadratic residue symbols (the appear in a Monsky matrix).

Swinnerton-Dyer then investigated the distribution of the 2-Selmer rank
under twisting for a wider family (elliptic curves with full 2-torsion and no
4-torsion), using a Markov chain analysis to show the expected distribution —
however, his result used an unnatural ordering of the integers, namely by the
number of prime factors. This was remedied by Kane, who showed the result
under the natural ordering via methodology similar to Heath-Brown’s.

More recently, Smith (as part of a larger work) has shown the same result
using Swinnerton-Dyer’s method, essentially showing that the input (involving
quadratic residue symbols of the prime divisors of the twist factor) to his
Markov chain analysis can be shown to have the expected equi-distribution
under the natural ordering. We give an exposition of Smith’s work, with an
explicit (and effective) error bound. We also discuss the related problem of
the 4-rank of quadratic class groups, initially done by Fouvry and Kliiners.

1. INTRODUCTION

Let E/Q be an elliptic curve with full 2-torsion, writing it in an integral model
as Y2 = (z — c1)(x — c2)(x — c3). We can assume that ¢; < ¢ < ¢3 and ¢ = 0
by variable transformations. Moreover, we can assume that there is no nontrivial
common square factor of the ¢;, as else this could be divided out to give a simpler
model. We write d;; = ¢; —c;, and will also assume that none of the quantities given
by 6;;0i = (¢; —¢;)(c; —cx) are square; as Swinnerton-Dyer notes [50, Theorem 1ff],
this is equivalent to there being no rational 4-torsion pointE|

We let Q be the set of bad primes of the above model of E (this is the set of prime
divisors of d12013023 and thus always contains 2) and Q when appending the infinite
place. We will consider the quadratic twists E4 : y* = (z — dey)(x — deg)(z — des)
of F by squarefree d that are coprime to 2. As we are interested in twist families,
we can assume there is no prime that has the same nonzero valuation at all the d;;;
if there is, we can twist F by this prime p and the resulting curve is then good
at p. On the other hand, we do allow the §;; to have a common prime divisor in
the alternative case where the twisted curve would not be good at p.

Note that, at least with our assumptions as above, the coprimality of d with  is
not really restrictive; one can consider the other twists via replacing E by a twist E

Kane 23] seems to conflate a rational 4-torsion point with a (cyclic) rational 4-isogeny at
various places, and moreover simply elides the condition in the statement of his Theorem 3.

Note that a curve with full 2-torsion can always be brought into the form y? = z(z 4+ 1)(z + \)
and the condition of having a 4-torsion point is that A = u? is square, whence (u,u? + p) is
indeed a 4-torsion point. On the other hand, in the context of such a curve with full 2-torsion, the
primitive part of the 4-division polynomial factors as (2 — \)(z? — 22 4+ X\)(22 — 2Az + )\), which
can have linear factors without A being square, whereupon there is a 4-isogeny but no 4-torsion.

In any event, the condition could be a red herring for rank distribution, as if E has full 2-torsion
there is always (see an isogenous curve with full 2-torsion and no 4-torsion — as the rank
(though not the 2-Selmer rank) is an isogeny invariant, this then allows one to avert the issue.

1



2 MARK WATKINS

of it by products of primes in € and applying the results to F instead In this case
the 0;; can have common prime factors p; if so, upon twisting, any such p will still
divide at least one of them.

1.1.  Our subject of interest shall be the 2-Selmer group of E,4, or more precisely
how its size is distributed for |d| < X. What exactly is this 2-Selmer group? We
give a fuller discussion below in §7] but for now it suffices to give a brief description
(following [50, §3]) in terms of everywhere locally soluble 2-coverings. These are
intersections of three quadric equations miyf = x—dc; where mimsoms is a nonzero
square, and we denote such a curve by C(n1). Any rational point (X,Y) on Ey
gives a quadruple (X,Y7,Ys,Ys) 0rE| some C(m), and finding such a quadruple
would conversely yield a point on E;. We need only consider the m; up to squares,
and upon treating the m; as elements of Q*/(Q*)?, the triples 17 form an abelian
group under component-wise multiplication: m x 7’ = (mym/, mamb, mamj). The
2-Selmer group is then the subset of 77 such that C(1) is everywhere locally soluble.

In particular, we can restrict attention to m where the m; are units at all primes
outside  that do not divide d, as if m; has odd valuation at such a prime [, then
the equation m;y? = x — dc; is already insoluble in Q;.

The 2-Selmer group is then computable in terms of Legendre symbols involving
the primes dividing d and the various places in Q (including a specification of the
sign of d corresponding to the infinite place), and it contains the group of 7 such
that C(m) has a global solution. This latter group is isomorphic to E4(Q)/2Eq(Q)
in terms of the Mordell-Weil group E4(Q). Thus an upper bound on the rank of
the 2-Selmer group gives a bound on the Mordell-Weil rank. Somewhat trivially,
due to the 2-torsion points on E;, the 2-Selmer rank is at least 2.

1.1.1. We shall ultimately show the following result, in terms of the numbers

98 ©© 1/23(3—1)/2 0 1
1) po==——[(1-1/22""") = ’
o L0 = e i
for which po+p2+pa+---=p1+ps+ps+--- =1 (the n-product is ~ 0.419422).

We assume FE is twist-minimal, meaning there are no bad primes p that can be
removed by quadratic twisting; as above, this says the v,(d;;) are not all the same.

Theorem 1.1.2. Let E/Q be a twist-minimal elliptic curve with full rational
2-torsion and no rational 4-torsion point, and consider quadratic twists Eq of E
bﬁ odd squarefree integers |d| < X coprime to the product of the bad primes of E.
Then for any w < 1/2, the proportion of such d such that E4 has 2-Selmer rank
of (s+2) is ps/2+ O (1/(loglog X)), with an effective constant in the error.

2At least in his preprint version, Smith [45] doesn’t seem to regard this point too transparently,
though it is a minor quibble in any event once one can consider E to begin with.

On the other hand, Heath-Brown [I8] only investigates the twists by odd (squarefree) integers
for y?> = 23 — z, and as he doesn’t additionally consider the same for y3 = 23 — 4z, his results
(pedantically) do not cover all twists for the case of congruent numbers. Meanwhile, Kane [23]
notes (inter alia) this idea of replacing E by E when deriving Corollary 4 from his Theorem 3.

3Namely, given (X,Y) we can take m; = X — de¢; and Y; =1 for all <.

4Kane states his Theorem 3 in terms of positive squarefree integers, but I do not think it
is correct (for parity reasons). For instance, with the elliptic curve of conductor 225 given by
twisting 15a by —15, thus (c1,c2,c3) = (715- 16,0, 15-9) in our model, all of its twists by positive
squarefree integers coprime to 15 have even parity. There are also decent reasons to twist by
fundamental discriminants instead of squarefree integers, but we shall opt for the latter.
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In other words, writing s(Ey) for the 2-Selmer rank of Eq, we have
#{|d| < X : u(d) # 0, gcd(d,Q):l\s(Ed):s—&—Q}:&_'_ ( 1 )
#{ld] < X : u(d) # 0, ged(d, Q) = 1} 2 " 7P\ (loglog X )=/
Let us immediately say that our methods are largely based on those of Smith [45]

and Swinnerton-Dyer [50], with some various technical aspects added to our expo-
sition of their work, mostly to explicitly obtain the stated error boundﬂ

1.1.3.  We describe our above observation more fully, namely that the ged(d, 2) = 1
condition can be softened by working with twists of E involving bad primes.

As an example, we might consider F as 15a with (¢1,c2,c3) = (—16,0,9),
where Q = {2,3,5}. Then, for instance, the twists of E by 3l (where 311, since 3I
is squarefree) are the same as the twists of E3 by [, where Ej is the twist of F by 3.
This Ej3 is twist-minimal and meets the torsion conditions, and we can thus apply
Theorem to it. This then gives
#{ld] < X : p(d) # 0, 3|d, ged(d/3,) =1|s(Ea) = s + 2}

#{1d] < X : u(d) £ 0, 3/d, ged(d/3,9) = 17
_ A S X3 pld) #0, 50(d0) = 1 s(E)) =5 +2) _pa 0
#{|d| < X/3: p(d) # 0, ged(d, Q) = 1} g Rl
which in particular has the same ratio of twists with a given 2-Selmer rank. The
same analysis also applies when twisting by any other product of primes from Q.

1.1.4. We can also mention what happens, or is expected to happen, when we
loosen the requirements on F.

First we consider the effect of modifying the 2-torsion condition. This is perhaps
best considered in terms of the Galois nature of the cubic f in E : y? = f(z).
When f has exactly one rational root (so there is one 2-torsion point) the distribu-
tion is quite different, as noted by Xiong [55]. The results in this genre are more
commonly described in terms of the ¢-Selmer group where ¢ : Eg — E/ is the
isogeny corresponding to the 2-torsion point; up to a correction for the 2-torsion
point, this ¢-Selmer group injects into the 2-Selmer group, as indeed we have the
exact sequence

0 — E[2]/¢(Ea[2]) = Sely(Eq) — Sela(Eq) % Sel (E})

so that s¢(Eq) — 1 < s(Ea) < s¢(Ea) + s5(Ea) in terms of the ¢- and ¢-Selmer
ranks. In particular, Xiong’s main result shows that typicallyﬂ the ¢-Selmer distri-
bution has mean /(loglogd)/2 as d — oo, with the 2-Selmer mean thus also being

5Although Smith references Kane’s work, his setup does not depend on it. He is somewhat
uncareful (see [45 Corollary 1.2]) with the issue we highlighted in Footnote [4| regarding the
necessity of including both positive and negative twists in the average, but this is merely an
accounting item in any event (note that for the congruent number curve, which is indeed Smith’s
main application, there is no distinction between positive and negative twists).

60ne atypical case is for A(a,b) : y2 = z(z? + ax + b) with b(a? — 4b) a square; here we see
that [55, Remark (2) to Theorem 1] notes in passing that both the ¢- and ¢-Selmer means are
bounded (as considered by Yu [57]), so the 2-Selmer mean is also bounded. The other atypical
case is when b is square (so that the 2-isogenous curve A(—2a,a? — 4b) has full 2-torsion), where
Xiong and Zaharescu [56] show that the ¢-Selmer mean is even larger, namely (loglogd)/2, at
least when A(—2a, a? — 4b) has no rational 4-torsion point. (It seems Xiong’s Remark glosses over
the fact that Theorem 1 of [56] excludes the case where A(—2a,a? — 4b) has a 4-torsion point
(phrased therein as “ab not a square” in the model y? = z(x + a)(x + b)), so we mention it here).
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unbounded. So this is dramatically different than the full 2-torsion case, where the
2-Selmer mean is bounded.

When f is irreducible with Galois group Symg, the work of Klagsbrun, Mazur,
and Rubin [25] (specialized to Q) gives the distribution of the 2-Selmer rank (albeit
under Swinnerton-Dyer’s ordering, see below), with again the mean being
ﬁnitem I am unaware of any work for the case where f has Galois group Alts.

Secondly, when E has full 2-torsion, the 4-torsion condition can likely be mol-
lified somewhat (it ultimately comes from Swinnerton-Dyer’s analysis, appearing
for us in Lemmau7 perhaps handling some additional cases that have different
transition probabilities (see — though again one presumably wants to avoid
cases where the 2-Selmer mean is in fact unbounded ]

Finally, when F is not twist-minimal but meets the stated torsion conditions, this
corresponds to a re-ordering of the d with respect to the associated twist-minimal
curve C. For instance, if F is C twisted by 5, the twists of E up to X are given by
the twists of C' up to X/5 that are coprime to 5, together with the twists of C' up
to 5X that are multiples of 5. Although we don’t give the details, it is possible to
include congruential information (say mod m) about d in the above Theorem [1.1.2]
with the main term being the same, though the error term then also depends on the
modulus m. Upon re-combining the progressions modulo m, we then get a result
for the twists of £ with an error term depending on C and m, or in other words
on E. Thus Theorem [[.1.2is also true as stated in the non-twist-minimal case.

1.2. History. As noted in the Abstract, the first to consider the 2-Selmer dis-
tribution was Heath-Brown [I7], [I8], who looked at odd squarefree twists of the
congruent number curve E : y? = 2% — 2. In [17] he computed the average size
of the 2-Selmer group, then in [I8] all of the integral moments of this, which then
gave the distributionﬂ

His method consisted of noting that the 2-Selmer rank can be written in terms of
(a matrix of) Legendre symbols (p;|p;) for prime divisors of d = p; - - - p,, and then
showed suitable equi-distribution of the values of such symbols. Dividing the primes
into dyadic-like intervals, when both of the primes are large a bilinear bound (such
as [I7, Lemma 4], which he notes perhaps originated with Heilbronn [20]) saves a
suitable amount, while when one of the primes is small and the other is large one
can apply (albeit ineffectively in some ranges) results about primes in arithmetic
progressions. One significant difficulty is then in handling the cases where both
primes are small — I must say that I do not completely understand Heath-Brown’s
mechanism here, though it seems to do with a careful consideration (in [18, §§6-7])
of “unlinked indices” and the main terms therein (see also [9], §7.3-7.6] or [8] (48ff)]).

In his calculations for the kth moment, Heath-Brown ends up with an error term
of X (loglog X)4k/(log X)1/4k. The transition range for when this becomes useful
is when 16* ~ loglog X/(logloglog X), that is when k ~ (logloglog X)/log 16.
The reduction to his Theorem 2 in §8 (passing from moments to a distribution) is

"In various talks, Smith has stated that his results extend to this case.

8Similar to the last part of Footnote @ the final paragraph of [55, Remark (2) to Theorem 1]
seems to imply a mis-statement in this regard. Note first that if F has full 2-torsion and a rational
4-torsion point, then there is a 2-isogeny ¢ : E — E’ for some E’ that also has full 2-torsion. In
this case, with E : 4?2 = (22 4 az + b), both a®? — 4b and b are squares, so the last sentence of
Xiong’s Remark should apply. However, this again seems suspect when E has a 4-torsion point.

9As Fouvry and Kliiners [8, p. 459] note, the latter need not be automatic from the former.
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inexplicit as given, but presumably can be done with explicit error terms. At any
rate, I do not expect that one would save more than a (small) power of (loglog X)
in the endm Also note that his work utilizes the ineffective theorem of Siegel and
Walfisz in [I7, Lemma 6] and [I8, Lemma 5].

The results for the average size were generalized by Yu [58] to elliptic curves
with full 2—torsior43| (though restricting twists to certain arithmetic progressions).

1.2.1. The next investigation for the distribution of the 2-Selmer rank was under-
taken by Swinnerton-Dyer [50], who considered curves with full 2-torsion but no
rational 4-torsion point. Rather than deal with the question of the equi-distribution
of (pilp;), he took a different tact, essentially assuming they were equi-distributed
by considering ordering d by the number of prime factors (rather than the ordinary
ordering of |d| < X). Fixing the number r of prime factors, he used the description
of the 2-Selmer rank in terms of everywhere locally soluble 2-covers. Upon restrict-
ing consideration to the first j primes dividing d, this yields a sequencﬂ of estima-
tions s;(Eq) for which s,(Eq) is equal to the 2-Selmer rank s(Eg). Moreover, and
critical to his result, Swinnerton-Dyer was able to show that these s;41(FEq) have
a probability distribution derived from that for s;(Ey) in a sufficiently generic case
(and averaging over suitable d for this to make sense). In particular, the probability
that s;41 = s; + 2 is 1/22% 1 the probability that s;11 = s; is 3/2% — 5/225iF1,
and the remainder has sj;1 = s; — 2. After showing non-generic cases are rare
when there is no 4-torsion, he concludes by applying a Markov chain analysis to
this probability distribution, with the stationary state given by the ps listed in .

1.2.2. Kane [23] then extended Heath-Brown’s results about moments to the gen-
eral case of full 2-torsion, again excluding the case where E has a rational 4-torsion
point. Kane’s methods use Swinnerton-Dyer’s description of the 2-Selmer group,
though after that largely follow Heath-Brown, showing suitable equi-distribution
of (pilp;) for “active” indices. Also, the final step, of passing from moments
to a distribution, is done by complex analysis rather than linear algebra, using
Swinnerton-Dyer’s known limiting distribution to bootstrap it (the given argument
has an inexplicit style, relying on compactness and convergent subsequences, etc.).

1.2.3.  More recently, as part of a larger work, a preprint of Smith [45] gives a
different method for showing the distribution of 2-Selmer ranks. Again one needs to
consider equi-distribution of (p;|p;), but he introduces a newﬁ idea with permuting
indices: the 2-Selmer rank is the kernel dimension of a matrix over F5, and is thus
invariant under row/column permutations. This allows him to ignore (i, j) where
neither the bilinear estimate nor primes in arithmetic progressions gives a viable
bound. He then completes the proof via Swinnerton-Dyer’s Markov chain analysis.

10A¢ the very end of [23], Kane suggests the power might be 1/8.

Hyp fact, Heath-Brown had prognosticated in [I7] Remark 1, page 173] that this should be
possible, though was unsure whether the constant (that is, the average size of the 2-Selmer group)
should remain the same, as indeed Yu showed. On the other hand, extending the results to curves
without full 2-torsion (cf. [I8] Page 335]) has proven to be more difficult.

1214 is a bit fanciful to say that the sequence {sj(Eq)}; “converges” to s(Eq) as j — r for any
given d, as only the final value for j = r is relevant, though in the sense of 2-Selmer distributions
(that is, when considering many d) the usage of the term is more reasonable.

13Kane’s work includes a permuting of the indices, but it seems only to be used in the rather
limited context in that he prefers to allow prime variables to run freely rather than be subject
to p1 < -++ < pr (say), and he thus overcounts by the natural factor of r!.
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Although his preprint version gives the error bound as relying on Siegel’s in-
effective theorem, as discussed in Footnote below I think this is mostly an
oversight /inefficiency. His error term saves a small power of (loglog X), though
is inexplicit about what power this is (we shall obtain any power less than 1/2).

Smith goes on to discuss much more than the 2-Selmer rank, indeed considering
the 2°°-Selmer rank (and also the associated problem of the 2°°-rank of quadratic
class groups), but we will not consider such matters here.

1.2.4. Finally, there are the related works of Fourvy and Kliiners [8] 9], which con-
sider an analogous problem for the 4-rank of quadratic narrow class groups. Again
the principal difﬁcultyﬁ is in demonstrating adequate equi-distribution for (p;|p;).
In [8] they show the expected moments of 4-ranks largely by imitating Heath-
Brown’s method of linked indices, and thereby derive the distribution of 4-ranks
in [7]. As the ordinary class group is equal to the narrow class group except for a
thin subset of discriminants (positive discriminants with no prime divisor that is
3 mod 4), the results then carry over to it also (cf. [§, Corollary to Lemma 10]).

In [9] they then consider the restriction of the problem to this thin subset of
“Gaussian” discriminants, showing an expected distribution of the 4-rank of the
narrow class group for them. We will discuss this in §§I0jI2] below. However, we
will not consider their more notable result, namely that they are also able to get
the distribution when including the 4-rank of the ordinary class group (which is
either the same or 1 less).

The error terms are comparable to Heath-Brown’s result (with 2¥ rather than 4%),
reduced by the expected relative factor 1/4/log X in the latter case. Again the
results are ineffective.

A recent preprint of Chan, Koymans, Milovic, and Pagano [3] then extends
Smith’s results about higher Selmer groups to the 8-rank of quadratic class groups
for Gaussian discriminants. More relevant for our discussion, it also shows how to
derive the previous result about narrow 4-ranks of such discriminants via Smith’s
methods, again with an ineffective error term that saves a power of (loglog X). We
put in a (little) bit of extra effort in our setup to be able to include this case in
and in a sequel [54] to the current paper we give an exposition of [3].

1.3. Our presentation is largely a reworking of Smith’s methods, and we claim
almost no novelty. We recall the basic background on primes and divisors in §3]
and then in §4] give a convenient way of splitting up squarefree integers into boxes
(Cartesian products of dyadic-like intervals). Here we implicitly use that the jth
prime divisor p; of a typical integer is expected to have loglog p; ~ j.

Section [p| is probably our most significant contribution, as we replace Smith’s
inductive scheme [45] Proposition 6.3] by a more direct consideration of the prod-
uct [ 5 [1+4 (pilp;)] over suitable index pairs (i,7). Upon multiplying out the
product, we then use bilinear bounds or primes in arithmetic progressions to bound
the resulting sums, and it is here where we are able to avoid using Siegel’s ineffective
theorem. The main upshot is that we can split boxes by Legendre symbol condi-
tions, except those corresponding to (i,j) that are both small, with the splitting
reducing the number of integers in the box roughly by the expected power-of-2.

14T he earlier work of Gerth [12] had mostly avoided this by considering the problem under the
ordering by number of prime factors, as Swinnerton-Dyer later adopted in the 2-Selmer case.
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Section[f]then gives Smith’s argument on how to average over permutations of in-
dices, essentially showing that our exclusion of small (i, j)-pairs does not introduce
a very large error, at least for the 2-Selmer rank distribution (which is invariant un-
der said permutations). However, the error here is still ultimately the largest in our
analysis; also, as the box-splitting aspects are not permutation-invariant, we obtain
no information about whether each small (7, j)-pair reduces the number of integers
by roughly 1/2 (see Smith’s comment after his statement of Proposition 6.3).

We then shift gears and in §7] give an outline of Swinnerton-Dyer’s description
of the 2-Selmer group, and proceed to sketch his argument regarding 2-Selmer es-
timations, genericity, and the ensuing Markov chain. Combined with the previous
analysis about box-splitting, this then gives the main Theorem [1.1.2] However, we
intend 7] to largely be an overview, and indeed in §8 we give many more details,
largely replicating Swinnerton-Dyer’s arguments in a somewhat more robust form
(for instance, he speaks of “random primes” which thus need a suitable interpre-
tation, and as Kane notes, one can instead use formal symbols to make this more
rigourous). Additionally, as the use of Markov chains seems somewhat of a black
box, we give a brief sketch of how this can be done in our specific case (which
is somewhat easier in that the transition matrix is essentially tridiagonal). It is
admitted that this section is rather long and technical.

We then recapitulate the main argument in §9] and in §§I0HI2| discuss the anal-
ogous problem for quadratic class groups.

Finally, in we do some exercises to show a few “well-known” facts that were
mentioned along the way.

1.3.1.  As a significant aspect of Smith’s work on the 2-Selmer distribution involves
transferring Swinnerton-Dyer’s results from a less natural ordering to the expected
ordering, it seems useful to review this. In fact, the idea of ordering integers by the
number of prime factors seems to originate with Gerth [I2, (1.1)] in the context of
4-ranks of quadratic class groups. Defining S,.(X) to be the set of squarefree integers
up to X that have exactly r prime factors, the basic idea behind the “unnatural”
ordering is to consider an arithmetic function F' and the limit

. . Zmes,.(x) F(m)
hIIl hIIl —_—— .
r—00 X —00 ngST(X)l

On the other hand, the integers of size X have a normal distribution in their
number of prime factors, with mean and variance loglog X. Thus the integers
with r ~ loglog X should dominate under the standard ordering.

We first recall Kane’s method for passing from Swinnerton-Dyer’s ordering to the
natural one. His main tool in this regard is [23] Proposition 10]. In our notation,
given r with (loglog X)/2 < r < 2loglog X, Kane shows that

1 1 #SP(X Xlogloglog X
53 P = (55 X F0) () v (PR
PSP (X) g€G
where D is 4 times the product of the primes in 2, while SP(X) is the set of
squarefree integers up to X coprime to D with each written in r! ways as a prod-
uct py - - - pr, and F is a function (with suitable boundedness) from G = (UD/UQD)T
to C, where Up = (Z/DZ)*. Note that this implicitly uses information about the
distribution of quadratic residue symbols, relying thereupon on results for primes in
arithmetic progressions and thus zero-free regions for Dirichlet L-functions. Also,
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the relative error is not too striking, as one might expect from results involving
divisor distributions. Kane then sums this over |r — loglog X| < (loglog X)3/* to
pass to the natural ordering of integers (with sufficiently small error from other r).

In Smith’s version, he first introduces boxes, which are themselves mostly just a
technique to allow the replacement of a constraint like p; - -+ p, < X by bounds on
each individual p;. This gives a relative error that is a (large) power of 1/loglog X,
but otherwise is harmless. One is then led to consider the distribution of (p;|p;)
as p;, p; range over their respective intervals. When p; is much smaller than p;, one
can simply consider p; fixed and use results on primes in arithmetic progressions
modulo p;. More subtle is the case where p; and p; are both large (with respect
to X), where a mean-value result dating back to Heilbronn shows that a bilinear
sum ), > ;3 (pi|p;) has suitable cancellation.

This leaves the (i,j) for which p; and p; are both small, and it is here that
Smith (crucially) employs an additional insight. Namely, there is (in Kane’s result)
a natural action of Sym, on G, and Smith observes that our desired F' (involving
the 2-Selmer rank) is invariant under it. He then gives a suitable averaging method
over such permutations, so that the contributions from the (¢, ) with both small are
adequately “mixed” in with the other index pairs. In contrast, both Heath-Brown
and Kane had to deal more directly with such (7, j)-pairs (albeit in the context
of moments). Ultimately, Smith’s method provides (in our version) a somewhat
stronger error term, and moreover gives an effective constant therein.

2. NOTATION AND PARAMETERS

2.1.  We accumulate various notations and parameters in one place, for the con-
venience of the aspiring reader. We will be considering the elliptic curve given
by E : 4% = (v — ¢1)(x — ¢2)(x — ¢3), where the integers ¢; have no common non-
trivial square factor, and ¢; < ¢ < ¢3 with ¢o = 0. We write 0;; = (¢; — ¢;) for
the root-differences and €2 for the set of bad primes (these are divisors of the d;;),
and Q when appending the infinite place. We consider twisting E by squarefree
integers |d| < X coprime to Q. Here X is the main parameter in the paper.

While we eventually consider both positive and negative d, in the discussion of
prime divisors it is more convenient to only consider positive integers, and therein
we write d. With this in mind, we can re-interpret the above schema in a slightly
different way (, considering a set of primes P from which all the divisors of d
must come. We will require that P be the set of all primes in specified coprime
residue classes Rp to some fixed modulus Mp. We will write {p for the number
of such residue classes, and also ap = {p/p(Mp) for their relative density. (The
2-Selmer case has ap = 1).

We then write S”(U) for the set of positive squarefree integers up to U all of
whose prime factors come from P. The size of this is denoted as ®” (U). Moreover,
we write ST (U) and ®] (U) for the restriction of these to the squarefree integers
with exactly ¢ prime factors.

2.1.1. We write T for a box (7 which is a Cartesian product of singleton sets of
primes and basic (real) intervals, with T the Cartesian product of singleton sets and
sets of all primes from the basic intervals that are in P, and T as the set of squarefree
integers thus represented. This box will have various associated quantities. The
size limit on the singleton sets depends on 79, which we discuss more in The



DISTRIBUTION OF THE 2-SELMER RANK UNDER TWISTING 9

number of singleton primes in the Cartesian product is denoted kg, and 7 is the
number of such singletons plus the number of basic intervals (thus 7 will also be
the number of prime factors of d). We also introduce a parameter 71 (see ,
and write k; for the number of singletons plus basic intervals that are less than @1,
where here @)1 is exp exp((log log X)”l).

We then have ( a third parameter 7 associated to Py = exp((log log X)”S);
this occurs in the analysis of exceptional zeros, with also a putative (though likely
empty) sequence {M;} of exceptional conductors (§3.4)).

A culmination of all this jargon is then the definition of a pleasant box in

2.1.2. The process of cutting up boxes in §p| then introduces various decorations
of T'. In particular, we write its Cartesian product as [[, 7;. We then have two key
sets C and L. The first consists of residue class restrictions (to the modulus Mp) for
each of the 7 primes dividing d; the second has Legendre symbol specifications for
each pair (4, j), associated to primes p; and p; dividing d (so giving (5) conditions).

We then write T'(KC) for the elements of T that meet the residue class specifica-
tions of /I, and this is still a Cartesian product as T'(K) = [], 7;(K). We call this
the K-trimming of the box. We write T'(KC, £) for the elements of T'(K) which meet
the Legendre symbol specifications in £. This need not be a Cartesian product.

Then we have ( the (KC, L, [ko, k1])-trimming of a box, denoted T(IC7 L’)Zé,
restricting T by K for the first ky primes and £ for (4,5) with 1 < i < j < k
and 7 < ko. This will have a Cartesian product T'(K, E)Z(l) =1L (K, £)],z(1]

We write (m|n) for the Kronecker (and thus also Legendre or Jacobi) symbol.

In §6 we then write D(7, P) for the set of all possible choices of (K, £) for given 7
and P, and Sym,, for the symmetric group on u symbols. This symmetric group acts
(with u = 7) on K and £ by permuting the indices, and therein we write X7 and £°
for an element ¢ € Sym;. Given a d represented by a box T, the set W;(K, L)
contains the permuations ¢ € Sym. for which d is in T(K, Ea)ﬁé.

While the above template only considers positive d, we also want to allow nega-
tive d with the 2-Selmer group. It turns out we can do this with a minimal obfus-
cation of notation, mainly needing just T%, which is twice as large as T, including
both d and —d for the d € 7.

2.1.3.  The discussion of the 2-Selmer group in §7]then introduces another milieu of
notation. Firstly there is K, which specifies merely the Legendre symbol for primes
in Q (rather than a residue class). Moreover, as above, we want to consider d of
both signs, and will attach the sign ¢ of d as a subscript on K.

We can also mention the local Hilbert symbol at [, which we write as (z,y);.

Then there are various vector spaces such as Y, = Q7 /(Q;)?, and V; as the set of
triples in Y; whose product is 1, with Vg = @V, then the sum being over all [ € B,
where B is the union of Q with the primes dividing d. Finally there is Ug C Vp,
which is generated by (1,1,{) and (,1,1) for all [ € B; and Wg C Vg, which is the
sum of the W;, which are local images of the Kummer map.

We then have the local pairing e; on V; x V; and its sum ep, which yields the
pairing matrix M(FEy) on Ug x Wi. This gives the 2-Selmer rank s;(Ey), and as the
notation suggests, we have a sequence of estimations s.(Ey4) corresponding to re-
stricting the pairing matrix to the first ¢ primes dividing d (with the 7#th estimation
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then being the 2-Selmer rank). As the 2-Selmer rank is the same for all d meet-
ing some given (K., L) conditions, we can also consider M(K., £) and s;(K., £).
The set of all possible (K., £) is (7, #Q), and the restriction (which by convention
includes the class of d in [],cq Q} /(Q})?) of this to the first ¢ primes is Y(7, #0)[c].

The expected 2-Selmer distribution pg is given in various places, e. g. above.

Sectionthen introduces formal symbols p; in place of primes, and P,, for the set
of u of them. We then have Ug and W restricted to using only the first ¢ primes (or
now, formal symbols), with Ug(K., £) (sometimes abbreviated U..) and Wg(K., £)
the restriction of these to the pairing matrix kernels. We have u?zl) and 1/712, as basis
vectors for W, and similarly for &, and @2 with U,. Finally, in the Markov chain

analysis we have the transition matrix M and the vectors he of 2-Selmer rank
distributions.

2.2. Next we discuss the three n-parameters.

We fix a parameter 79 with 0 < 79 < 1 and let Py = exp((log log X)”U), with kg
the number of prime factors up to Py of a given squarefree integer d < X, with the
expectation that kg is roughly loglog Py = 19 logloglog X. We will allow &y to be
as large as kgloglog Py for some parameter xy9 > 3. The error from excluding d
with larger ko will (essentially) be of relative size < 1/(log Pp)*0(°8%0=1) which is
the same as < (1/loglog X )"o[ro(log ro—1)],

We also fix a parameter 7; with 0 < n; < 1 and let Q1 = exp exp((log log X)"l),
with k7 as (essentially) the number of prime factors up to ¢ of a given positive
squarefree d< X, with the expectation that k; is roughly loglog @1 = (loglog X)™.
We will require that 71 < 19/2 for our schema of cancellation to work out. Note
that here log @ is exp((log log X )"1) and so is itself asymptotically smaller than
any fixed power of (log X), but larger than any power of (loglog X).

We will allow k; to be as large as k1 loglog @) for a parameter x1, in fact we
will simply take k1 = 3, and the error from ignoring d with larger k; will be of rel-
ative size < 1/(log Q)" (°8#1=1) which saves more than any power of (loglog X)
asymptotically, so that this error will be smaller than the previous one.

2.2.1. The main impediment against taking 7y large is a combinatorial argument
(Corollary that will have a relative error of 250/2k; /\/loglog X which we can
see is < k1 (loglog X)"omo(log 2)/2+m=1/2 " To optimize the error it does not matter
much how we take n; (subject to 0 < my < 19/2), and are left to maximize

min (1[0 (log ko — 1)],1/2 — kono(log 2) /2 — m1).

This can be seen to be arbitrarily close to 1/2 by taking ko = 1/n9+/log1/n0 and
letting 79 — 0, so the first term in the minimum tends to co, and the second to 1/2.

2.2.2. We also have a parameter 7, > 0 with P; = exp((loglog X)"). This quan-
tity will be the size of allowable moduli in our usage of the prime number theorem
in arithmetic progressions for which we do not care if there is an exceptional zero or
not. If we apply said theorem with primes of size > @1, we will still have a savings
of Q}/P: = exp((log Q1)/P<) where € = 1/2 if we want an effective result (and
any € > 0 if we relied on Siegel’s ineffective theorem). Thus we need (loglog Q1) to
be somewhat larger than elog Py, or that (loglog X)™ exceeds e(loglog X)". As
such, we will require 75 < 711, whereupon the choice of € is almost irrelevant, and we
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shall indeed take it as 1/2 to obtain an effective resultﬁ We will thus need to ex-
clude conductors > P, associated to exceptional zeros, and the density of such can
be bounded by a result of Landau. The relative error therein is < 1/(loglog X )29+
and so taking 0 < 15 < 11 < 19/2 are the only meaningful constraints.

We will consider 79, 171, and 75 to be fixed throughout the argument, and thus will
not include them as subscripts in the O() or < notation. We also allow all implicit
constants to depend on E (thus P), and similarly elide this from the notation. The
letter ¢ will sometimes be used to denote a constant (different at each appearance)
that we do not give explicitly, for instance with exp(—c\/ log U) as the error in the
prime number theorem.

3. BACKGROUND ON THE DISTRIBUTION OF PRIMES AND DIVISORS

First we collect results about the distribution of the number of prime divisors
for squarefree integers, and also some results about the distribution of primes.

3.1. We will consider positive squarefree integers whose prime divisors come from
a specified set P. The instance for 2-Selmer groups will have P be the set of all
primes except those in a finite set 2. Another typical example (we shall call it
the Gaussian case, after the Gaussian integers) would be to restrict all the prime
divisors to be 1 mod 4. Although one can derive some results under a lesser notion of
regularity (such as merely requiring the set P to have a natural density), we shall
only consider cases where P contains all the primes in specified coprime residue
classes Rp to a fixed modulus Mp.

For instance, in the case of 2-Selmer groups we can take the collection of all
coprime residue classes modulo the product of the primes in €2, and indeed, one
can also reverse the above phrasing, noting that to any set of primes P determined
by congruence conditions, there is a set of bad primes Qp given by p|Mp. It will
sometimes be convenient to require that 8 divides Mp, which can typically be done
with no loss of generality.

The most pertinent constant associated to P is the number £p of coprime residue
classes that it contains, and we write ap = &p/d(Mp), and assume this is nonzero.

3.1.1. We let ®%(U) be the number of squarefree integers up to U that have all
their prime divisors in P. An asymptotic for this is rather trivial for the 2-Selmer
case, as one has linear behavior, with a factor of 1/((2) for squarefreeness, and a
factor of the product of p/(p + 1) over p € Qp. Meanwhile, the case with P was
already touched upon by Landau [30], and his methods (of comparing to {(s)*?)
readily show that there is some constant S(P) > 0 such that

U

o7 (U) Nﬁ(P)W-

3.2. We also require results on the number of integers with a specified number of
prime factors, and we write S} (U) for the set of squarefree integers up to U with
exactly ¢ prime factors, all of which are in P. We also notate its size by ®7 (U).

50ur Ps is first utilized as ¢t and then termed Dj; by Smith, and its size is chosen in the
Definition on page 71 before Corollary 6.11, wherein the latter in its second paragraph identifies
the quantities. We analyze his situation more fully in Footnote @ below, attempting to indicate
why he appears to be reliant on Siegel’s ineffective theorem.
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In the case where P is the set of all primes, a classical result due to Erdéﬂ and
Kac [6] states that the number of prime divisors for squarefree integers up to U
is normally distributed with mean (loglogU) and standard deviation +/loglogU.
Adapting this to the case with P yields a similar result with both appearances
of loglog U multiplied by ap.

This approximation is not too sharp in the tails, where one has a Poisson dis-
tribution. Indeed, a version of this with uniformity is due to Sathe [42] (see also
Selberg [43]), and in the P-situation we find there are constants 8;(P) such thaﬂ

U (aploglogU)i~1
logU (t—1)
uniformly for ¢ < (2 — €)ap loglogU for any ¢ > 0. Here the 8;(P) are uniformly
bounded (as ¢ varies) by positive constants that only depend on P.

(2) of(U) ~ Bi(P)

3.3. A classical result of Mertens [35] gives an asymptotic for the sum of the
reciprocal of the primes up to U, and this can be adapted to the P-case, with an
error term determined by the zero-free region for the L-functions with conductors
dividing Mp. For instance, we find that there are constants mp and cp such that

1
(3) Z7:aploglogU—i—mp—l—OMP(exp(—cP\/logU)).
<U
per

For upper bounds on the size of sets of integers with many small prime factors
taken from P, we have a particularly convenient formulation of Tudesq [51]. Writ-
ing wg(n) for the number of prime divisors of a squarefree integer n that are in a set
of primes E (this should cause no confusion with the elliptic curve E), and E*(U)
for the sum of the reciprocals of the primes in E up to U, we have the following.

Lemma 3.3.1. (Tudesq [51], Theorem 2]). There exist absolute constants Ty and T,
such that
L L(ENU) + 1)

. — . y . — T —]

#{nSU.ij(n)—eJ,OSJSl}ng Uexp( ZEJ(U))H o
7=0 7=0

for all choices of U > 1, disjoint sets of primes E; indexed 0 tol, and e; > 0 (which
are thus allowed to depend on U ).

3.4. We also require basic results about the distribution of primes in arithmetic
progressions. For this we recall the definition of an exceptional zero (sometimes
called a Siegel zero) of a Dirichlet L-function. Given a parameter A > 0, a (neces-
sarily quadratic) Dirichlet character of conductor M is said to be A-ezxceptional if
its L-function has a real zero 8 with > 1 — \/(log M).

A resulﬂ of Landau [31], (14), (8)] implies that the set of exceptional characters
is sparse, and indeed by taking A arbitrarily small their conductors can be made
to grow faster than any power-sequence. In particular, writing {M;(\)} for the

16The paper in question places a Germanic umlaut on the 0’ in his name.

7For fixed ¢ such a result essentially follows from the prime number theorem (see Landau’s
Handbuch, §56), and including uniformity (at least aprés Selberg) is mostly a technical matter.
There is a transition at ¢ ~ 2ap loglog U; when P is the set of all primes, see Hwang [21].

18The historical pedant will note that Landau only considered imaginary quadratic fields, and
indeed the most direct methods for generalizing to the real quadratic case did not arise for a
couple of decades.
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putatively infinite sequence of exceptional conductors ordered increasingly, there is
some A such that M; 1(A\) > M;(\)? for all i > 0. We shall fix such a A for this
paper, thusly also fixing the attendant sequence (possibly finite, or indeed likely
empty) of exceptional conductors for this A.

3.4.1.  We then recall the prime number theorem for arithmetic progressions (writ-
ten in terms of cancellation for character sums). Let ¢ be a nontrivial Dirichlet
character of conductor M, and assume that ) is non-exceptional. There is an
absolute constant ¢ > 0 such that (see [53] for instance)

logU
<U —
pg;w(p) exp( C\/logU—l—QlogM

When 1 is exceptional with zero §, the right side has an extra term U”.

We also have results on how bad an exceptional zero 8 can be. The ineffective
theorem of Siegel [44] says that for any ¢ > 0 there is some ¢, so that 8 < 1—c./M*¢
for all M. A flaw in this result is that given €, one has no means to compute c., even
in theory. From Dirichlet’s class number formula and rudimentary bounds on L (s)
near s = 1 one can show that 3 < 1 —¢/v/M(log M)? for some explicit ¢ > 0. (The
analysis for the derivative can also be handled more carefully when L, (1) is small,
obtaining the result of Goldfeld and Schinzel [I5, Corollary] that 8 < 1 — ¢/vM
for ¢ = 6/m + o(1); this could then be improved by nearly (log M) in the numerator
by the bounds on L, (1) from the work of Goldfeld [14] and Gross and Zagier [16]).

)(log UM)*.

3.4.2. We will also require a bound for a bilinear sum over primes joined by a
Legendre symbol. Various results of this type exist in the literature, with Heath-
Brown commenting that Heilbronn [20] seems to be the first to broach the subject.
His method is rather simple — apply Cauchy’s inequality twice and use the estimate
of Pélya and Vinogradov for partial character sums — though as later authors noted,
even the later is unneeded (character periodicity suffices).

Lemma 3.4.3. Let {a,} be complex numbers bounded by 1 and supported on
primes p with P < p < 2P in a fized residue class modulo 8, and similarly for {B,}.

Then PO
Z Z apfq(pla) < min(P, Q)19

p~P q~Q

We recall the proof of this in §13.3] with sundry comments about the literature.

4. PARAMETRISING SQUAREFREE INTEGERS VIA BOXES

We next describe our basic partitioning of the (positive) squarefree integers, di-
viding them up into boxes, and showing that almost all such integers are represented
by boxes of certain types.

4.1. For C a positive integer, the C-compressed basic intervalﬂ starting at Z
(briefly, basic intervals of parameters (C, Z)) are defined by
(2°Z+2°Z(u—1)/C,2°Z +2"Zu/C] forv>0and 1 <u<C.
191 think Smith’s version of this (see t}/t; near the top of page 68 and D in the Definition

on page 71) has the compression factor be a small power of (loglog X) for small primes, and then
grow to (log X) for larger ones. Our choice shall suffice for our purposes.
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The ratio of the endpoints is thus (14 u/C)/(1+ (u—1)/C) <1+1/C. We shall
use this for Z = Py = exp((loglog X)™) and C = |(loglog X)%|. Note that this
ensures that each basic interval is of some size, since Z is on a different exponential
scale than C (so in particular exp(y/log Z) asymptotically exceeds any power of C').
For any C, every prime (indeed, every real number) greater than Z is in exactly
one basic interval of parameters (C, Z), so every squarefree integer is represented in
a unique nondecreasing basic product of said parameters, namely [[.{p;} x [] j Z;
for some increasing sequence {p;} of distinct primes with all p; < Z and some
sequence Z; of basic intervals (A;, B;] of parameters (C, Z) with B; < Bj;1.

4.2. We let P be a set of primes determined by congruence conditions as in
For a given 79 with 0 < 19 < 1, we define an (X, 79, P)-box T to be a Cartesian
product [],{pu} % [, Ty where the primes p,, are distinct and in P, with the p,,
ordered increasingly with each < exp((log log X )"U); while the T} are a strictly
increasing sequence of basic intervals (Ay, B;] of parameters (|(loglog X)* |, Py)
with [T, pu I[, B: < X and Py = exp((loglog X)™). As a technical convenience,
we require that Py is larger than every prime in Qp (equivalently, X is large enough).
We let kg be the number of primes p, < Py (corresponding to singleton sets),
and 7 be ko plus the number of basic intervals, and term the box to be of type (7, ko).
We will typically index 1 < u < ko and ko < t < 7, and allow T, to refer to {p,}.
The squarefree integers with prime divisors from P that are represented by a box
come from the set 7' = [, {pu} x [1, T+ where T} consists of the primes in 7} that
are in P. Indeed, there is a natural injective map from this set to ST (X), recalling
the latter is the set of (positive) integers up to X with exactly 7 prime factors, all
of which are in P. We say that d is represented by a box if it is in the image T' of
this map, and say that the box-data {p,} and (A, B;] form the basic product of d.
Fixing (X, 70, P), every d € SF(X) is represented by at most one (X, 79, P)-box,
and moreover we can show that almost all such d are represented by such a box.
Writing ®2(X) = #S7(X) and C = |(loglog X)% | we have the following.
Lemma 4.2.1. For 7 with |7 — aploglog X| < (ap/99)(loglog X), the union of
all (X,mo, P)-bozes with type (7, ko) (as ko varies) essentially covers SE(X), with
the exceptional set having size
loglog X dP(X)
c < (loglog X )98"

< ®F(X)

Proof. The exceptional set of d € SP(X) for a given 7 has:

(a) cz whose basic product of parameters (C, Py) has [[, pu [[; B: > X;
(b) d with at least two prime factors from the same basic interval.

4.2.2. For (a), writing (A¢, B] for the basic intervals in the unique basic product
containing d, the exceptional set is majorized by the d with dHt(Bt/At) > X, and
such d are > X/(1+1/C)". We write U for this, and the number of exceptions is
bounded as < T (X)—®F (U) < ®F(X)[1-1/(1+1/C)"] < ®F(X)(loglog X)/C,
where we used the Sathe asymptotic and 7 < (100ap /99) log log X.

4.2.3. Situation (b) is similar to the “comfortable spacing” of Smith (Definition 5.3
on page 44), which he considers at the end of the proof of Proposition 5.6 (page 56);
see also [3 §4.2.1].
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Writing A = 1 + 1/C, the number N, of d in (b) is bounded by

Z Z ‘I’?—Q(X/PQ)-

Py<q<vV/X a/A<p<gX

When p is small, say p < X'/3, we have ®2 ,(X/pq) < ®F(X)/pq following from
the Sathe asymptotic , thus giving a bound of

« Y T oL

q
Py<q<vX q/A<p<gA

By the Mertens asymptotic the p-sum here is (for some constant ¢ > 0)

+ exp(fc\/log q),

log g
1 —cy/1
< log Tog 4/ + exp(—cy/logq) <

and the resulting convergent g-sums give a contribution to N, bounded as

Cloggq

P 1/c _ [ ! .
< @,’: (X) |:10g PO +exp( c@)} < (I)F (X) {(10g logX)99+no + (1og ]og X)999:|

where exp(—cy/log Py) = exp(—c(loglog X)™/?) < 1/(loglog X)%% since ng > 0.
For the remaining p > X'/3 we use the crude ®F ,(X/pq) < X/pq and get a
contribution bounded as

X X 1 X
Z Z 2« Z — [m —|—exp(—c\/logq)] < Cllog X)’

Py<q<vX 4/A<p<gX pa X1/3/2<q<vV/X q
p>X1/3
and since X/log X < ®Z(X) for our 7, this then gives the desired bound. O

4.3. Next we show that the set of d whose prime factorization is not suitably
regular are sparse; namely, we expect that ap loglog p; for p; the {th prime factor
(written increasingly) is suitably close to I. Smith requires this for many { in his
regularity condition [45, Definition 5.3], while we shall opt for a reduced version@
Since this will not be the dominant error term, we make no attempt to optimize

Lemma 4.3.1. The union of SE(X) over |F — aploglog X| > ap(loglog X)/99
has size bounded as < ®7(X)/(log X)o7 /20000,

Proof. Using Tudesq’s formulation (Lemma [3.3.1), we take Ey as the set of all
primes not in P and ey = 0, while F; is the set of primes in P up to X and e; = 7.
Writing a = (98ap /99)(log log X), we can bound the number of integers in S7 (X)

20Note that we do not, and indeed Smith did not, use his condition of “extravagant spacing”
for our result; it only becomes relevant in his Section 7 when considering higher Selmer groups.

21A referee notes that Turdn’s method [62] might be able to show these more directly, without
relying on the full force of the asymptotic in (2]).
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with fewer than a prime factors af>)

X Z (ap loglog X + Tp)e! (X/log X) - exp(alog ap + alogloglog X)

< log X =, e1! exp(alog(98ap/99) + alogloglog X — a)
X X o (98/99)[1-+1log(99/98)]
= logX exp(a+alog(99/98)) = @((IOgX) P)
X 37 (X)
_ op ap(98/99)[1+1og(99/98)]—1
= g X (log X)*7 - ((log X)*7) < (log X )or (1/2)(1/99%)”

where we used Stirling’s formula, and (98/99) [1+41og(99/98)] —1 < —(1/2)(1/99%)
so as to save a (small) power of (log X).
For the large e; we write a = (100ap/99)(loglog X) and find the contribution is

X Z (ap loglog X + Ty)et < (X/log X) - exp(alog ap + alogloglog X)

< log X =, er! exp(alog(100ap /99) + alogloglog X — a)
X (100/99)[1—1og(100/99)]
= — alog(1 = ((log X)*"
Tog X exp(a — alog(100/99)) Tog X ((log X))
X ¢7(X)
_ ap | ap\(100/99)[1—1og(100/99)] -1
= logX(logX) ((log X)27) < (log X)ar (172)(1/100%)”
where we used that (100/99)[1 —log(100/99)] — 1 < —(1/2)(1/100?). O

We recall Py = exp((loglog X)™) and introduce Q1 = exp exp((loglog X)™).
Lemma 4.3.2. Suppose that |~77 — aploglog X| < (ap/99) loglog X .
For kg > 3, the number of d € ST (X) that have more than ag = koap loglog Py
prime factors up to Py = exp((log log X)”O) 18
o7 (X) _ o7 (X)
(log Po)apng(log Kko—1—0) (IOg IOg X)apnong(log rko—1—0)
where 6 = log(100/99). We shall eventually take ko = 1/n9+/log1/ny and ng — 0,
thus saving an arbz;tmrily large power of (loglog X).
The number of d € SE(X) with more than a; = 3ap loglog Q1 prime factors up
to Q1 = exp exp((loglog X)"l) 18
87 (X) 27 (X)
(log Ql)ap»?)(log 3—-1-0) (log log X)999 ’
Proof. For the first statement, we apply Tudesq’s result (Lemma [3.3.1) with Ey
the set of all primes not in P and ey = 0, while F; is the set of primes in P up
to Py with e; > ag = koap loglog Py, and Es is the set of primes in P exceeding Py
with es = 7 — e1. This implies the number of exceptions is

<

<

Z (ap loglog PO +T3)¢ (ap loglog X + Ty)™
logX

_ |
e1>ag (T 61).

Since 7 < (100ap /99) (log log X)), by Sathe’s asymptotic (2)) we have
X (aploglog X + Tp)
log X (F—ey)!

<L, (X) < (X)) - (100/99)"

22ere Ty is Tudesq’s T plus a bound for m+p plus the error term in the Mertens asymptotic ,
It never plays a role because we only consider (u+ 7)€ = u®(1 4 T>/u)¢ with e roughly of size u.
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Then, since e; > ag = kgap loglog Py > 3ap loglog Py, the sum over e; is bounded
(for sufficiently large X) by a decreasing geometric sequence in e, thus being
dominated by e; = ag. So the number of exceptions is

((100ap/99) log log Py + (100/99)T,) !
lao !
exp(ao log log log Py + ag 10g(100a7>/99))
exp (ag log loglog Py + ag log(apko) — ao)
_ o7 (X)
N exp(ap(loglog Py) - ko[log ko — 1 — 1og(100/99)])

< ®L(X)

T

< ®F(X)

where we used Stirling’s approximation and ag = kgap loglog Fp.

The same argument for the second part of the Lemma readily gives a bound
of < ®F(X)-(100/99) - (ap loglog Q1 +T2) %) /| @y |! on the size of the exceptional
set, and then using a; = k1ap loglog @1 with k1 = 3 in conjunction with Stirling’s
formula implies this is

o7 (xX)

< (log Q) -3(log 3—1—10g(100/99)) ’

and the result then follows since log Q1 = exp((loglog X)™) exceeds any power
of (loglog X) asymptotically (when n; > 0). O

4.3.3. Given a fixed parameter 7; > 0, for a box T we let k; be the maximal
index t for which the basic interval (A, B] has By < Q1 = exp exp((log log X)"l).
We then accumulate our above analyses with the following result.

Lemma 4.3.4. For ng,m > 0 and ko > 3, the set of all (X, no, P)-bozes that
have |r — aploglog X| < (ap/99)(loglog X) and additionally ko < koap loglog Py
and k1 < 3aploglog Qy essentially covers ST (X). The exceptional set has size
o7 (X) o7 (X)
< +
(loglog X )armoro(logro—1=0) = (oglog X )98
where § = 1og(100/99).

Proof. Apply Lemmata and taking the union over 7 with the latter. [J

4.4. We recollect our (likely empty) sequence of exceptional conductors of Dirichlet
L-functions (§3.4), and show that the boxes that contain a multiple of one of them
do not contribute many d. As Smith notes (Proposition 6.10), we can decontextual-
ize the analysis from any discussion of Siegel zeros. We let Py = exp( (loglog X )’7)
for a given parameter ng > 0.

4.4.1. Consider a sequence of integers {w;} that has wg > Ps and w; 41 > wl2 for
all { > 0. Write wj for the part of w; coprime to Mp, so that we have w; > Ps2l/Mp.

Lemma 4.4.2. With the notation as given above, the set of d € SP(X) such that

a (X, no, P)-box that represents d also represents a multiple of some w] has size

e eP(X)
log P (loglog X )99+ns

< ®F(X)
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Proof. Suppose w] = p1 ---py, divides some squarefree integer represented by a
box T. Then for every d € T there are (increasing) prime factors ¢i, ..., G, of d
such that p; = ¢; it p; < Py and p;/(1+1/C) < ¢; < p;(1+1/C) otherwise (where C
is the compression factor | (loglog X)%| as previously).
As with the proof of (b) in the above Lemma we write A =14 1/C, and
first note that the number of d in such boxes is bounded as
ST T X #.(x/TnIls)
Pi<Pop;>Po p;j /A<q; <pjX i J
pilw; pjlw]

For w] < v/X we use Sathe’s asymptotic (2)) to bound ®_  in terms of 2, getting
1 1
oo [l ¥ L

pi<Po " py>Pop; /A<q; <piA 7
pilw] pjlw;

The ¢-sums here are < (1/C'logp;) + exp(—cy/log p;), and the considerations are
dominated by the case when wj is prime and exceeds Py. A similar (cruder) argu-
ment works when w; > vV X.

Since w; > Pfl this gives a bound on the number of d in such boxes as

< ®F(X) _1e + exp(—cy/2! 1ogPS)},

L2l1og P,
where the first term in brackets dominates since 7 > 0. The sum over [ is conver-
gent, and we conclude the statement of the Lemma. O

Note that Smith doesn’t exploit the compression factors of the intervals here, and
so his error estimate is X/(loglog X)" (or perhaps X/(loglog X)), with this then
to be balanced against the power-savings of (loglog X) that comes from the other
parts of the argument. Contrarily, our version ensures that ns does not directly
affect our ultimate error bound (though we still will need 0 < ns < m1 < 170/2).

4.5. Finally, we define pleasant boxes, and accumulate the results above to show
that almost every squarefree d is represented by such a box.

Let n9,m1,ms > 0 and ko > 3 be given parameters. Then a (kg,n1, 75)-pleasant
(X, 10, P)-box of type (7, ko) is one with |r — ap(loglog X)| < (ap/99)loglog X,
and ko < kgap loglog Py with loglog Py = ng logloglog X, and k1 < 3ap loglog Q4
where loglog @1 = (loglog X)™ and k; is the largest index ¢ with B; < @, for
the basic interval (A, By, and such that there is no d represented by the box that
is a multiple of the coprime-to-P part of some element of the sequence {M;} of
exceptional (Siegel) conductors that is > Py = exp((log log X )")

Lemma 4.5.1. The exceptional subset of d € ST (X) that are not represented by a
(Ko, m1,ms)-pleasant (X, ng, P)-box has size (with 6 = log(100/99))

) 2" () L)
(loglog X )oPmoro(logro—1-0)  (loglog X )99
Proof. Apply Lemmata [£.3:4] and [£:4.2] O

Recall also that every d € SP(X) is represented by at most one (X, g, P)-box.
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5. CUTTING UP BOXES

We recall P is the set of all primes lying in the residue classes Rp modulo Mp,
and that a box T represents positive squarefree integers with prime factors from P.

5.1. We now consider restricting boxes so that for all [ with 1 < [ < 7 the [th
prime factor is required to be in a specific residue class modulo Mp. Note that
this is somewhat different than the previous P-restriction. For instance, we might
have P contain all the primes that are 1 mod 8 and 3 mod 8, and now require that
the first prime divisor is 1 mod 8, the second and third are 3 mod 8, while the
fourth is 1 mod 8§, etc@

We thus define the K-trimming of a box. For each | with 1 <[ < 7 we let K
be a residue class modulo Mp. Recall that the squarefree integers represented by
a box T naturally lie in a Cartesian product 1, 7i, where each T; is a singleton
set or the set of primes in a basic interval (A;, B;] that are in P. Assuming that
each singleton set meets its requisite -condition (otherwise we just take T'(K) as
empty), we define T'(K) = [[, T:(K) where T;(K) is the set of primes in the basic
interval (A;, B;] that are in the residue class specified by K; (in other words, it is
the subset of T; that meets said I;-condition).

This procedure of -trimming does not lose much in our estimates because we
are simply taking progressions to a fixed modulus Mp. (Note that we can specify d
to be in any desired coprime residue class to an auxiliary modulus m via including m
in the modulus Mp (if necessary) and considering only the K that give the desired
class. This does little more than induce an extra factor of ¢(m) in various estimates.
We can similarly restrict to a non-coprime residue class by only considering boxes
that have the common primes in the singleton sets. This then gives a method of
handling non-twist-minimal curves, as suggested at the end of )

5.2.  Welet L be a set of Legendre symbol specifications, meaning for 1 <1i < j <7
we take £;; € {£1}. We then define the (I, £)-restriction of a box. This is the
set of d € T(K) with d = p; --- ps such that (pi|p;) = Ly for all 1 < i < j < 7.
This is more severe than the K-trimming, as in general it will no longer be a
Cartesian product. However, if we instead only specify Legendre symbol conditions
for a suitable subset of the (i, j), then we will indeed retain the Cartesian product
aspect. Moreover, it is convenient to simultaneously limit the trimming effect of K.

5.2.1. For abox T, recall kg is the number of primes up to Py = exp((log log X)”O),
with these primes associated to singleton sets in the Cartesian product, while k; is
the largest [ such that the Ith basic interval has B; < @1 = exp exp((loglog X)™).

We define the (K, £, [ko, k1])-trimming of a box, which we denote as T'(K, E)i(l)
This corresponds to the set of d represented by T with d= p1 - -+ pr such that p;
is in the residue class specified by K for i < ki, and (p;|p;) = L;; for i,j that
satisfy 1 <i < j <k and i < ko. We let Z(ko, k1) be this set of (i, j)-pairs.

The latter condition ¢ < kg ensures that the prime p; will be from a singleton
set in the product for 7. We thus have a Cartesian product

T(K, L) = [[ Tk, £);.
l

233mith only requires that the [th prime have a specific Legendre symbol specification with
each of the bad primes, which suffices when considering the 2-Selmer group.
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For | < kg this set TI(IC, ,C)Zé is simply the singleton 7} if the (KC, £)-conditions are
met and is empty otherwise. Meanwhile, for [ with ky < [ < k1 the set TZ(IQ E)Z; is
the subset of T; that is specified by: the Legendre symbol specifications from £ for
index pairs (j,1) € Z(ko, k1) with j < ko (which are thus specifications with respect
to singleton primes); and the residue condition from K;. These are somewhat
arbitrary sets of primes over which we need not have much control. One expects
that TI(IC, L)Z(l) is 1/¢p2%0 as large as Tj, but this is not easy to show in general

Finally, for [ > k; we simply have T} (K, E)’,z; = T}, which thus consists of all the
primes in a basic interval that are in P. The regularity of such primes will allow us
to show that the partitioning of T' according to the index pairs not in Z(ko, k1) is
indeed fairly uniform, reducing the size roughly by the expected powers of 2 and £p.

5.3. We now turn to showing the main result about trimmed boxes, namely that
when the trimmed box T(K, E)Z; is further restricted by all the (I, £)-conditions,
the size is therein reduced by the expected powers of 2 and &p.

Smith uses an inductive scheme in his Proposition 6.3, while we (similar to Kane
in particular) instead consider the product over [1 + (p;|p;)], namely

II [+ i)

(1,7)€ZF\Z (ko k1)

where Z: is the set of all (i, j)-pairs with 1 < i < j < 7. At any rate, the crux of
Smith’s argument is that the exclusion of Z(ko, k1) (which we handle later by a com-
binatorial argument involving the fixity of the 2-Selmer rank under permutations)
allows suitable uniformity to be adduced.

5.3.1.  As a motivation for the forthcoming proof, we will end up needing to esti-
mate sums either of a bilinear form

(4) > ambn(pmlpn)

Pm  Pn

where p,, € T, and p,, € T,, with m < n and {a,,},{b,} are arbitrary sequences
bounded by 1, or the ostensibly simpler congruential form

(5) > (M]pn)

for some modulus M.
We have a natural ambient loss of

2k0k1 < 2(;-@0770 log log log X)-(k1 loglog Q1) _ eXp(3/€o770(10g 2)(10g loglog X)(log log Ql))

to overcome, corresponding to the amount we cannot directly access from the pairs
in Z(ko,k1). Moreover, our losses will have to take into account the number of
relevant subsets of Z:\Z(ko, k1) that occur when multiplying out [T[1 + (pi|p;)]:

this number is bounded by 2(2) - though this is quite large, it will suffices in ranges
where one of the primes exceeds exp((log log X )3); meanwhile the number of such
subsets that do not involve an index exceeding k; is bounded by 2(k21), and to handle

240ne can readily show this expectation upon assuming the Generalized Riemann Hypothesis,
at least for [ that exceed ko by a sufficient amount (roughly that the primes in 7T} exceed the
square of the modulus, the latter being the prime in Ty,).
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these it suffices to require 79 > 21;. (Perhaps by re-arranging the argument one
only needs 79 > 11, but such an improvement would ultimately be irrelevant).

We also lose a negligible C? = (loglog X)'%® from interval splitting, and in the
bilinear case (log p,,)(logp,) from the density of primes. Finally, there is a loss
of 5;? coming from the KC-splitting on the first k; primes.

5.3.2. In the Figure we divided the (m,n)-range (also reflecting to m > n for
symmetrical convenience) into 4 parts. This depends on a splitting at the parame-
ter Y = exp((log log X)998), and we write ky for the largest index [ such that the
right endpoint B; of the basic interval T} has B; < Y.

m?
D

Ky

A

| |
%o % T -

The first region A has m < ko and n < k; (and its reflection) and corresponds
to the indices in Z(ko, k1). These will thus not appear in the current analysis, but
rather in a permutation argument in the next section.

The second region B has m,n > ky where from the bilinear sum we will

save p}n/Q > Y19 and since we have Y = exp((log log X)998) > 2 this easily

suffices. The third region C has kg < m,n < k; and here we save > P01/9 in the

bilinear estimation. Since we assume 1 > 27, while loglog Q1 > k1 /3 for pleasant
boxes, this savings is
exp((log Py)/9) = exp((loglog X)"™ /9)
> exp(9(loglog X)*™) = exp(9(loglog Q1)?) > exp(k7).
This exceeds the losses from the number of relevant subsets.

The fourth region D has m < ky and n > k; and its reflection. For this region we
can estimate the sum in by results for primes in arithmetic progressions. When
there is no exceptional zero, we save a dramatic amount exp (m/logﬁ), which is
asymptotically (much) larger than exp(7#?). Even when there is an exceptional zero,
if the conductor has M < P, we can use the “trivial” bound on zeros and obtain
an adequate result, namely a savings of size Q}/Me > exp((log Ql)/PSE). If we then
write Py = exp((log log X )”S), our savings requirement can be phrased as saying
that loglog @1 = (loglog X)™ should sufficiently exceed log PS¢ = €(loglog X)",
and so it suffices to take ns < 71 (note also that we can take € = 1/2 without any
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difﬁculty)ﬂ We will still need to exclude exceptional conductors with M > P, as
codified above in our definition of pleasantness in
Note that we can actually use prime distribution in arithmetic progressions for

many more (m,n)-pairs than those in D. Indeed, we could typically expect to save
log exp(e™)
log exp(e™)
metic progressions to moduli exp(e™), so when n —m > (loglog X)™ log loglog X
(roughly) we could expect save the desired factor. Thus for m,n > kok; it is only

rather close to the diagonal that usage of the bilinear bound is necessitated.

something like exp ( ) = exp(e"™™) from primes of size exp(e™) in arith-

5.4. Let us now state and show the desired result.

Proposition 5.4.1. Let T be a (ko,n1,7s)-pleasant (X, 0o, P)-box and T(IC,E)Q;
its (IC, L, [ko, k1])-trimming. Assume that no/2 > m > ns > 0. Then

#T(K, /.:)’,2(1) /§7T~;k1 O(#T(IC) (loglog X )!98 . exp(5(log log X)?™) )
9(2)— (%) —ko(k1—ko) 9(5) = (") —ko (k1 —ko) exp((log log X)”O/Q) '

#T(IC, ‘C) =

Proof. We consider
Ve(p) = H [1+ Lij(pilpy)]
(4,5)€Zr\Z (ko k1)
which is used to pick off the Legendre conditions from the Cartesian product

(6) II 7.k 052 < T 1K)

a<ky b>ky

o= 11 X I X v

a<k paeTa(zc,g)ﬁ(l) b>k1 py€Ty(K)

so that

7

where w = (2) — (g‘)) — ko(k1 — ko) is the number of the index pairs in the product.
Multiplying V. (p) out, the component with all 1’s gives the main term as

! ; ; ! 7 1 #11(K)
go LI #00C.c [T #1000 = o [T #00c 20, [T #5775
1<ky 1>k 1<kq 1>k
_ L e oyl T #F0UK)
- QTJ#T(IC’E)% lgl #T,

We can handle the latter product using estimates on primes in arithmetic progres-
sions, here to the fixed modulus Mp for primes exceeding ;. Each term in the

product is then 1/&p + O (exp(—cy/Iog Q1)), yielding a negligible error.

25My impression concerning the reason that Smith’s proof uses the ineffective Siegel bound is
that he doesn’t particularly exploit that Q1 will be significantly larger than M. His usage of the
Siegel bound occurs at the top of page 64, where he makes the savings estimate of 2° > exp( 105—})
where ¢ > 0 is the Siegel exponent (having ¢ = 1/2 would thus be an effective result). His ¢; here
corresponds to our @1, so that its log is exp((log log X)"l)7 and his ¢ to our exp((log log X)"S)‘
He then merely exploits his condition (6) that logt; > t°6 (which implicitly requires him to later
utilize small ¢), while in fact by taking 71 > 7ns these are on much different scales. This is then
replicated in condition (iii) of [3] Proposition 5.7], and thus their result is also ineffective in the
form given.

)
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5.4.2. Otherwise, each component of V (p) when multiplied out corresponds to
some nonempty subset S of Zz\Z(ko, k1). Let n be the largest index appearing in
a pair in S, and let m be the largest index such that (m,n) € S.

When (m,n) is in B or C (so in particular m > ko) we will apply the bilinear
bound. To uniformize notation over indicies, we write U; for the components in the
Cartesian product @ The underlying sets U, and U,, need not be too regular in
this case. The relevant sum is bounded as

< 2% H Z Z Z apmbpn(pmlpn)

I#m,npi€UL ' pm€Um prn€Un

for some coefficients ap,, and b, that respectively take into account the other
Legendre symbols involving p,, and p,, (thus depending on the p;). In particular,
these coefficients are bounded in size by 1.

By Lemma the contribution for each such S is thus

where the B,, is the right endpoint of the mth basic interval for T}, and similarly
for n. For the [ # m,n we apply the trivial bound #U; < #T;(K), with this being
an equality for I > k;. Meanwhile, since T,,(K) contains all the primes in the
basic interval T, in the X, residue class, by estimates for primes in arithmetic
progresions (to the fixed modulus Mp) we have B, < #T,,(K) - Clog #T,,(K),
and similarly for n (here C' is the compression factor |(loglog X)% ).

The number of sets S such that (m,n) is in B is trivially bounded as 2(2), and
their total contribution is thereby bounded as

26)(Clog X)2  #7(K) 2()(Clog X)? H#T(K)

T . = .
1:[# 1(K) Quwy1/9 ow y1/9 < 2w (log X)999°

as Y = exp((log log X)998) dominates the discussion. The number of sets S such

k
that (m,n) is in C is bounded as o 21)7 and their total contribution is bounded as

o #7(K) 2 (Clog @,)*

Quw P01/9

where (log Q1) is exp((log log X)”l) and Py is exp((log log X)”O), and for pleasant
boxes k1 < 3loglog Q; implies 2¥1/2 < exp(4(loglog Q1)?) = exp(4(log log X)?™),
so that 1y > 2n; gives the desired bound.

5.4.3. Otherwise, the contribution from a set S is bounded as

(7) < IS o)

l#np €U, 'pnely,

where here M is the product of the primes taken from the U; with (j,n) € S. In
particular, each such prime from U; is bounded by Y (else we would be in case B),
so the modulus is no more than Y*v. Since n > k; we have that U, = T,,(K) is
the set of primes in a basic interval that are in the residue class specified by C,,.
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Ergo, we can apply results about primes in arithmetic progressions. Our as-
sumption that the box is ns-pleasant implies that the inner sum in is

B, log B, 4
B, (— ) log B, M)*.
< BUVE:  Buexp —e e o tog ar ) 108 B M)

Since n > k; we have B,, > @)1 and so log B,, > exp((log log X)”l), which much
exceeds log M < ky logY < (loglog X)%%9. Meanwhile, we can similarly note the
bound (log B,,)/v/Ps > exp((loglog X)™) exp(—(loglog X)™ /2), so that n > s
implies the inner sum in is

< By, exp[—cexp((loglog X)™ /2)].

We have that B, < #T,(K) - Clog #T,,(K) < #T,(K)(loglog X)% (log X) and
again use the trivial bound #U; < #T;(K) for [ # n. Thus the above bound is
1 #T(K) (log X)(log log X )% #T(K)/2v

< —— - #T,(K
< #T,(K) # exp exp((loglog X)/2) ~ expexp((loglog X)m/3)

(indeed, there is an extra exponentiation in the denominator compared to the bound
from the bilinear estimate, as due to n > k; we save exp(—cy/log Q1), which is on

a different exponential scale than the Y or Py of before). Multiplying by 2() for
the number of sets S is harmless, and we conclude the Proposition. (Il

It will be slightly more convenient to rearrange the above formula, and we do so
upon writing v = (’;0) + ko(k1 — ko).

Corollary 5.4.4. Let T be an (kg,m1,7s)-pleasant (X,n, P)-box and T(IC,L)%
its (I, L, [ko, k1])-trimming. Assume that n9/2 > mn1 > ns > 0. Then

(5)—vgi—k _ ks Fky exp (6(log log X)*™)
29 AT L) = #T (K L, +O(#T(K) P exp((loglogX)”°/9)).

5.5. Although we will not need it until §7] it is also useful to record an upper
bound on #T'(K, L).

Lemma 5.5.1. Let T be a (ko,n1,7s)-pleasant (X, 1o, P)-box, and assume that the
parameters satisfy 1o/2 > m > ns > 0. Then

#T(K)
2(5)

where v = (kzo) + ko(k1 — ko). (This bound is 2° more than the expected amount).

#T(K, L) < 9v

Proof. From Proposition [5.4.1| we have
#T(K, L) [ ™ o (#T(IC) ~exp(6(log log X)) ))
o(5)-v 2(2)—v  exp((loglog X)m /9)/’

and since 19 > 27, the error term fits into our bound here.
Meanwhile, we have

Tk, L)y = [TTic, o = TT T, o < T 1,
l

1<k, 1>k

(8)  #T(K,L)=
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and using #TZ(IC,L)Z; < #T,(K) this implies

5 #T, #1,
T(K, L) < Ti( T( =#T(K =
#T( >k0_l£[1#z lgl#l e =#70) ]| 2

We can again estimate the latter product by results on primes in arithmetic pro-
gressions to the fixed modulus Mp for primes exceeding )1, finding each term
is &p + O (exp(—cy/1og Q1)). We thus conclude #7(K, E)kl < #T(K)ES™ and so

#T LG/ " #TUE /g™ #T(K),,
2(3)-v 9(3)—v o) 7
with then the same asymptotic bound holding for #T(KC, £) by . O

<

6. AVERAGING OVER PERMUTATIONS

As we exposit in §7] the 2-Selmer rank of Ey is determined by the values of the
Legendre symbols (p;|p,) for primes p;, p; dividing d, along with the values of the
Legendre symbols (g|p;) for bad primes ¢ € Q, and the sign of d. The Legendre
symbols are a weaker condition than our requirements from K that p; be in a given
residue class modulo Mp. Thus for any given (K, £) the 2-Selmer rank is the same
for every d € SF(co) that satisfies said (K, £)-conditions, and we write s; (K, £)
for it. The 2-Selmer rank is similarly the same for every —d € ST (co) for whlch |d]
satisfies the (I, £)-conditions, and we write sx (K, £) for it.

More explicitly, the 2-Selmer rank is the dimension of the kernel of a square
matrix of size 2(7 4+ #Q) with F5 entries corresponding to Legendre symbols, with
2 rows/columns for each odd prime involved (and 3 for p = 2 and 1 for the infinite
place). As such, to compute the 2-Selmer rank it does not matter how we permute
the rows and columns. This latter observation is keenly exploited by Smith.

6.1. We let D(7,P) be the set of all possible choices (K, L) for given 7 and P.
This has size 2(;)@@ where ¢p is the number of residue classes in Rp.

6.1.1. Given a pleasant box T, a fixed sign ¢ for d, and a fixed value of s, we want
to estimate
> #T(K,L).
(K,L)ED(7,P)
s2(K,L)=s
However, we do not have good control over the individual #T (K, £), as Proposi-
tion only describes their relative size in T(K, L’)ﬁ; To circumvent this diffi-
culty, we consider the effect of permuting (K, £) by o € Sym;;, where this set is the
symmetric group on the indices j with 1 < j < 7. (Note that many of the T'(?, L?)
will be empty, for in particular the permutation ¢ must respect the K-conditions
for the singleton sets T; for [ < ko).
Since the 2-Selmer rank is fixed under such permutations, we then have

PN HT(KR.L)= > > #T(K7, L),

(K, L) (K,L) o€Syms
s2(K,L)=s s2(KC,L)=s

and will be able to demonstrate adequate control over the sizes of T' averaged over o.
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6.2.  We start by noting a purely combinatorial Lemma. For a given d represented
by a box T we define

Wi(K, L) = {o € Sym; | d € T(K", L)} }.

Smith’s combinatorial result shows that most (/C, £) have W; of nearly its expected
size, saving a factor of essentially 2*°k? /7 in a mean-square estimate for it. As a
convenience, we write v = (kzo) + ko(k1 — ko).

Lemma 6.2.1. Let T be a box and assume 2*H1&pk? < 7. For any d € T we have

7 k1 2 oL 12 2k 2kotlep 3
) Téfp — WK, L)| <20gp - g/fp %SP -

(K,L)eD(7,P)

This is essentially Smith’s Proposition 6.7, or the content of [3, Proposition 5.8]
(they apply Cauchy’s inequality in their statement of the result). Note that 7 is
typically of size (loglog X), while k1 < 3(loglog X)™ and ko < kono log loglog X
for pleasant boxes. Taking 1y — 0 and kg9 — 0 (in an appropriate way) will then
ensure that the r-factor dominates.

Proof. For o € Sym.. we write S(c) for the set of (K, £) with d in T'(K?, D’)z;. We
can note that the mean value of W;(KC, £) is as suggested, namely

7l /e

S #WAKL) = DT #S(0) = ot —— - 2l)g,

(K.L)ED(7,P) seSym. 2(k20)+ko(k1—ko)
as either sum in question is the size of
{(0.K.£)|d e T(K, £7)5 },

and each o-section has the same size, as the allowable (IC, £)-specifications are given
by v = (k;) +ko(k1—ko) Legendre conditions and k; residue conditions modulo Mp.

6.2.2.  We proceed to compute the mean value of #W;(K, £)?. This is the number
of pairs (01, 09) with d in both T(IC‘”,E‘”)E; and T(IC"Q,E"Z)Q;. We can invert
the problem by starting with the two permutations o1, 09 and writing S(o1, o2) for
the set of (K, £) with d in both (K, £7)} and T(K?2,£72)}* . Indeed, we then

have
S #WHK, L= DD #S(01,02).

(K,L)eD(7,P) 01,02€8ym
corresponding to two different partitions of

{(01,02,K,L) | d € T(K, L7 N T (K, L72)} ).

Contrary to the S(o), the S(o1,02) can be of different sizes, depending on how
many independent conditions are specified. We proceed to bound S(o1,02) based
upon how many indices the permutations simultaneously map to < kj.

We write U(o1,02) = {i : 1 <i <7]|01(4) < k1,02(i) < k1} and u(o1,02) for
its size, and note when u(oy,02) = u there are at least (2v — ukg) independent
conditions for £ and at least (2k; — u) independent conditions for K. For (o1, 02)
such that u(oy,092) = u, we thus have the bound

#S(01,02) < 2(5)55;/22”*“’“0572)’“1—“,
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We then bound the number A(u) of pairs of permutations with u(oq,02) = u.
There are (i) subsets of 1 < i < 7 of size u. Fixing such a subset V', we then bound
the number of oy that have U(o1,02) = V for some o3. There are (Ifj) ways to
choose the image set of V under o7, and u! ways to permute the images. Meanwhile,
the other (7 — u) elements of the domain can be chosen to have arbitrary images
outside of og1(V), giving a factor of (7 — «)!. Symmetrically, the same argument
for oy yields the same result. Summing over V, this gives a bound for A(u) of

< (e o] = o gt o)

(F—u)!  ky!? <2 (F—u)!  ky!? <F!2<Iﬁ)“7
wil (b —w)l?2 — (B —u)? —
where we used that k? < 7 in the final step.
Summing over u then gives the mean-square bound

= 712

. k u2uk0€u ~ 2(;)57: Qkﬂf”PkZ —1
(;)#W K L) < 2 'QZ( 7"1) 221;572)161 - r!222v§723’7:1 (1 - T 1)

so that with p = (71/&5) /2 and A = 2k¢pk? /7 we have

<1 ek 9
Z [7"/# - #Wd~(IC, AC)} = Z [/LQ — QM#W(J(IC, [:) + #Wd*(l(:,ﬁ)z]

k —_
7 2(2°)+ko(k1 ko) D)

N 2 2k
2()er, . . /5 [1-2+1/(1-N)].
As we assume A < 1/2; the final bracketed term is < 2/\, and the result follows. 0O

We then have the indicated Corollary coming from applying Cauchy’s inequality.
Corollary 6.2.3. Assume 2F0t1¢pk? < 7. Then for any d e T we have

7 _ fl/gkr s okot+l 2.1/
S|P o] <2bgp L (ZUERR Y

~ 2v 2v T
(K,L)eD(7,P)

6.3.  We next show that pleasant boxes restricted by (IC, £) have the expected size
when averaged over Sym,.

Proposition 6.3.1. Let T be a (ko,m,ns)-pleasant (X,n9, P)-box and assume
that ng/2 > mn1 > ns > 0. Then

7l #T
(K, E;(TP) 57’ ( )

This is Smith’s Theorem 6.4, or Theorem 5.9 of [3]. We use the above estimate
from our Proposition on T(KC, E)Zé as the fulcrum in a triangle inequality.

=S Tk, £7) (72k°+;§7’k%)1/ °

oE€Sym;

< FIHT -

Proof. The quantity of interest here is bounded as

< f Z \r'#T—w N HT(KT, L)
2B)ef (¢

ocE€Symy

2’0 kl

()

S Y et - 2% e, 2],

vek
g‘P o€Sym;(K,L) 2 5771
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For the first sum we use Y #7(K7, L'")’,zl = > i #W;(K, L) and get a bound of

Ugh 5~ T el Y Wk )| < 1/6732 S [t - ek o)

20 &2 det (K.L)

Ve s (2R g
R e

where between the lines we used the previous Corollary [6.2.3]
The second term is bounded by Corollary as

Z Z LT(0)E by exp(6(log logX)2"1)> < TIHT - 27
57;- e exp((loglog X)™ /9) exp(c(loglog X))
and as vlog2 < kok1 < (logloglog X )(loglog X)™ is dominated by c(loglog X )"

asymptotically, the 2 can be ignored. Also exp(c(loglog X)™) > loglog X > 7'/2,
implying this error is smaller than the previous, giving the Proposition. ([l

6.4. Using the above Proposition we can then compute (cf. above with §6.1.1)

F #T FIAT - 2k0/2 g,
7! #T(K, L) = #T(K°,L%) = 71 =
(’sz[') (ICZ,[,) Ueg}gnf (%) 77 ( IOg log X )

s2(IC,L)=s s2(KC,L)=s sZ(KC,L)=s

By the analysis given in the next section we shall find that (as 7 — co) the number

of (g,K, L) with 2-Selmer rank (s + 2) is ~ p; - 2(2)57;, for some constant ps, and
will thus we will be able to conclude that for a pleasant box T we have

#{de T s(Bq)=s+2y= Y  #T(K,L)+ Y #T(K,L)~ ps-#T.
(K,L)eD(7,P) (K,L)eD(7,P)
sh(KC,L)=s so (K,L)=s

Summing over all such pleasant boxes will then give the main Theorem [1.1.2

7. THE 2-SELMER GROUP, IN BRIEF

We return to the situation we introduced in §I.1} namely considering an elliptic
curve E : y? = (z — ¢1)(z — ¢2)(z — ¢3) with Q its set of bad primes and Q when
appending the infinite place. We can assume the ¢; are integral with no common
nontrivial square factor. We consider twists Eq : y*> = (z — dc1)(x — dez)(z — deg)
of E by squarefree d that are coprime to Q. We write d;; = (¢; — ¢;), and the bad
primes will be those that divide at least one of the 6;; (with i # j). We let Mp be
4 times the product of the primes in  (which necessarily contains 2), and take Rp
to contain all the coprime residue classes, so that ap = 1.

We will be somewhat sketchy about the 2-Selmer group and genericity here,
postponing more details to the next section. Our exposition will mostly follow
Swinnerton-Dyer [50} §3] (see also his [49] for some extra details).

26Note that the given model is always bad at 2 (and thus 2 € ), though a minimal model
for E need not be: e. g., the elliptic curve of conductor 15 with (c1, c2,c3) = (—9,0, 16).
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7.1.  For the 2-Selmer group, we are interested in finding everywhere locally soluble
quadric intersections m;y? = = — de; where mymams is a nonzero square, denoting
such a curve by C(1i). As elements of Q*/(Q*)? the triples m = (my,ma,m3)
form an abelian group as m x m' = (mym/, mamf, msmj) under component-wise
multiplication, and we can restrict attention to m where the m; are units at all
primes outside Q that do not divide d.

7.1.1. Thus we can re-interpret the situation locally. Following Swinnerton-Dyer’s
notation we write B for the union of  with the primes dividing d.

We let Y, = Q7 /(Qy)? for | € B, which is naturally a vector space over Fa, being
of dimension 2 for [ > 3 (and dimension 3 for [ = 2 and 1 for | = 00). We let V] be
the space of 3-tuples (m1,ma, m3) € Y;?> with mymams = 1; this is again naturally
a vector space over Fy, of twice the dimension of ¥;. We then let Vs =3,z V1.

We then define Ug as the subspace of Vi generated by the diagonally embed-
ded elements (1,1,1) and (I,1,1) for all I € B (with [ = —1 corresponding to the
infinite place). Meanwhile, we define W, C V; as the image generated by the
points on E;(Q;) under the Kummer map, defined away from 2-torsion points
as (X,Y) = (X —dey, X — deg, X — des), and for 2-torsion points by continuity.
With W = >3 Wi, the 2-Selmer group is then the intersection of Ug and Wp
(both of these vector spaces have half the dimension of Vg).

There is also Tate’s pairing-based interpretation. We define e¢; on V; x V; by

61((m1,m2,m3) X (mlla mévmg)) = (mlvmll)l + (va mIZ)l + (m37mg)l

where (u,v); is the Hilbert symbol (with values in Fg) defined as 0 if 2% = ux? 4 vy?
has a nontrivial solution (z,y,z) € Q? and 1 otherwise. We extend @®;e; to Vg x Vg
by additivity. Our desired matrix is then eg on Ug x Wg (or more precisely on
bases therein), and the dimension of the kernel of this matrix is the 2-Selmer rank.

In particular, the Hilbert symbols in question are determined (with an obvious
identification of +1 with F3) by: the Legendre symbols (p;|p,) for primes p; and p;
that divide d (so associated to L), by (¢|p;) for ¢ € Q, and by the sign of d.
The conditions for (g|p;) are weaker than our congruential XC-conditions, at least
assuming 8 divides Mp as we have ensured. We refer to these weaker Legendre
conditions for bad primes as K-conditions.

Thus the entries of the pairing matrix M(FEy) (though not the underlying in-
terpretation in the terms of 2-covers) are the same for all d € ST (co) that meet
given (I@,E)—Speciﬁcations. It will be notationally convenient to place the sign-
condition on d as a subscript on K. In particular, all d as above have the same
2-Selmer rank that we denote by s(K,£). Similarly all —d € ST (c0) with |d| sat-
isfying the (K, £)-specifications have the same 2-Selmer rank, denoted by s(K_, £).

7.1.2.  There is still the issue of choosing a decent basis for Ug and the W; so that
this pairing has nice properties, such as being (skew-)symmetric or even alternating.
As Swinnerton-Dyer explains, one must identify Ug with Wy via an isomorphism,
and for this can use an abstract theory of maximal isotropic subspaces to ameliorate
the situation in general. For p|d we can be more concrete, noting that W), will have
have three nontrivial elements (from the 2-torsion under the Kummer map

W), = (812613, db12, db13), Wy = (dba1, 021023, d023), and W) = (dds1, ddsz, d31032).

27In our description here we take (following Swinnerton-Dyer [50, (12)]) the second and third
as basis elements; but in the next section we use the first and second (which seems more natural).
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We shall discuss the choice of isomorphism with Ug more in §8.3]

7.2.  Additionally, one can “estimate” the 2-Selmer rank using only the places in Q
and the first ¢ primes dividing d (for both local solubility and in defining suitable
2-covers). In terms of the pairing matrix, this corresponds to taking the submatrix
of size 2(#Q + ¢)-by-2(#Q + ¢) associated to  and the first ¢ primes

This submatrix is then the same for all (K., £) that have the same c-restriction,
which indeed have the same cth 2-Selmer rank estimation s.(K., £).

Now this “estimation” is merely taking the rank of a minor of the full matrix,
and indeed for any solitary (I%E, L) the principal mathematical feature it has is that
the rth-estimation is indeed equal to the 2-Selmer rank. However, as described
in below, when averaging over (I@E, L) one can relate the distribution of s.
to that of s.41, at least in the generic case.

7.2.1. With regards to Ug restricted to the first ¢ primes dividing d, which we
denote by Ug, this is then generated by (1,1,1) and (I,1,l) where ! runs over the
places in Q and the first ¢ primes dividing d.

On the other hand, there is some subtlety when interpreting the restriction
of (I@E, L) to the first ¢ primes. Namely, defining £;; from £;; by quadratic reci-
procity (feasible since the K-conditions fix each prime modulo 4), we then de-
fine £j; = [[,4; £ij- Considering the first ¢ conditions for £ in the sense of the
2-Selmer group then means to require all the prescribed L-conditions to be met
for £;; for 1 < 4,5 < ¢. This is now (;) + ¢ conditions for 0 < ¢ <7 —1. (In
other words, the diagonal entries depend on all the primes dividing d, and this
information should be retained even when considering the restriction — it may be
more trenchant to include € in the definition of £;; somehow, but this is unneeded).
q¢j» and restricting the K.-conditions to the
first ¢ primes will mean considering € and all Iéqj with 0 < j < ¢. In particular,
the Oth conditions are always present, and the ultimate prime is not independent
information. (This is equivalent to fixing the class of d in Q}/(Q;)? for all I € Q).

Note that the Oth 2-Selmer estimation already depends on d. Indeed, we shall
show below that all the s. have the same parity, and thus sy contains whether
the twist has even or odd parity. The global root numbers for £ and Ejy4 diﬁ"eﬂ
by a factor of (d|—Ng) when twisting by fundamental discriminants d coprime to
the conductor Ng; if this transferred to 2-Selmer parities, our specification of d
in Q/(Qp)? for all I € Q would be a stronger formulation therein. It turns out
to be rather nontrivial to make this transference, though Monsky [30] combines
computations of Kramer [29] with Kolyvagin’s theorem [26] to do so. For our
purposes we can avoid the latter, and in we show the weaker result that
exactly half of the (I@S, L) have sg with even parity

Similarly, we can define K, = [] ; K

280ne need not take the primes in order, but there is also no reason not to do so.

29This is typically noted in a context of a functional equation for the L-functions, thus using
modularity, and then follows from the work of Atkin and Lehner [I] with modular forms. I am not
sure of the history, but I think Kramer’s work [29] is the first to delve into the issue for elliptic
curves as such, though as noted, it seems more pertinent to then consider the Selmer parities
rather than the global root number per se.

30Kane asserts this in [23} Lemma 1], though his claim that E can be twisted to have good or
multiplicative reduction everywhere is false (e. g. for the congruent number curve, of conductor 2°).
This prevents Kramer’s Corollary 1 (to Proposition 6) from being used in such situations. Also,
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7.2.2. The purpose of the above estimation is that we can often relate s. to scy1,
at least in a distributional sense. First let us note that si(K., L) is indeed the
2-Selmer rank, and it is always 2 more than s;_; (K., £), with this addition of 2
corresponding to the 2-torsion points (see .

When the c-restriction of (I&E,K) is suitably generic, there is a distributional
relation between s.(K., £) and sq41 (K., £) for ¢ < 7 —1.

The essential reason for this is a consideration of the appending of the informa-
tion from the (¢ + 1)st prime (call it p) to the pairing matrix, which is discussed
by Swinnerton-Dyer in [0, §5]. We first consider the kernel of the pairing sub-
matrix MC(IQ,L’), and the pairing restricted to said kernel is clearly 0. Upon
appending the information for the (¢ + 1)st prime, the essential part of the pairing
matrix for the first (¢ + 1) primes can be written in the form

0 A
“= ()
where A is 2-by-s (with s = s.(Ke, £)) and C'is 2-by-2 and alternating. Given the c-
restriction M(K., £), there are thus (2s+1) conditions that determine s, (K, £).

With the above beneficial choice of basis for W), for p dividing d, given an
element @ = (u1,u2,u3) € Ug we can compute that the pairing between u and u'ff,
is given by (dda1,u1), + (821023, u2)p + (ddas, us),. Here the middle term is 0 as
both components are units modulo p, and similarly the first term becomes (p, u1),
and the third (p, us),. Since ujusus = 1, this is the same as (p, uz),. Similarly, the
pairing for @ with @} is (p,us),. This then gives the matrix A.

Meanwhile, a beneficial choice of 62129 and 622 as basis vectors for U, ensures that C'
is alternating (and that the lower part of the matrix is indeed AT), and with the
off-diagonal entry depending on (d,p), for ¢ < ¥ — 1; thus this off-diagonal entry
is independent, in Swinnerton-Dyer’s sense, of the entries in A (which only depend
on Legendre symbols involving p and the first ¢ primes).

7.2.3. Swinnerton-Dyer gives genericity conditions that ensure that the entries
of A are suitably independent, by ensuring they involve differing primes in Legendre
symbols. Moreover, the nondiagonal entry of C' depends on all primes dividing d,
and thus is always independent (for ¢ # 7 — 1) of the other considerations. Upon

showing that non-genericity occurs for at most 0(2(0;1)2(0"’1)3‘7&Q - (15/16)°) of the
possible (K., L')-restrictions to the first ¢ primes, he then reduces the problem to the
generic case. Thereupon we note the pairing matrix G has rank 0 when A = C = 0,
rank 4 when A has rank 2, and rank 2 otherwise. In the first case the 2-Selmer rank
estimate (which is the dimension of the kernel) increases by 2, in the second case
it decreases by 2, and in the final case it remains constant. It is then an exercise
to show that of the 225F! choices for (4, C), one of them induces G of rank 0, and
that 2 - 3(2° — 1) yield G with rank 2 (the nonzero entries in A either need to lie
all in the same column, or be replicated the same in each column).

We sum this up as follows, postponing more details (mostly about genericity) to

the next section. We let Y(r, #Q) be the set of all 2 - 2(2)27#2 choices of (165,13),
and Y(7, #Q)|[c] the set of c-restrictions of them.

given that Kane moves to such a minimal twist, this would seem to inhibit the replacement of E
by E’ (to handle twists by bad primes) as discussed in our Introduction (cf. Footnote .
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Lemma 7.2.4. Suppose that no element of {512013, 021023, 031032} is square (which
is equivalent to E having no rational 4-torsion). For ¢ < 7 — 1, the number of
(KL, L") € Y(7,#Q)[c] with M (K., L) nongeneric is O(2<CJ’51)2(C‘*‘1)7‘*£Q -(15/16)°).
Lemma 7.2.5. Let (K., L) € V(7 #Q)[c] be generic and consider the subset
of (Ke, L) € Y(7,#Q) whose c-restriction is (KL, L"). (Note here that genericity
necessarily implies ¢ <7 —1).
The sc+1(Ke, L) are then distributed from s = s.(KL, L") in the following manner:

e a proportion 1/225%1 of them have sey1(Ke, L) = s+ 2 = SC(K;,EI) +2,

e a proportion 3/2° — 5/2%5%1 have s.41(K, L) = s = s.(KL, L"),

e a proportion 1 — 3/2% +2/4° have s.41(Ke, L) = s —2 = s.(KL, L") — 2.
7.3. Finally we sketch the Markov chain analysis as given by Swinnerton-Dyer,
again postponing more details (and indeed, a somewhat different formulation) to
the next section.

7.3.1. Firstly we note the (I@67 L) that are non-generic at some j > J are not very

problematic. Indeed, the number of (K., £) € Y(7, #Q) that are non-generic at j
is < (15/16)j2(;)2’:#ﬂ, and by Lemma E we have #T(K, L) < #T(l@)Q”/Q(g)
where v < kok1 < kono logloglog X - 3(loglog X)™. Summing over j and K. then
gives that the total number of d € T that are in some T'(K, £) that is nongeneric for
some choice of € and some j with J < j < 7 — 1 is bounded as < #7T -2¥(15/16)”.
This is then adequately small with J ~ (loglog X)/99 (say).

7.3.2. The essential idea of the Markov chain is to consider a starting distribu-
tion h’ whose sth component is the number (or proportion) of (K., £) € V(7, #)
whose 2-Selmer J-estimation s (K., £) is s. Ignoring genericity, this will then lead
to a distribution A7 for J < j < ¥ — 1 with

- ; 1 .3 5 ; 3 4

gt _pi o= — VR I [ T

hS - h5—2 92s+1 + hs (23 225+1> + h5+2 (1 92s + 22s+1)'

(One can, and we shall in the next section, interpret this in terms of matrices). The
question is then what the distribution A" ! looks like, with our expectation that it
should be reasonably close to a linear combination of the two stable distributions
(one for each parity of s;). These are given in terms of

28

o0

Ps = =5 o7 1\ 1—1/2°"4h),

o1l )
for which we have pg +p2 +ps+ - =p1+p3+ ps+--- =1 as expected from a
probability distribution, and indeed for s > 0 (with p_s = p_; = 0) we have

B 1 3 5 L3 4
Ps = Ps—2" Saigyq1 T Ps (5 - W) T Pst2 ( otz T 22<s+2)+1>~

The main theorem of Markov chainﬂ then implies that the distribution tends
exponentially quickly (with rate determined by the second largest eigenvalue As2) to

31For those who have not seen the argument before, one first determines the distribution after «
steps when starting in the ground state (which is either 0 or 1 in our case). This gives that the
probability of being in state S is ps(u) = as + O(e~"*) for some xk > 0. One then considers
starting in state Z, and computes the probability 8(m) that the first time to reach the ground state
will be at the mth step. The probability of being in state S at the vth step when starting in state Z
is then )~ ps(v—m)B(m). In our case, we reach the ground state for the first time almost surely
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the stable distribution(s). As our walking length is # — J > 97(loglog X)/99, this
gives an error estimate of O(A;~7) = O(1/(log X)°).

There are minor issues with including non-genericity into this analysis, which we
regard more in the next section. We sum this up as follows, recalling that s; is 2
more than s;_1, and that half of the (K., £) yield 2-Selmer rank of each parity.

Lemma 7.3.3. Consider the set of (K., L) € Y(7, #KQ) that are j-generic for all j
with J < j < 7—1, where J = | (loglog X)/99]. Then the proportion of such (K¢, L)
whose sp-value is a given value (s + 2) is ps/2+ O(1/(log X)¢) for some ¢ > 0.

This then allows us to complete the proof of Theorem [[.1.2) as put forth in §6.4
(We will recapitulate the entire proof structure in .

7.4. We now give an extended example, to try to illuminate the notion of generic-
ity. This example is a bit contrived, as in practice the number of primes dividing d
tends to infinity (thus much exceeds #¢), while we only have 5 primes dividing d.

7.4.1. We consider the congruent number curve E : y? = 23 — z, so 0= {2, 00}.
We will consider twisting FE by a product d = eppapspaps of a sign and five primes.

First we consider the Oth estimation which (as in , specifies the sign of d
and its class in Q%/(Q3%)? (indeed, the K-condition for oo specifies (—1|d) and the
K-condition at 2 specifies (2|d), while £ gives the sign). In our example we will
consider d = 1(8) with d positive.

We have (¢1, c2,¢3) = (—=1,0,1) so (412, 413, d23) = (=1, —2, —1). We immediately
see that the Oth estimation is in fact the 7th estimation for E itself (with d = 1),
for which the 2-Selmer rank is 2, with the elements given by (1,1,1), (2,—1,—2),
(1,—1,-1), and (2,1, 2), corresponding to global torsion elements for E;.

In fact, let us derive this a bit more concretely, taking the opportunity to note a
subtlety with W5. We have a 4-by-4 pairing matrix corresponding to bases for U g,
and W, for | € {oc0,2}. The former is generated by the elements (1,2,2), (2,1,2),
(1,—-1,-1) and (—1,1,—1), while W is generated by (1,—1, —1). Now, two inde-
pendent elements of W5 can be determined by 2-torsion points, namely (2, —d, —2d)
and (d, —1, —d), associated respectively to the torsion points X = —d and X = 0,
under the Kummer map (X,Y) = (X —dey, X —deg, X —de3) = (X +d, X, X —d)
extended by continuity. A third independent 2-adic point can be seen to come
from X = 28, as then X?—d?X = X(X?—d?) has both X and X?—d? = X?—1(8)
in the 7 mod 8 square class, so that their product is square. The Kummer image
(28+d, 28,28 — d) is then 2-adically equivalent to (5,7, 3) for our d = 1 (8). We can
then compute the pairing matrix on such bases as in Table (1} where in the compu-
tations we repeatedly used multiplicativity of Hilbert symbols combined with the
3 facts: (2,2)2 = 0, (2,u)2 = 0 for u = 1,7(8) while (2,u) = 1 for u = 3,5(8),
and (u,v)s = 0 for odd w, v unless u = v = 3 (4). For instance, we have the calcula-
tion ((—1,1,-1),(2,—-d, —2d))2 = (—=1,2)2+ (1, —=d)a+(—1,-2d)s = (-1, —d)s =1
since d = 1 (8). As seen, the kernel is indeed generated by (2,1,2) and (1, —1,—1).
(We later make the pairing matrix be symmetric by modifying the bases).

We give our definition of genericity for the cth estimation in below, and
for ¢ # 7 — 1 it is that the kernel UZ(K., £) of the cth pairing matrix M.(K,, £)

within a bit more than J steps, say J + v/J(log J)2, with then nearly 7 — 2J > 97(log log X)/99
steps remaining. This then gives the probability of being in state S as ps + O(1/(log X)¢) for
some ¢ > 0, and this is suitably uniform over starting states Z by taking J appropriately small.
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(1,1, D (5,7,3)s  (2—d,—2d);  (d,—1,—d)s

(13272) 0 (2a21)2 =1 (272)2 =0 ( 7d)2 0
(2a1a2) 0 (2a 15)2 =0 (27_d)2 =0 ( 1)2
oLy 0 (CL2la=0 (CL2h=0 (-Ld)s=-
(—1,1,-1) 1 (-115)s =1 (—1,—d)a =1 (~1,~1); =

TABLE 1. Initial pairing matrix for the congruent number curve

should not have have any element of the form (1, u,u) with u # 1, and should also
not have any two elements (u1,ug,us) and (v1,ve,v3) with u; = ve. From this
we find, somewhat trivially, that the O-restriction of every (K., £) with d = 1(8)
and d positive is nongeneric. However, this doesn’t stop us from carrying out
the appending process in — it simply means that the proportions given in
Lemma need not apply.

7.4.2. We proceed from the O-restrictions to 1-restrictions by appending p;. This
introduces only the information from L£1; = (d/ep1|p1) for Legendre conditions,
while the C-conditions again specify p; modulo 8. Thus we find there are 8 different
1-restrictions, specified by (p1 mod 8, L) € (Z/8Z)* x {£1}.

The description in §8.3| gives a way of selecting local images of basis elements
for Ug™ /U, (this being valid for ¢ < # — 1). We describe the result in Table
Here {3 = 812013 is a typographical shorthand, as is 637 for 21023, while we
write p = p1, and v, for a quadratic non-residue modulo p. In reading the left half
of the table, the rows correspond to a condition on (d12d13|p) and the columns to
one on (d12|p), with the entry in the table then giving the applicable local image.

(013lp) | (d12]p) = +1 (d12fp) = —1 (031lp) | (d21]p) = +1 (da1lp) = —1
+1 (Lpp)  (Lprp, pryp) +1 (p.Lp)  (pvp, L, pyp)
71 (Vpapvpyp) (Vil”pyp’p) 71 (pa Vp,pr) (pl/p,l/p,p)
TABLE 2. Local images for basis elements for p in the pairing matrix
For the congruent number curve §12013 = 2 while d21903 = —1, and d12 = 1
so 021 = —1 (in particular the (d12]p) = (1|p) = —1 column is irrelevant). The

appended local images of the basis elements with the matrix G of §7.2.2 are: (1,p,p)
when (2|p) = +1 and (vp, p, pvp) when (2|p) = —1; and (p, 1,p) when (—1|p) = +1
and (pvp,vp,p) when (—1p) = —1. We can take v, = —1 when (—1Jp) = —1
and v, = 2 when (2|p) = —1 (and either works for p = 3(8)). For such a local
image s there is § € Ug"'l that maps to it such that the pairing of § with respect to
the W; for I €  and to the W, for the first ¢ primes is always 0 (this 5 is unique, up
to translates by elements of Ug(K., L), and possibly the other appended element).

We summarize the G-matrices in the various cases in Table 8l Therein we have
written { = (d,p1)p, = (d/ep1,p1)p, + (€D1,P1)p,, Where the first term corresponds
to L£11, and the second is (p1,p1)p, = (—1,p1)p,. Note that the upper-right 2-by-2
corner A has rank 2 for p = 3(8), and thus U(K., £) will be trivial in this case,
as the kernel of G is trivial and the first 2-Selmer estimation is 0. Meanwhile A
has rank 1 for p = 5,7(8), and here G has a kernel of dimension 2, giving the first
2-Selmer estimation. Finally, when p = 1(8) we see A = 0, and thus whether the
first 2-Selmer estimation is 4 or 2 depends on whether [ = 0.

The computation of A is similar to the recipe given in (though using the
first and second elements as a basis rather than the second and third as Swinnerton-
Dyer did), namely for a row (u1,ug, u3) the left column corresponds to (u1,p), and
the right column to (ug2,p)p,.
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(1,-1,-1) /0 0 0 0\ |(1,-1,-1) /0 0 0 1
_ 2,1,2) [0 0 0 0 2,1,2) [0 0 1 0 _
PEYOL ) o0 0 0] [ 01 0 o] [PE30)
(p,1,p) 0 0 ( 0 (pVp, Vp, D) 1 01 0
(1,-1,-1) /0 0 0 0\ |(1,-1,-1) /0 0 0 1
_ 2,1,2) [0 0 1 0 21,2 |0 0 0 0 _
pP=5(8) (Vps 0, PVp) 01 0 1 (1,p,p) 0 0 0 I P=T(8)
(p,1,p) 0 0 ! O (pVp, Vp, D) 1 0 1l 0O

TABLE 3. Basis elements (local images) and matrices G in various cases

The final accounting is that 2 of the 8 selections of (p; mod 8, L11) give a first
2-Selmer estimation of 0, while 5 of them give 2, and 1 gives 4. Indeed, instead
of obtaining five independent conditions from the entries of A and the off-diagonal
entry of C, we find that the upper-left and lower-right entries of A are forced to
be 0, as they correspond to (1,p),. Thus we have three independent conditions,
with indeed 23 possibilities. The estimation increases (to 4) only when A =C =0

For our running example we will take p; = 5 (8) with { = 1 (which is £;; = —1).
Then a basis of Uj(K, £) is given by (1, —1,—1) and (2p, 1,2p). Indeed, the latter
is not only the local image at p, as we readily compute that

<(2p7 1, 2]9), (57 7, 3)>2 = (2]9, ]-5)2 = (2, 15)2 + (pv 15)2 =0+0,
<(2p7 1, 2p)7 (27 7da 72d)>2 = (2pa 7d)2 = (27 7d)2 + (p7 7d)2 =0+0,
and ((2p, 1,2p),(d, =1, —=d))2 = (2p, —1)a = (2,—1)2 + (p, —1)2 = 0+ 0.

7.4.3. In passing from a 1-restriction to a 2-restriction, we will have 2 new Legendre
conditions and again a congruence condition mod 8. Thus each 1-restriction will
yield 16 different 2-restrictions, via (po mod 8, L13, L22) € (Z/8Z)* x {£1} x {£1}.

In some cases there are simplifications. For instance for p; = 3 (8), whether or
not the second 2-Selmer estimation is 0 or 2 depends solely on L2, so is independent
of ps (8) and L1 (indeed, this case is generic, and we get the expected split).

Continuing our example with p; = 5(8) and [ = 1, we can then produce the
matrices G seen in Table 4] where we wrote p = po. Here we wrote e = (p1,p),
and € = e+ 1; however we need not simply have | = (d, p),, as this is only valid for
the local image — in general | depends on (d,p), but could also involve Legendre
symbols with other primes and p. In any event, specifiying e is equivalent to
specifying L2, and similarly with [ and Los.

(1,-1,-1) /0 0 0 0\ | (1,-1,-1) [0 0 0 1
— (2p171a2p1) 0 0 e 0 <2p17172p1) 0 0 e 0 —
pP=1(8) (1,p,p) 0 e 0 I (Vp, D, PVp) 0 e 0 I p=3(8)
(p,1,p) 0 0 I O (pVp, Vp, D) 1 01 0
1,-1,-1) (0 0 0 0\ | (1,-1,-1) /0 0 0 1
_ (2p1,1,2p1) 0 0 e 0 (2p1,1,2p1) 0 0 e O _
P=5(8) (Vps 0, PVp) 0 e 0 1 (1,p,p) 0 e 0 1 P=T(8)
(p,1,p) 0 0 1 O (pVp, Vp, D) 1 0 I O

TABLE 4. Matrices G in various cases for second estimation
For our running example we take po = 7(8) and e =1 (so L12 = (p1|p2) = —1),
which gives us a 2-estimation of 0. For the purposes of this 2-estimation it doesn’t
matter what Lo is, though when considering later basis elements it will.
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7.4.4. Upon passing from a 2-restriction to a 3-restriction we see there are three
new Legendre conditions and again a congruence condition mod 8. Thus each
2-restriction corresponds to 32 different 3-restrictions.

In our running example, since we had a 2-estimation of 0, the only consideration
is whether (d, ps),, is 0 or not, as this determines the off-diagonal entry of C' (though
again we stress that, following Swinnerton-Dyer’s setup, this determination involves
lifting a local image). When C' = 0 the 3-estimation is 2, and else C has trivial
kernel and the 3-estimation is 0. We take ps = 3(8), with (d, p3)p, so that C' = 0.

It is now a chore to calculate the elements in UZ(K., L) corresponding to the
local images. It is probably easier, and fitting more with our pedagogical aims in
this example, to return to the full 10-by-10 pairing matrix and work from there.

In Table |5 we give the relevant matrix, writing 2 = = 4 1, with l;; = (ps, p;j)p,
for i # j and lj; = (pj,d)p,-

Weo WQO W21 W22 ng W;D21 Wplz Wzi Wl}s WI?S

(1,2,2) o 1 o o]0 1 0 0 0 1

(-1,1,-1) 1 0o o o]0 0O 1 0 1 0
(1, 1, o o o o]0 O 0 1 0 1
(2,1,2) 0 0 0 0 1 0 0 0 1 0

(1 P1,pP 1) O 0 0 1 1 111 0 l12 0 113
(p1,Lp1) | O 0 0 0 |l 0 L2 0 Ly O
(1 pg,pg) 0 0 0 0 0 112 _0 122 0 l23
(p2;1,p2) | O 1 L0 | lhie 0 lp 1 lag O
(]. pg,pg) 0 0 0 1 0 113 70 l23 71 l33
(pg7 1,p3) 0 1 1 0 l13 0 123 0 l33 1

TABLE 5. Pairing matrix after appending (p1,p2,ps3) = (5,7,3) mod 8

Note that we have symmetrised the initial pairing matrix (seen in Table ,
which is the 4-by-4 upper-left corner, by swapping the second and fourth rows, and
adding the first column to the other columns. Thus the first column label W, here
is the pairing with (=1, —1,—1) at oo, the column label W9 is Wo, + WY where the
latter is the pairing with (5,7,3) at 2, the column label W3 is Wa, 4+ W3 where the
latter is with 7} = (2, —d, —2d) at 2, and the column label W3 is W., + W2 where
the latter is with 7o = (d, —1, —d) at 2. In general Wp1 is the pairing with 77 at p
and W7 is the pairing with T, at p.

Each 2-by-2 block in the matrix has a specific pattern. For instance, the diagonal
2-by-2 blocks in the lower-right are determined by the congruence class of p mod-
ulo 8; the given array displays 3 of the 4 possibilities therein. These are readily cal-
culated as ((2, —d, —2d), (1,p,p)), = (2,p)p and ((d, —1,—d), (p,1,p))p = (=1, p)p
in the diagonal entries, while ((2, —d, —2d), (p, 1,p))p = (—d,p)p = (—1,0)p+(d, p),
and ((d,—1,—d), (1,p,p))p = (d,p)p. The off-diagonal blocks in the lower-right sec-
tion are computed in a similar manner, as ((2, —d, —2d), (1, p;, pi))p, = (2,Di)p;, =0
while (2, —d, —2d), (pi, 1,p;))p;, = (—=d, pi)p; = (pj, Pi)p, , and the behaviours switch
for Tp = (d, -1, —d).

The entries in the 4-by-6 upper-right block are determined by the congruence
classes mod 8 for (p1,p2,ps), as similarly are those in the 6-by-4 lower-left block.
We summarise the computations therein in Table [6]
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w, W _ . .
(1,2,2) 0 (2.p)p Woo W3 Wy W3
(-1,1,-1) | (—1,p)p 0 (1,p,p) 0 0 0 (2,p)2
(1771771) 0 (7lap)p (palap) 0 (_17p)2 (_lap)Z 0
(2a1» ) (2717)? 0

TABLE 6. Pairing computations

To achieve symmetry, and indeed make the whole matrix be alternating, we can
replace the last 6 rows (7,...,710) by

(Ts + Ty, Tg + To + 73,77 + 71 + 73,78 + 71 + 73,79 + 71 + 73 + 74,710 + 71 + 72)

In any case, we want to determine a basis for the 2-dimensional kernel; so far we
have specified (I11,012) = (1,1) and that 33 yield a 2-dimensional kernel — for our
example we take (l13,1l22,123,133) = (1,0,0,1), and the nontrivial kernel elements
are (p2ps, —1, —p2p3), (2,p1p3, 2p1p3), and (2p2ps, —p1p3, —2p1p2).

What is then important for us is that Uz (K¢, £) is now generic, given the defini-
tionf’] we cited in the last paragraph of Thus when passing from this generic
3-restriction to various 4-restrictions we should find that 1/32 of the possibilities
yield a 4-estimation of 4, while 19/32 of them yield 2, and 3/8 of them yield 0.

7.4.5. We then pass from our 3-restriction to various 4-restrictions. The 2-by-2

matrix A is Simplyﬁ
((p2p37p4)p4 (—=1,P4)ps )
(2ap4)p4 (p1p37p4)p4

To have A = 0 we need p4 to be 1 mod 8 while all the (p;, pa)p, for 1 <4 < 3 need
to be the same; this is 1/16 of the possibilities, and then one of the 2 values (d, p4)p,
yields a kernel of rank 4. A calculation shows that the 2 Legendre specifications
that achieve this are (l14,l24,34,l44) as (0,0,0,0) and (1,1,1,1). In the former
case the 2 new basis elements can be taken as (1, p4, ps) and (p4, 1, p4), while in the
latter (p1pa, 1,p1p4) and (pops, pepa, psps) are suitable lifts for them.

7.4.6. Finally, every 4-restriction is necessarily nongeneric (since ¢ = 7 — 1), and
indeed the 2-Selmer rank is simply the fourth 2-Selmer estimation plus 2 for the
global torsion.

In our running example, where (p1,pa,p3,ps) = (5,7,3,1) modulo 8, we now
must have ps = 1(8) for d = 1(8) to hold, and all the Legendre symbols with ps
have already been specified by the values of (d,p;),, for 1 <i < 4.

The above two cases that have 4-estimation of 4 do indeed in turn have 2-Selmer
rank 6, with a basis given by the stated four elements and the global 2-torsion
elements (2, —d, —2d) and (d, —1, —d) appended.

32Note here the existence of co-ordinates (namely —1 and 2) which are not dependent on the p;,
while Swinnerton-Dyer’s Lemma 6 (our Lemma removes such instances (as a convenience)
when bounding the proportion of nongeneric specifications. See Footnote [39] for more.

I think one needs to have 4 primes involved to meet the wider notion of genericity, for
which an example (with d = 1(8) and positive) is (p1,p2,p3,p4) = (3,3,3,5) modulo 8
and (l11, 112,113, l14, l22, 23,124, 133,134, l44) as (0,1,1,1,0,0,0,0,0,0), with basis elements given
by (2p2pspa, —p2pa, —2p3), (P1P2P4, P3P4, P1P2P3), and (2p1p3, —p2p3, —2p1p2)-

33As with the previous Footnote 32] in a more “generic” example all of the entries of A would
depend on L-information with the appended prime, and not merely on its K-information.
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8. GENERICITY AND THE 2-SELMER GROUP

We next give a description of genericity, which turns out to be of some import
when trying to generalize Smith’s later results to the class group caseﬁ

8.1. In the previous section we noted that the 2-Selmer rank of E; and its various
estimations were determined by E and the conditions (I@s,ﬁ) on d. However, a
description of the actual elements of Up (and ostensibly to determine if we are in
a generic case) would therein involve writing things in terms of prime divisors of d.

As Kane [23] Proposition 18] alludes to, we can circumvent this by operating on
purely formal symbols, thereby removing prime divisors of d from the picture (and
thus eviscerating any notion of a “random prime” from the terminology). While
this is somewhat of an exercise in pedantry, it will hopefully clarify some matters.

We write (a|b)* for the value of a nontrivial Legendre symbol in Fy, with simi-
larly K* and £* taking values in F5 rather than {£1}.

8.1.1. We fix an elliptic curve E : y? = (x — ¢1)(x — c2)(x — c3), and thus the set
of bad places Q and the differences dij = ¢; — ¢; between the roots of the cubic.

Given u, we define the set P,, of v formal symbols p; for 1 < i < u. We operate
on such symbols by multiplication/concatenation, and assume this is commutative.
We define v to be a “quadratic non-residue” for the formal symbol p, so that we
have (vp]p) = (b, vp)p = 1 € Fa. As such, we then consider Q}/(Qj)? to have four
elements, which we take to be {1,v,,p, vpp}.

8.1.2.  We will also make use of basic formal variables IC* forge Qand1<j <7,

and similarly E;-*j for 1 < i < j < 7. (The moniker of ¢ Varlables here is simply
to distinguish them from the above formal symbols). We also have the derived
formal variables K%, = Z K, for ¢ € ©, and for j > i we have (corresponding to

quadratic reciprocity) E* = L* +Kx ICgoj, while E =D it E*
We define Hilbert symbols for the formal symbols i 1n terms of the formal variables,

namely as (¢q|p;)* = (q, pj)pJ = IC;] for ¢ € Q (with ¢ = —1 for oo) and 1 < j < 7,
and (pi|p;)* = (Pi,p;)p, = L3 for 1 <i # J <7 and (pj, pj)p, = (—1,05)p, = Ki;-
We also define the convenlent d = épy - pr so that we have E* = (d/épj,pj)p]..
Here € corresponds to the sign of d, and has either (¢,p;);, =0 for all j when it is
positive, while (&,p;)p, = (=1,P;)p, = IC;OJ- otherwise.

We note (z,y), = 0 when neither x nor y is divisible by p; also, we often simplify
via multiplicativity, for instance if p||z then (z,y); = (x/p,y)p (p, Y)p = 0+(D,y)p-

8.1.3. Given a linear combination in the formal variables K* and £*, one idea is
to write it in a canonical form in terms of the basic formal variables. This need
no longer be a linear combination, though the only non-monomials will be terms
like IC;OZIC;OJ that arise when replacing E;Z by Ejj On the other hand, we do not

particularly want to consider Ej] and E}‘Z to be independent in any event.

We thus consider a set of linear combinations in the formal variables to be
independent if they are independent in the free algebra (over F5) modulo: the
relations Ll = E* for 7 # j; the relations from ICqO =2, IC;j for ¢ € Q; and the

relations L, = Zi# Eij for1 <j <.

34The substitute in [3l Definition 6.4] requires every nonobvious vector in the kernel of the
L-matrix (interpreted over F2) to have approximately 7/2 ones and 7/2 zeros in its co-ordinates.
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The point of independence comes about when we apply the evaluation homomor-
phism at (K*, £*) to the formal variables (K*, £*). We call a linear combination
in the formal variables an expression. If a set of n expressions is independent, then
exactly 1/2™ of the possible (I@*, L*) have the evaluation of all the expressions be 0.

Indeed we should stress that this conclusion is precisely why we formalised the
notion of “random primes” in the first place.

8.1.4. Given an expression, we can thus write it in a canonical form as a linear
combination of basic formal variables, using the above quotient-algebra relations to
do so. If this canonical form includes a specific basic formal variable, we say that
the expression depends on said variable.

Our plan to show independence of a set of expressions will be a form of tri-
angularisation; namely, we will find a basic formal variable such that exactly one
expression depends on it — said expression is then independent of the others in the
set, and we can recurse on the complement after removing it. It also useful to note
that the “diagonal” formal variables EJ*] have a useful property herein. To wit, if
there is some 7 such that none of the expressions depend on ﬁfj (fori < j) or E;Z
(for j < i), then a unique expression with E;] appearing will be independent of the
others; indeed, either C:] or C;‘Z will appear in its canonical form, and it will be the
only expression to depend on such. Moreover, this situation commonly occurs in
our setup of restricting the Legendre conditions to the first ¢ formal variables, with
consideration of appending the (¢+ 1)st; when ¢ < 7 —1 we will see that none of the
relevant expressions will depend on E;F for any j, and the above commentary then

implies that a unique expression involving L';] will be independent of the others.

8.2. We then define Vi analogously to the schema of the previous section (again
following [50} §3]), though now in terms of formal symbols rather than primes. We
write B = QU P, and given [ € B we define ¥; = Q;/(Qp)?, and V; as the vector
space of triples (u1, pia, 13) € Y;® with pqpops = 1.

The pairing of Tate on V; x V} is then given as the sum ), (m;, m;); over the 3 co-
ordinates. Here the Hilbert symbol (a,b); is well-defined for I € B for a,b € @,z Vi
in terms of various formal variables K* and £*. We then extend this pairing by
additivity to Vs x Vi where Vg = @, V1.

8.2.1. 'We then define Ug to be the subspace generated by the diagonally embedded
elements (1,1,1) and (I,1,1) (and (1,1, 1) if desired) over I € B, where again [ = —1 is
taken for the infinite place. We further define Ug as the subspace generated by such
elements for [ € QUP,. We have dim Vg = 4(7 + #Q) while dim Ug = 2(c + #9Q).
Indeed, by class field theory one can show Up is a maximal isotropic subspace for ej.
There is a homomorphism (the Kummer map) from E; to Vi that is given
by (X,Y) — (X — der, X — deg, X — dc;»,) away from 2-torsion points, and by
continuity we find the respective images of the 2-torsion points (dc;, 0) to be
W' = (612013, dbr2,dd13), W = (ddai, 621003, d023), and W = (dds1,dd32,031032),
These are globally defined, and for | € B we take W; to be the subspace of V;

generated by their projections. For | ¢ {2,00} this W is a maximal isotropic

35There is a important point to be aware of here, namely that if L; appears in an expression,
such an expression will then depend on either L:] or L;‘Z
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subspace with respect to e; (as Tate showegl), and upon considering [ € {2,00}
separately one finds that dim Wy = 2(7 + #Q).

8.2.2. Upon choosing bases for Ug and Wy and applying the evaluation homo-
morphism at a given (K*,£*) to the formal symbols (K*, £*), the pairing ma-
trix M(I@E, L) is then well-defined (with Fa-entries) on Ug x Wi C Vi x Vg, and
the dimension of its kernel is independent of a choice of basis. We denote this rank
by s#(K.,L). The left kernel of the pairing matrix corresponds to elements of Ug
that are “everywhere locally soluble” when interpreted in terms of elliptic curves.

Moreover, we can consider the restriction of the pairing matrix to the symbols
in QUP,, thus considering only Ug and W§ (the latter being the direct sum of W,
for [ € QUP,) and we denote the dimension of its kernel by s.(K., £).

8.3.  We now describe how to obtain a relatively nice isomorphism 75 between Up
and Wg, or at least on the relevant subspaces therein. As Swinnerton-Dyer notes,
this can be done by specifying maximal isotropic subspaces K; C V; for each [ in
such a way that Vg = U @ @, K;. We then define

Up =Up ® (Wi + Kp) and Wy = Wys/(Ws N Kp) = P Wi/(Wi N K),
leB
and upon taking tg : Vg — Up to be the projection along ¢;K;, this induces an
isomorphism 75 from W to Ug, which suffices for our purposes; in particular the
induced pairing ej is then symmetric. One aims to select K in such a way to
ensure Ug is as small as possible, namely equal to Ug N Wp.

For | € P; we can be more direct and indeed select the isotropic subspace K
explicitly as being generated by (1,vp, 1) and (v, 1,v;), with the resulting p-part
then being orthogonal, and we can ensure the pairing is alternating. For [ € Q) the
situation is more complexﬁ and we will simply be happy with a symmetric pairing.

8.3.1. We now give an explicit choice of isomorphism that yields an alternating
pairing for formal symbols. We do this locally (as given by a local isomorphism 7,)
for every formal symbol p, and then note how to glue them together. The global
torsion gives u')'zl-) = (012013, déia, d613) and 1[)'123 = (d(521, 021023, d623) as a basis for W,.
We want to determine 7@ and 7;@7 such that the 2-by-2 matrix of their pairings
with 117]13 and U_J'% is alternating, moreover with the off-diagonal term being (d, D)p-

By rotely computing the pairingﬂ we find there are four elements = € V; that
have ey (x, W) not depending on (d,p)s. First there is (1, p, p) which has the pairing
as (p, d512)p+(p, délg)p = (p, 012013)p, and (1, P, vpp) for which it is similarly given
by (V]jp, 612(513)1', = (p, (512613)[,; and (1/1',,]5, Vpp) which yields

(Up, 012013)p + (B, dd12) + (Vpp, dd13)p = 0+ (p, dd12)y + (B, dd13) + (v, dd13)y
= (P, 012013)p + (v, P)p = (P, 012013)p + 1,

with a similar computation giving the same result for (v, vpp, p). Thus two of these
four possibilities for 7, will have a pairing equal to 0 with wj, with which two
depending on whether 15813 is a square modulo p (thus determined by K).

36A§ Swinnerton-Dyer notes in his Theorem 2, one can achieve the alternating aspect for
all [ € Q other than 2, the infinite place, and those primes that have even valuation at all the d;;.
37SWinnerton-Dyer achieves the same conclusion at the bottom of page 524, via his Lemma 2.
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We then want 7,d} to have a pairing with @ that only depends on (d,p)s-
The pairing of (1,p,p) with u')'% is (p, dégl)p = (p, d),; + (p, d21)p while the pairing
of (1,vpp, vpp) with it is

(vpp, doa1) = (vp, door)p + (B, d)p + (9, 021)p = 1 + (P, d) + (B, 621)p-

Thus one of these two will have a pairing-value of (p, d)p with 165, depending on
whether do1 is square modulo p. When §12613 is square modulo p, this then gives
us our Tpd’é. Similarly, we have that the pairing of (v, p, vpp) with 1?)’12., is

(Vp, dO21)p + (P, 021023) + (Vpp, dd23)p = 1+ (P, 021023) 5 + [(vp, dd23)p + (P, dda3) ;]

= (p7 d)P + (p7 521)[)a
and that with (v, vpp, p) is

(Vpy dda1)p + (Vpp, 021023)p + (P, daz)y = 1+ (B, 021023)5 + (B, d) s + (B, 003)p]

=1 + (pa d)p + (pa 521)1')7

so again one of these pairing-values will be (p, d)p, giving us our choice of 7'1507;13 in
the case where 012013 is not a square modulo p.
This then gives an adequate choice of Tpdé, and we can repeat the process to

choose Tpd’% with respect to zﬁg, with the result being alternating as desired.

8.3.2. The above gives a method for selecting 7;; locally for each p; however, there
is still the task of glueing these together into a global 7-map, which need not be
trivial, particularly due to the occurrence of . It turns out (as an application of
quadratic reciprocity and/or class field theory) that we can select v}, freely in Vi for
all but one of the formal symbols (which we take to be p7). The local isomorphism
at the final formal symbol is then fixed by the condition with the global torsion
(rather than by the above setup), and indeed in this case we have (3@, @}); = 0
for ,j € {1,2} (equivalently, the matrix G below has C = 0).

Writing py. for p now, note also that the off-diagonal entry of (py, d)pk is only the
local image, and as in the extended example in one needs to lift it, which can
cause various (pk, pi)p, for i < k to also appear. However, the off-diagonal entry

of C will always depend on (P, d)p, -

8.4. We can then consider the process of passing from MC(K87 L) to Mcﬂ(las, L)
for 0 < ¢ < 7, writing p for the (¢ + 1)st formal symbol (it is fixed for our analysis).
This follows [50, §5] of Swinnerton-Dyer.

We restrict the pairing matrix to the kernels of M, writing U, = U, g(l@s, L) for
the relevant subset of Ug, and similarly with W, for Wg. Upon appropriate choice
of bases the pairing matrix on (U, @ 73Up) x (W, @ W;) is then of the form

0 4
o= (i o)

where C is alternating with non-diagonal entry depending on (p, d), when ¢ < 7—1.
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8.4.1. We can then compute s.;1 in terms of s, and the ranks of A and C. Indeed,
when A = C = 0 the rank of G is 0 and thus s.;1 = s. + 2. When A itself has
rank 2 we see that G has rank 4 and so s.11 = S — 2, while if A has rank 1 we find
that G has rank 2 (independently of what C' is) and s.41 = sc.

Note that when Uc+1 contains two elements that depend on p.41 in an indepen-
dent manner, we must then have s.y1 = s.+ 2, and so A =C = 0.

This will certainly be the cabe when ¢ = 7 — 1, since then Uy contains the images
under 7 of the global elements w w (512613, d512, d613) and U72 (ddzl, 521523, d523)
and these are not in Uy_; since they depend on d (and thus p7). From this we find
that sz =2 + s7_1.

8.4.2. In general, we will need to know more about the entries of A. We write Y,
for the direct sum of the ¥; = Q} (Qz) over | € Q.

For a given element (u1,us,us) € U., each u; can be written as ¢11, pe for
some ¢ € YB and € with e, € {0,1} for 1 < a < ¢. In particular p = p.y1 will not
divide u;. Thus the pairing of (u1, ug, us) with 117113 is given by

(012013, u1)p + (db12,u2)y + (db13,us)s = 0+ (D, uz)p + (B, us)y = (P, u1)p,
the last step since ujusuz = 1. The pairing with 711'2 similarly gives (p, u2);.
The entries of A thus consist of (p, u1), and (p, U2) for various (u1, ug,us) € Ug,

and each (p,u)y = (Pot1,u)p is some expression in the ICq (e+1) for ¢ € Q and

the L;’?cﬂ)j with 1 < j < ¢. Thus the expression (p,u); is nontrivial unless u = 1.
Meanwhile, for (p,d), from C, this is equal to (p,d/ép)s + (p,€p)s, where the

former is L£* and the latter is either K7 .. ;) or 0 (depending on €). In

(c+1),(c+1)
particular, when ¢ <7 —1 we see that this expression is independent of the others

(in the sense of i) due to the presence of the diagonal entry ‘C(c+1 (1)

As for the entries of A, we write {u"} for a basis of of U,(K., L) and consider
the 2s. expressions given by (p,ul), and (p,uy); for 1 < n < s.. A dependency
between these expressions would in particular imply there is some nonempty min-
imal subset U,z {(5,uf)p} U Uuez, {(9,ub)s} of said expressions for which the
product [T, (u§) [T,(ub) is equal to 1. If one of the products is empty, say the sec-
ond, then we can just add the elements (u®) themselves together and get something
whose first component is 1. Otherwise, we can add the elements (u®) together to
get (Uy, Uy, Us) and similarly the (u?) to get (U}, Ub, U}) with Uy = Uh. Thus if U,
contains no nontrivial element of the form (1,Us,Us) or (Uy,1,U;), and no 2 non-
trivial elements of the form (U, Uz, Us) and (Uj, Us, Uj) with Uy = U}, the entries
of A then determine 2s. independent expressions in the formal variables (and thus
are independent in the sense of specifying a coset of Y(7, #Q)[c]).

8.4.3. This then gives the definition: a specification (K., £) € Y(7, #Q) is generic
at cif UC(ICE, L) has no nontrivial element of the form (1, ug, ug) or (ug, 1,ug), and
also doesn’t contain 2 nontrivial elements (u,us2,uz) and (vy,ve,v3) with u; = vs.
We similarly define genericity of (K., £') € Y(7, #Q)[c], and sum up as follows.

Lemma 8.4.4. Let (K., L) € Y(7,#Q)[c] and suppose it is generic. Consider the
set of (K., L) € Y(7, #Q)[c + 1] whose c-restriction is (K., L'). The sey1(Ke, £)
are then distributed from s = SC(’%/E,EI) in the following manner:

e a proportion 1/225F1 of them have 5.1 (K., L") = s +2 = s.(K., L) + 2,
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e a proportion 3/2° — 5/22F1 have sc+1(I€~;, L) =s=s.(K., L),
e a proportion 1 — 3/2% 4+ 2/4% have s.+1(KL, L") = s —2 = 5.(K¢, L) — 2.

Proof. Given the above description of s.i1 in terms of s. and the assumption of
genericity, we need only note that the given proportions correspond to the number
of choices of (A4,C) with the requisite ranks of G as given above. (]

8.5. Next we will follow Swinnerton-Dyer’s analysis [50}, §4] to bound the size of
the set of the nongeneric (K., £) € (7, #Q)[c]. This is perhaps little more than 54
pages of re-presenting his (lengthy) arguments, though we make some corrections
and minor improvements, and handle the notion of “probability” more robustly.

8.5.1. We begin by noting some basic calculations for the pairings. Let (u1, uo, us)
be an element of Ug(l%g,ll), so that it is in Ug and meets the c-restriction of
the (K¢, £) conditions.

Let p = p, for some 1 < a < ¢ and suppose it does not divide any of the

components u;. The pairing of (u1, ug, us) with 11711., = (512513,62512, délg) is then

(612013, ur)p+(d612, u2) 5+ (db1s, us)p = 0+(p, ua)p+(p, ua)p = (B, uaus)y = (B, ur)p,
and similarly the pairings with 711? and u'ig are respectively (p, ua), and (p, us),. The
conditions that (u1,us,u3) be locally soluble at p (and so be in the space Ug(K., £)
of everywhere locally soluble elements) are thus that each of the expressions

9) (P, ul)ﬁ’ (P, u2)i)’ and (p, US)I"

should be zero when evaluating the formal variables (K*, £*) therein at (K*, £*).
(This is at most two independent conditions, since ug = ujus).

When p divides one of the components of u, then it divides exactly two of them.
When u; is a unit at p, then we find that the pairing with fLUzl-, is (writing us = p&2)

0+ (dd12, u2)p + (dd13, uz)p = (do12,p)p + (dd12,E2) + (dd13,p)p + (do13, &)y
= (612013, P)p + (d, &263)p = (512013, D) + (D, w1 ),

where we used (d, &63)5 = (9, €2€3)p = (B, P2 - D€s)p = (B, uauz)p = (B, )y in the
last step. Again this must evaluate to 0 for (u1,us,us) to be in Ug(K., £). The
other two computations take a different form, with the pairing with 1612.) being

(d521, u1)p + (021023, u2)p + (d5237 u3)p
= (p,w) + (021023, D)y + (dd23, ) + (dd23, &3);
= (p,u1)p + (021023, D) + (d, D) + (823, D) + (B, €3)p
= (021,0)p + (B, wrusd/p)p = (821,0)5 + (B, u2)p + (B, d/P)p,

and the pairing with u')'g’ is then (d31,p) + (p,us)p + (p,d/p)s. Upon rotating the
indices, we can then catalogue the expressions from the nine computations as:

(512513715) + (pa ul) (521ap) + (p’ UQ) + (pa d/p) (531ap) + (p’ US) + (pa d/p)
(10) (5215237]5) + (pa u?) (512ap> + (p?ul) + (pa d/p) (532,15) + (p> U3) + (pa d/p)

(031032, p) + (P, uz)  (613,P) + (P, ur) + (B, d/p) (623,P) + (P, u2) + (H,d/p)
where the first line corresponds to u; being a unit, the second line to us being
such, etc., and we have suppressed the p-subscript on the Hilbert symbols. In each
case, for (u1,us,u3) to be in Ug(K., £) the given three expressions must be 0 (for



44 MARK WATKINS

every p) when evaluating the formal variables (K*, £*) at (K*, £*), though of course
at most two of the three expressions are independent.

8.5.2.  'We now give some rudimentary bounds on the number of various nongeneric
elements. However, the main (and most lengthy) demonstration will be left to the
next subsection. We write Y} for the sum of the ¥; = Q' /(Q})? over [ € QUP...

Lemma 8.5.3. [50, Lemma 4]. The proportion of (K., L) € V(7 #Q)[c] with
a nontrivial element in US(K.,L) of the form (1,€,€) with £ € Y3 is < (1/2)¢
for0<ec<r-—1.

Clearly we can handle (£,1,¢) and (£,£,1) in the same manner by symmetry.

Proof. Since £ is a unit for every formal symbol p;, from @ we have expres-
sions (pj, &)y, for 1 < j < ¢, all of which must be zero when the formal variables *
and £* are evaluated. We wish to show that these expressions are all indepen-
dent and this readily follows (when ¢ < 7 — 1) as they involve IC;j for different j.
In other words, we have (p;j,§)p, = > alé IC;j where the nonempty g-sum is over

those ¢ € Q with ql¢§, and we can take any such ¢ and note that (p;,&),, is the
unique expression that depends on the basic formal variable IC;]

The independence of expressions implies each rgduces the proportion of (Iga, L)
by a factor of 2, so for any £ the proportion of (K., £) with (1,¢,€) in Ug(Ke, £)
is 1/2¢, and as the total number of ¢ is (2#Q —1) < 1, the Lemma follows. O

Lemma 8.5.4. B0, Lemma~5]. Suppose that §12013 is not a square. The pro-
portion of (K¢, L) € V(F,#Q)[c] with a nontrivial element in US(K¢, L) of the
form (1,ug, ug) with ug € Y5 is < (3/4)° for 0 < c <7 —1.

Again we can also handle (ug,1,us) and (usg, ug, 1) analogously by symmetry.

Proof. Let A be the set of formal symbols in P, that divide us, and B be the
set of those that don’t. For the latter, we again have the expressions (p;,uz)y,
from (9) that must evaluate to zero at (K*,£*). On the other hand, for formal
symbols in A, from the first line of (10) we have the expressions (d12013,p;)p,
and (821, P5)p,; + (Bj> u2)p; + By, d/D;)p; -

Our tactic to show these expressions are independent shall be to show that each
depends on some K- or L-variable that appears in no other expression. This is
easiest for the last type of expression, as they involve d/pj and thus LJ*J (and
thus E;F if one prefers), and as ¢ < 7 — 1 these ensure independence; so these
expressions are independent of each other, and also independent of those remaining.

We can assume that us ¢ Y (else the previous Lemma applies), so the ex-
pressions from B with (pj,uz2)p, each involve at least one E;k for some k. The
only way such an expression could fail to be independent with the others is if
some other expression included ﬁzj. However, every k for which /.f;k appears
in (pj,uz)p, = Zq‘& I.ng + Zk:m\uz E;k corresponds to a formal symbol p, € A, so
in particular there is no occurrence of E; ; in the B-expressions. We conclude that

38Already in this case we can begin to see the nuances of extending the notion of genericity to

a case where ap # 1. For instance, when £ = —1 and the formal symbols p; correspond to primes
that are restricted to be 1 mod 4, all the conditions are trivial.
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these B-expressions are independent of each other (since each involves a different j),
and independent of those remaining.

Finally, since 612613 is not square (in Q) the expressions (612613,p;)p, With A
are nontrivial. These indeed only involve K, and as each involves a different 7, they
are independent of each other.

Summing up, we have #B+2#A = c+# A expressions, all of which are indepen-
dent in terms of basic formal variables, so for a given us the proportion of (I@E, L)
with (1,ug,up) in U(K., £) is 1/2¢t#4. We then aggregate over possible choices
of ug, of which there are 2# ( #6;4) possibilities for a given value of #A. This gives

a total proportion of
L (¢ 2% .
> (5) 3o < /)

a=1

as the a-part of sum (with a = 0 included) is (3/2)° by the binomial expansion. [
We can generalize Lemma slightly]ﬂ to further restrict the types of .

Lemma 8.5.5. [50, Lemma 6]. The proportion of (K., L) € Y(7, #Q)[c] for which
there is a nontrivial element in Ug(K., L) of the form (§, u2,u2§) (and again sim-
ilarly by symmetry) with £ € Y2 is < (3/4)¢ for 0 <c <7 — 1.

Proof. We let A be set of formal symbols in P, that divide us and B be the set
of those that do not. We can assume that A is nonempty. For p; € B we have
the expressions (£,p;)p, and (uz,p;)s, from @ For p; € A we take the second
expression from , namely that (da1, P;)p, + (D5, u2)p; + (B;, d/pj),-,j. (Note here £
could be 412813, when the other expressions from are not independent).
Again the latter expressions involve E;j and thus are independent of each other
and those remaining, while the second type of expression for formal symbols in B
involves L’;k for some k that are all associated to a formal symbol in A, with thus £ y
not occurring and the expressions hence being independent of each other and those
remaining. Finally, we can assume that £ # 1, so that the expressions of the first
type with B are all independent. Thus we have #A + 2#B = ¢+ #B independent
expressions, and as before conclude the proportion of (K., £) is 0((3/4)°). O

Swinnerton-Dyer then launches into the main result, though he only gives details
for a special casem I think it is superior to split off this part of the proof explicitly.

Lemma 8.5.6. [50, Lemma 7]. The proportion of (K., L) € V(7 #Q)[c} for
which there are two elements in UG(K., L) of the form (ui,us,us) and (v1,vz,v3)
with uy = vo and uz = v for some £ € YY) is < (7/8)¢ for 0 < c <7 —1.

Proof. Let (u1,uz2,u3) and (us,u1,us§) be elements as specified. There are then
four types of formal symbols p; to consider; each will give at least two expressions
that are mutually independent, and some types will yield a third. Then we will
show that by removing at most 2 formal symbols (thus at most 6 expressions) from
consideration the totality of the expressions remaining will be independent.

39As noted with Footnote , both this and Lemma handle specific subcases that are
convenient to avoid in the proof of Lemma|8.6.1} though if either fails one can still have genericity.

40Note that his second special case is superfluous, as we then have (u1,u2,u3) and (vi,v2,v3)
with ugvs € Yg, and so can add @ and ¥ and be in the case of the previous Lemma.
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We let By be the set of formal symbols in P, that divide u; and wus (and thus
do not divide ug = ujus). For p; € By we have (from the third line of (10])

(031032, D)5, + (Pj. us)p, and (813, 85)p, + By u1)p, + By d/Dj)p,

from (u1,us,us), and from (us, uy, us€) also have (second entry of first line)lﬂ

(521713j)13j + (PJ»Ul) (Pjad/pj)pj»

whereupon adding the latter two yields the expression (d21013,p;)p; -
With Bj as the set of formal symbols that divide u; and us, for p; € By we have
(second line)

(821023, D)5, + Py, u2)p, and (812, 95)p, + By u1)p, + By d/Dj)p,

from (u1,us,us), and from (uz,ui,us€) also have (last entry of third line)

(823, 93)p, + (B, u1)p, + By, d/Di)p,,

so that adding the latter two yields the expression (812023, p;)p, -
Letting B3 be the set of formal symbols that divide us and us, for p; € Bs we
have (first line)

(812613, D)5, + Py, wr)p, and (8a1, 1), + By u2)p, + By d/Dj)p,

and this will suffice (for (us€,u1,us§), the relevant entries on the second line will
involve &, and so it seems easier to just ignore them).

Lastly, with By as the set of formal symbols that do not divide any u;, for p; € B,
we get expressions from @ as

(Pj,u1)p;s (g u2)p;, and (B, usé)p, -

Since ug = ujuy the latter can be replaced by (p;,§);,, which is nontrivial for § # 1.
(Swinnerton-Dyer has the third expressions from B; and Bs in terms of £ (perhaps
incorrectly), and then juxtaposes £ = 1 into this).

In Table |7} we give the relevant expressions for each case (reading across the
rows), where we suppressed the j-subscript on p;.

By | (51032, p)p + (Pyus)p | (013, B)p + (D, ur)p + (P, d/P)p | (021018, P)p
By | (021023,P)p + (D, u2)p | (612,P)p + (B ur)p + (B, d/P)p | (612023, D)
By | (612013, P)p + (B, w1)p | (O21,D)p + (P u2)y + (B, /D)y

By (B, u1)yp (B, u2)p (0.8

TABLE 7. Expressions in the various cases

4114’5 not completely clear to me, but I think Swinnerton-Dyer implicitly uses the first entry
of the first line, whence (512613,pj)pj = (pj,ugé)@j here, and (631632,pj)pj = (j)j,ugﬁ)@j below,
though I must admit I don’t see how the computation then concludes in terms of merely &.
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8.5.7.  We thus have at least 2 and sometimes 3 expressions for each p;, which are
at least independent among themselves. Similar to previously, the expressions that
involve d/ p; can all be shown to independent of each other and all the others, as
they uniquely involve /;';j. (Note that B, has no such expressions).

It is more subtle to consider the expressions that are of the form

(11) (6,95)p; + (Bjsui)p; or (Pj,ui)p,,

the latter type coming from B4 (which indeed gives two such expressions), and the
former from the other three cases. Here we note ujus & Yg , as else the previous
Lemma applies with us = ujus. Thus there is some formal symbol divid-
ing ujug, which we call pj. Moreover, since uy, ug ¢ Yg, there is some other formal
symbol p3 that divides one of u; or us but not the other. We then exclude from
consideration the (at most 6) expressions arising from these special formal symbols.

Letting k1 and ko be the indices of these formal symbols, the above expressions
in depend on ,C;kl but not E.;‘-,Q for us = ujug, on /j;b but not ﬁ;‘-kl for
whichever of uy or uy is divisible by 3, and on both L7, and L%, for the othe.r

Moreover, by construction (or destruction?) we have excluded L} ; and Lj
from occurring in the expressions, having removed those corresponding to pg,
and pg,. Thus these expressions are independent of each other, and also the re-
maining ones (which only depend on IC)

Finally, we have the expressions (021013,p;)p, for By and (012023,p;)p, for Ba;
when the relevant ¢ is not square, they will be independent of each other (coming
from different j) and from all the other expressions (not depending on £). We then
conclude by noting

691013 + 012023 = (ca — c1)(c1 — €3) — (c2 — c1)(ea — ¢3) = —(c2 — 1)* < 0,

so that at least one of the initial summands is not a square.

Writing b; for the size of B; (so that their sum is ¢), we deduce that there at
least 2(by 4 by + bs + bs) — 6 + min(by, b2) independent expressions. (We can simply
ignore (p;,§)p, from By, though Swinnerton-Dyer does include it in his analysis).

8.5.8.  Given two elements of the specified type, the above then gives that the pro-
portion of (K., L) with both elements in Ug(K., £) is < 1/22¢~6+min(b1,b2) - Upon

c
b1,b2,b3,bs

terms of the vector b (of divisibilities) associated to (u1,us), summing over all such

aggregating over possible choices of (u1,us, ), of which there are Q#Q( ) in

possibilities of b then gives a proportion of

<<212022 ( c )(1 —i—%):2(1+1+1+1/2)C<<(7/8)C,

by, bs,b3,b4 201 " 2b 4¢

3 0i=¢

where we applied the 4-fold multinomial expansion. (I

42Here7 when using the term “depends” for an expression, we should pedantically be careful
to refer to whichever of L;‘kl or L;lj is a basic formal variable (that is, whether 7 < k1 or not);

however, we employ a bit of economy in language.
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8.6. Finally we turn to the most difficult case (indeed, the most generic) of
Swinnerton-Dyer’s non-genericity analysis. Here we will have two elements that
have a total three independent co-ordinates, and 8 possibilities for the types of
primes. By excluding three formal symbols involving the products of the inde-
pendent co-ordinatess, we will be able to show that every other formal symbol
contributes 3 independent expressions, and at least one of the 8 classes yields 4.

Lemma 8.6.1. [50, Lemma 7|. The proportion of (K., L) € Y(F#Q)c] for
which there are two elements in UG(K., L) of the form (ui,us,us) and (v1,vs,v3)
with up = v is € (15/16)¢ for 0 < c <7 — 1.

Smith notes (page 77) the same bound when u; = v5¢ for some ¢ € Y, — the proof
follows in the same manner, with some of the apperances of u being u¢ instead.

Proof. We write the elements as (u,v,uv) and (w, u, uw).

The most special set B; of formal symbols are those that divide u but neither v
nor w (note that these did not occur in the previous Lemma[8.5.6). The expressions
for (u,v,uv) thus come from the second line of and are

(021023, B1)p, + (05,0)p, and (312, 8;)p, + (B, w)p, + (Bj,d/Bj)p,
while those for (w,u,uw) come from the first line and are
(512613, B3)p, + (Bj,w)p, and (821, 5;)p, + (B, w)p, + (Bs, d/Dj)p, -

In particular the expressions with (pj,d/pj)ﬁj can be added to get (—1,p;),-
The other two expressions will be independent of each other since vw ¢ Y.
Next, the set of formal symbols p; that divide none of u, v, w yield the expressions

(Pjsw)p,s (g v)p; and (pj,w)p, .

For each such j these will be independent of each other since uv, uw, vw, uvw ¢ Y.

8.6.2. For the rest of the divisibility possibilities, we will take one expression in-
volving d/ p; and two independent expressions that do not. The cases where p; does
not divide v and not both v and w will have expressions from @

When p; divides u we can always take the expression with d/ p; to be of the form

<6apj)15j + (pjvu)ﬁj + (pj7 d/pj)PJ

When p; divides all of u,v,w the other conditions are

(031032, D) p; + (Bj, uv)p; and (831032, P;j)p; + (Bj, uw)p;
and when p; divides u and v but not w they are

(031032, D5)p, + (Pj,uv)p, and (012013, P;)p; + (D5, w)p,
while when p; divides u and w but not v they are

(021023, P;)p; + (P, v)p; and (931032, Pj)p; + (b5, uw)s, -

When p; doesn’t divide u, we can always take one of the expressions as

(612013, P5)p; + (B> w)p, -

4375 with Footnote (and indeed, more dramatic in impact), these extra conditions are
trivial when the formal symbols correspond to primes that are restricted to be 1 mod 4, making
the notion of genericity more delicate. Similar comments apply to other cases.
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When p; divides v but not w we take the other two expressions as

(612613, Pj)p, + (P, w)p,» and (821,05)p, + (B, v)p, + (D5, d/Dj)p,
while when it divides w but not v we take

(031032, Pj)p; + (Dj, uw)p,, and (913, p;5)p, + (P, w)p; + (pjvd./pj)i’j'

Finally, when p; divides v and w we consider (u,v,uv) + (w, u, uw) = (vw, uv, vw)
and apply the third line of to get

(031032, D)5, + (Bj,vw)p, and (813, 7)p, + By, uw)p, + By, d/Dj)s, -

8.6.3. We now turn to analysis of independence of these expressions. Again those
that involve d/ p; are the easiest, as the expressions uniquely involve E.;w ensuring
they are independent of each other, and of all the others.

We then select three formal symbols that distinguish w,v,w. This is possi-
ble since uv, uw, vw,vvw € VS (when uvw = ¢ € Y our elements in Ug(lég,ﬁ)
are (u,v,uv) and (w,u,v€), and Lemma applies). With k1, ko, k3 as the in-
dices of said symbols, the 7 nontrivial products = from u,v,w each have (p;,z),,
depending on a different nontrivial combination of ﬁ;kl, ﬁ;kz, and C;k3 Thus such
expressions will be independent from all the others if no L;L ; appears elsewhere,
and indeed we ensure so by excluding the three formal symbols pg,, pk,, and pg,
from consideration in our set of expressions.

We are then left with the expressions (—1,p;)s, from B;, which don’t depend
on £, and are thus independent of the others (and of each other as the j differ).

Writing b; for the size of B; (so that their sum is ¢), we conclude there are at
least 3%, b; — 12 4 by independent expressions.

8.6.4. Given two elements of the specified type, the above then gives that the
proportion of (K., £) with both elements in Ug(K., £) is < 1/23¢712+01 We can
then aggregate over possible choices of (u,v,w), of which there PEaL (%) in terms
of the vector b (of divisibilities) corresponding to (u,v,w). Summing over all such

possibilities of b then gives a proportion of

1 \1 (I+1+1+1+1+1+1+1/2)° .
<o > (5)% = < = (15/16)
Zi bi:C
where we applied the 8-fold multinomial expansion. O

8.7. Finally we make some comments about the Markov chain analysis.

As with §7:32] we let

2° = 2n+1
Ps = = 1—1/2°"+),
- L )
for which we have py + p2 +ps+--- = p1 +p3+ ps +--- = 1, while for s > 0 we
have the recurrence relation (with p_; = p_o =0)

B 1 3 5 .3 4
Ps = Ps=2" argyg1 T Ps” (27 - 225+1) T Psr2 ( T o2 T 22(s+2)+1)'

Numerically we have py ~ 0.4194224418 and

(Lo 02 pu b0 P ):(1é£ 64 256 )
po’ po’ po’ po po’ 37315’ 615195 19923090075 "/’
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while p; = 2pg ~ 0.8388448836 and

(&@pjﬂpj ):(li 16 64 256 )
p1 p1 pr o pL o pr 72179765 78129765 10180699028325° "/
Rather than directly utilizing the ps, Smith phrases his result (Corollary 6.11)
in terms of the proportion of alternating matrices over Fg of size (2m + s) with
kernel of dimension s, and indeed it turns out that this proportion is ps as m — oo.
However, as far as I can tell@ this is something that one can only conclude ex post
facto after computing the Markov stable state, and simply matching the obtained p,
with the known limiting proportion of alternating matricesﬁ This is thus unlike
the case of 4-ranks of narrow class groups of Gaussian discriminants (no prime
factors are 3 mod 4) in where the relevant Rédei matrix that yields the 4-rank
is directly a symmetric matrix involving just the (p;|p;), with indeed no restriction

from any K-information; so the proportion of £ that give a specific rank of this
Rédei matrix is thus the proportion of associated symmetric matrices over Fs.
Thereby we avoid the Markov chain completely in this caseﬁ

8.7.1. We let M be the infinite matrix (indexed starting at 0) whose nonzero
entries are the “transition probabilities” given by

1 3 5 3 4
M 542 = 9211 M;,s = (2*5 - W)? and M2 = (1 T 9s + 22s+1)

(the latter for s > 2), noting the row-sums are all equal to 1. This naturally splits
into even/odd numbered rows and columns, and for s < 7 the entries are given byﬂ

/2 1/2 0 0 7/8 1/8 0 0

3/8 19/32 1/32 0 21/32  43/128  1/128 0

0 105/128 91/512 1/2° |° 0  465/512 187/21t  1/21t [~
0 0 1953/211  379/213 0 0 8001/2'3 763/2'

where the left /right matrix has the even/odd-indexed entries. We write M, and M,
for the respective restrictions of M to the even/odd rows and columns, retaining
the indexing of these, and write M, when a statement applies to both restrictions.

Since M, has row-sums of 1 it has 1 as an eigenvalue (with (1,1,1,...) as the
eigenvector). Thus the transpose M also has 1 as an eigenvalue, with the associ-
ated eigenvector being the stable vector gj.

448mith is terse, but I think he directly re-interprets Swinnerton-Dyer’s P(d, M) in [50} (21)]
as this proportion. However, this P(d, M) is for the specific alternating matrices induced by
congruence and Legendre symbol conditions, and it is unobvious to me (though true) they are
proportionally rank-distributed in the whole. In any case, Smith’s ultimate statement is correct.

453aid proportion, which is related to Delaunay’s elliptic curve adaptation [5] of the (number
fields) heuristic of Cohen and Lenstra, is discussed more by Bhargava, Kane, Lenstra, Poonen,
and Rains [2] §1.4, §3.6ff].

460n the other hand, Gerth’s analysis [I2] of the distribution of 4-ranks of narrow quadratic
class groups in the general case was similar to our current situation, and indeed computing the
actual proportions of ranks for (e. g.) matrices of size m over Fa with an anti-symmetric corner
of size roughly m/2 with the rest being symmetric (this corresponds to quadratic reciprocity)
was done by a Markov analysis (moreover, more extensive than the one here); the fact that said
proportions were asymptotically the same as those from selecting a random F2 matrix (with no
conditions whatsoever) again seemed to appear in a rather ez post facto manner.

47From the columns of the M, one finds the ratios in the stable distributions, for instance
p1 = (7/8)p1 + (21/32)p3 so that p3 = (4/21)p1, and p3(1 — 43/128) = (1/8)p1 + (465/512)p5 so
that p5 = (512/465)p1[(85/128)(4/21) — (1/8)] = (16/9765)p1, etc.
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8.7.2. Let w¢ be the vector whose sth component gives the proportion of ele-
ments (K., L) € Y(F,#%) whose c-restriction is generic (as defined in
with s, = s. We can rephrase Lemma as saying that the sth component
of M,w¢ is the proportion of such elements with s.41 = s.

Meanwhile, if we write € for the similar vector containing the proportion of
elements whose c-restriction is nongeneric with a given s., there is a transition
matrix W< (with at most three nonzero entries per row and column) with row-
sums of 1 such that the entries of WEeS have the proportion of such elements
with s.y1 = s. By the combination of Lemmata [8.5.3] [8.5.4] [8°5.5] [8.5.6] and [8.6.1]
we see the 1-norm of the nongeneric €f is < (15/16)° for E with no rational 4-torsion
point (only Lemma uses this torsion condition). The following Lemma shows
such errors do not accumulate when M, and W{ are applied.

Lemma 8.7.3. Suppose that the distribution of 2-Selmer estimations at J is given
by f_if (including (Kg,ﬁ) that are nongeneric). Then the distribution of 2-Selmer
estimations at (F — 1) is given by Mf_l_‘]ﬁ;l + E* for some 5_; whose 1-norm
is < (15/16)7 when E has no rational 4-torsion point.

Proof. We have that het! = M, (hS — €¢) + W for each ¢, and by iteratively
applying this for J < ¢ < 7 — 1 we find that

7T—2 F—2
rF—1 __ F—1—J7J r—1—u=u T—2—u U =U
Rt = MR N M e 4 MR e e,
u=J u=J

Since M, and the W} have row-sums of 1 while the 1-norm of €} is <« (15/16)",
the latter two sums give an error whose 1-norm is also thus bounded (the dominant
term comes from u = J). O

8.8. This previous Lemma [8.7.3] shows that the distribution of 2-Selmer estima-
tions sy_1 (and thus the 2-Selmer ranks themselves) has a main term of Mffl"’i_if,
and thus we are in a situation where Markov chain analysis can be applied. An
alternative (and largely equivalent) approach to the situation is to compute the rate
of convergence to the dominant eigenvector (namely j,) of the transpose M. We
sketch the ideas here, being somewhat more hands-on than applying a black box.

8.8.1. The desired plan would then be to write M, = T~ DT where D is diagonal;
thus its entries are the eigenvalues, and indeed T' can be taken as the matrix whose
columns are the eigenvectors of M, (normalized in whatever manner). Then we
have M* = T-!D%T, and if 1 is indeed the dominant eigenvalue we then see
that D" tends rapidly to a matrix with one nonzero entry. Upon suitably bounding
the entries of T and 7! this then gives a bound on how far the entries of Mf’lf‘]f_if
will be from those of p.

It is fairly easy to show that the second largest eigenvalue tends to 1/4 (and the
third to 1/16, etc.) as the size of the matrix becomes large. However, controlling
the size of the entries of 71 (for instance) seems rather nontrivial. Moreover, at
some point we need to use some notion of smallness of J (so in particular the entries
of hY for s > 2.J + O(1) are nonzero) with respect to 7.

Let us take J = [(loglog X)/99]| as a specific value.
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8.8.2.  We then proceed by truncating M, to a finite size (dependent on X). First
we note that M27h7 will have almost all of its 1-norm in the components up to U
for U = |+/loglog X/9]. This follows since the transition entry for s — s — 2
is > 1—3/2%, and so multiplying up to U gives roughly 1/2U2/4 decay, thus saving
a small power of (log X).

We let MJEU] be the resulting truncated transition matrix; this is not quite simply
the upper-left U-corner of M, , but also modifies the ultimate diagonal entry to en-
sure the row sums are still 1. The truncated matrix thus retains 1 as an eigenvalue,
though the eigenvector ﬁ*[U] is no longer quite p,. However, the difference between
these is small — indeed, as in Footnote [7] for s < U the ratio of sth component
to the Oth component (in the even parity case) is still the same, and the final ratio
changes negligibly. Rescaling to have unit 1 norm introduces another (negligible)
error of size < 1/(log X)¢ in each entry of p* ul,

We let (ELU])?’J be the truncation of Mthf to the components up to U.

The second eigenvalue A2 can be shown to tend to 1/4 (from below) and indeed
the characteristic polynomial tends to (z — 1)(xz — 1/4)(z — 1/16)(x — 1/64)(---)
as U — oo. One way to handle the error analysis with the size of the entries
in the resulting matrix of eigenvectors is to first balanc the matrix MLU] by
transforming it by a diagonal matrix B, so that S, = B*_lMiU]B* is symmetric.
Then (as was known to Jacobi) the eigenvector matrix V for S, can be taken to
have orthonormal columns, so that the inverse is simply the transpose.

For our tridiagonal situation, in the even parity case (the odd case is similar)
the balancing matrix will have entries

n/2—1
(Be)nn = H \/(M )22 2i— 2/( )21 2,21

i=1

for n > 2, with (Be)oo = 1. Thus the size of the nth diagonal entry is roughly 2n’
We then have that
(MY = (B,S,B;Y) = (BS'VDV'B,) = B/'V-DVB,

where D is the matrix of eigenvalues. The size bound on the entries of B, then
implies that ((MiU])l(i_i[*U])?’J - ﬁ*[U}) has entries bounded as < U32U° AL,

Note (Sx)nn > (Sx)n.n—2, and it follows S, is positive definite; so its eigenvalues
are nonnegative, and their sum is bounded by the diagonal-sum < 4/3, so A2 < 1/3.

The above then gives the following Lemma (which is still somewhat of a sketch).

Lemma 8.8.3. With J = |(loglog X)/99] and 7 > (98/99) loglog X, the distri-
bution of 2-Selmer estimations at (F — 1) is given by py + ,8* for some B* whose
1-norm is < (15/16)7 + 1/(log X )/ when E has no rational 4-torsion point.

Proof. Lemma reduces the situation to considering M7~*~7h7 and our above
truncation process shows that with U = [/loglog X /9] this is sufficiently close
to (M’[(U])fflfiiJ(ﬁ[U])BJ

The entries of ((M[U}) (h[ })3‘] p_;[U]) are then bounded as < U32U° A, and
applying this with j =7 —1—3J > —1 4 (95/99) loglog X and U < +/loglog X /9

gives the result (recalling Ao < 1/3), since ﬁ*[U} differs from pj negligibly. O

48This is a case of Parlett-Reinsch balancing [37] from the context of computing eigenvalues.
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A more detailed approach to the above Markov error analysis has been given by
Koymans and Pagano [2§], in the case of 4-ranks of quadratic class groups.

8.9. Finally, we want to interpret this distribution of p,-values for (K., £) in terms
of boxes. We thus replicate the sketched computation from the end of

Proposition 8.9.1. Suppose T is a (ko,n1,7s)-pleasant (X, 1o, P)-boz, and assume
that no/2 > m > ns > 0. Also assume that E has no rational 4-torsion point. Then

#T)

. == = = == : Mo Tro X \u
#{d:d e T |s:(Ea) = s +2} = #T - p, +O((loglogx)“

for u=1/2 — konolog v/2 — 1.
Proof. For a pleasant box T' (defined as in §4.5)), from Proposition we have

#T N <#T~2’“0/2k1)7

#{d:deT* |sy(Ea) =s}= Y #T(K,L)= > JIog log X

(e,K,L) (e,K,L) 2(2)57@
s£(K,L)=s s£(K,L)=s

where ko < Konologloglog X and k; < 3(loglog X)™ (by pleasantness).
By Lemma and the equal split in parity amongst (K¢, L), the proportion
of (¢,K, L) with sz of (s +2) is ps/2 4+ O((15/16)”7) where J = |(loglog X)/99].

Noting that there are 2 - 2(5)57’:, choices of (g, K, L), we thus conclude
#T - 2ko/2k1)
Vioglog X /’

and substituting for J and using the above bounds for ky and %k gives the result. O

#{d:de T+ | s7(Eq) = s +2} = #T - [Ps +O((15/16)J)] +O(

We should stress that this result, which uses the box machinery of §4] and the
box-splitting of §§5H0} is what allows the passage from the “unnatural” ordering to
the normal one, as discussed in §1.31]

9. RECAPITULATION

Let us put together the various parts of our argument, and optimize the error.
We assume the parameters satisfy 0 < 75 < 71 < 19/2 < 1/100 and also that F
has no rational 4-torsion point.

9.1. From Section 4l we know almost all d are represented by pleasant boxes.
Indeed, by Lemma (in our case of ap = 1) the exceptional subset of d € S (X)
that are not represented by a (o, 71, 1s)-pleasant (X, ng, P)-box has size
X X
< (IOg log X)ngno(log ro—1—1og(100/99)) + (log lOg X)99 :

Also, every positive squarefree d that is coprime to € is in at most one such box.

Then in §§5]6| we showed results about the size of boxes when split up by Legendre
symbol conditions on the primes involved. In particular, for a pleasant box T we
found that

#{d:deT* | si(BEa)=s} = > #T(K,L)= Y
(E7K:7[’) (E,K:,[,) 2
s5(K,L)=s s2(K,L)=s

#T #T - 2ko/2,
(g)&; +O( Vioglog X )’
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where kg < ko1 logloglog X and k; < 3(loglog X)™ (by pleasantness). This used
the bounds on the 7, but not the 4-torsion assumption.

Finally, in § we showed (using the no 4-torsion assumption to handle non-
genericity) that the proportion of (e, K, £) with s of (s+2) is ps/2+O((15/16)”)

where J = | (loglog X)/99], so that for any pleasant box T' we have
. T - 2k0/2y
d:deT* | sp(Bg) = s+ 2} = 4T - [ps + 0((15/16)")] + O T 2K1).
#ldrd € 1% | 5:(Ba) =5 +2) = #T o, +0(015/16))] + 0T )

Summing over pleasant boxes, we thereby conclude that

#{d| < X : u(d) #0, ged(d, Q) =1[s(Eaq) =s+2} _ ps O( 1 )
HA <X ald) 20, ged@0) =17~ 2 "\ {loglog Xymmta)

where v = ngrq(log ko — 1 — log(100/99)) and u = 1/2 — kgno log V2 — 1.

9.1.1. It remains to optimize this exponent in the error. The choice of kg > 3 is
still available to us, and we shall take it so that kono = 1/+4/log(1/n0). In particular,
we then have

log v/2

w=1/2— konolog V2 —n =1/2 —
log(1/m0)

— M —)1/2

as 19 — 0 (so that 71 — 0 also), while

log(1/m0+/10g(1/10)) — log(100e/99)
log(1/n0)
_ log(1/mo) — (1/2)loglog(1/mo) —log(100e/99) ,
log(1/m0)
as no — 0. Thus min(u,v) — 1/2, and this then shows the stated Theorem [1.1.2]

v = noko (log ko — 1 —log(100/99)) =

10. THE 4-RANK OF (NARROW) CLASS GROUPS OF QUADRATIC FIELDS

A related topic to 2-Selmer ranks of quadratic twists of elliptic curves is the
4-rank of the narrow class group of quadratic fields. One key similarity is that an
analysis of the equi-distribution of (p;|p;) will play a significant role.

10.1. The subject of 4-ranks (and higher 2-power ranks) for narrow class groups
of quadratic fields was studied in a series of papers (such as [38] B9]) in the 1930s
by Rédei, starting with a joint paper with Reichardt [41].

The most relevant observation for our purposes is that the 4-rank can be written
in terms of the dimension of the kernel of the matrix of Legendre symbols (some-
times called the Rédei matrix, or perhaps the Legendre matrix). We write (a|b)*
for the value of a nonzero Legendre symbol (a|b) when mapped from {+1} to F.

Let d = e]];p; be a fundamental discriminant with r prime divisors, and
write d = []p; for its factorization into prime-power discriminants (allowing —4
as such, with a slight abuse of notation in that 2 € {—4,—8,8} is not uniquely
defined). Write R for the r-by-r matrix over Fy defined by (p;|p;)* for i # j,
and Rglj =D iz Rfj. The 4-rank e(d) of the narrow class group of Q(v/d) is then
equal to one less than the dimension of the kernel of the Rédei matrix R?, so
that e(d) = dim(ker RY) — 1.

(This also holds for non-fundamental discriminants, which we do not consider).
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The column-sums are zero by construction, and when d < 0 the row-sums are all
zero by quadratic reciprocity. When d > 0 a row-sum is zero when it corresponds
to a prime that is 1 mod 4, and is nonzero when it corresponds to a prime that is
3 mod 4; meanwhile, for 2 = 8 it is zero, while nonzero for 2 € {—4, —8}.

Stevenhagen has written a couple of modern resources [47, 48] on Rédei matrices
(and Rédei symbols for 8-ranks).

10.1.1.  The special case of “Gaussian” discriminants (often just called “special”
discriminants), where d > 0 and no prime dividing d is 3 mod 4, yields a symmetric
Rédei matrix, and thus can be more readily amenable to further study@ Indeed,
Rédei [39] claimed to have obtained the distribution of the 4-ranks for Gaussian
discriminants when ordering by number of prime factors, though as Gerth and
Graham [I3] point out, the error analysis is spottyﬂ

Also, the ordinary class group will be the same as the narrow class group except
possibly for Gaussian discriminants, and indeed the occurrences of when these differ
are then related to the question of the solubility of the negative Pell equation.

10.2.  Gerth [I2] considered 4-ranks of the class group for general quadratic fields
under the ordering by number of prime factorsg He was able to determine the
4-rank distribution (in the sense of giving an algorithm to compute it in time
polynomial in r) for any fixed number r of prime factors, and then gave a somewhat
complicated Markov analysis to determine the limiting behavior as r — oo.

Gerth gets (under his ordering) that the proportion of imaginary quadratic fields
with 4-rank equal to e is

2110'0[ (1—1/2%) H( —1/2%) 1H —1/2%)"

u=1

while in the case of real quadratic fields the proportlon is

[ee) e e+1
(€)= sery LLO—1/29 [T~ 1297 [T - 172

Gerth notes that these turn out to be related to the heuristic predictions [4] of
Cohen and Lenstra (who only handled odd primes) that one might expect at p = 2,
namely that the 4-rank considers the 2-rank of the square of the class group, and
thus difficulties with genus theory are obviated.

10.2.1. Another interpretation of these proportions is in terms of ranks of random
matrices over F5. The imaginary quadratic case corresponds to the limiting prob-
ability (as r — o0) that a random matrix of size (r — 1)-by-(r — 1) has a kernel
of dimension e, while the real quadratic case has the matrices of size r-by-(r — 1).
(See Landsberg [32] for counting random matrices with a given kernel dimension).

49There are other cases where one can force the Rédei matrix to be symmetric, such as d < 0
with exactly one prime factor that is 3 mod 4. I don’t know if anyone has tried to describe the
4-rank distribution for such a situation. (A bound for the 8-rank is given by Lu [33]).

5OStevenhagen also notes [46], Proposition 2.5] that Rédei’s proof does not adequately handle
the error term (and it was 50 years until this was remedied), though he erroneously claims the
proof was in [40] (and moreover habitually gives the wrong page numbers in his citations of [39]).

51Note that this allowed him to ignore even discriminants, as the number of odd parts d’ = d/8
with d’ < X/8 having (r — 1) prime factors is asymptotically negligible compared to the number
of d with r prime factors — assuming (of course) that r is fixed while X — oo, as per the ordering.
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Meanwhile, the proportion of Gaussian discriminants with 4-rank equal to e is

6(e) = 25(e+1 /2 H L41/247 H - 1/2%)”

and this corresponds to the limiting probability that a symmetric matrix over Fq
has a kernel of dimension e. Note that large e occur much more readily here, as
indeed the symmetric nature of the Rédei matrix ensures that the entries are not
as independent as in the general case (cf. the discussion of [9] §1.3]).

We can indeed re-interpret the 2-Selmer case for quadratic twists of elliptic curves
to have proportions (having fixed the parity) of 2-ranks equal to s as

1 b .
Ps = G Ul( +1/2%) H —1/2%)"

and this corresponds to the limiting probability that an alternating matrix over Fq
(whose dimension is a given parity) has a kernel of dimension s.
In Table |8 we list (approximations to) the above proportions for e < 5.

e=10 e=1 e=2 e=3 e=4 e=>5

~i(e) | 0.288788 | 0.577576 | 0.128350 | 0.005239 | 0.000047 | 9.69 - 10~8
yr(e) | 0.577576 | 0.385051 | 0.036672 | 0.000699 | 0.000003 | 3.08 - 1079
~va(e) | 0.419422 | 0.419422 | 0.139807 | 0.019972 | 0.001331 | 0.000043
ps/2 | 0.209711 | 0.419422 | 0.279615 | 0.079890 | 0.010652 | 0.000687

TABLE 8. Asymptotic proportions of kernel dimensions in various cases

10.3. Fouvry and Kliiners [8] were then able to adapt Heath-Brown’s analysis
(from 2-Selmer ranks) of equi-distribution of (p;|p;) to the case of general quadratic
(fundamental) discriminants. They obtain the main term for the momentﬁ by an
analysis of unlinked indices; one aspect of their work is that they indeed interpret
this main contribution in terms of the heuristic of Cohen and Lenstra [

As with Heath-Brown’s work on the 2-Selmer group, the error term was not given
too explicitly (for the distribution), and was ineffective (already for the moments).

10.3.1. Fouvry and Kliiners [, Corollary 2] then considered the narrow 4-rank
distribution for Gaussian discriminants, though almost in an en passant sense, as
it was part of their articulation of a more profound analysis that allowed them to
handle both the narrow and the ordinary class group (ultimately giving nontrivial
bounds on the frequency of solubility of the negative Pell equation).

The preprint [3] of Chan, Koymans, Milovic, and Pagano then notes that Smith’s
methods can be used for the case of Gaussian discriminants, in particular replicating
the above result of Fouvry and Kliiners for the 4-rank (and moreover then utilizing
the 8-rank to improve the lower bound on the negative Pell solubility frequency).

521t is only in [7] that they pass from the moments to the 4-rank distribution, wherein they
note that one needs (in general) a suitable growth bound for this to be unique.

53To the best of my knowledge, no one has gone back and tried to interpret Heath-Brown’s
“linked indices” analysis in terms of Delaunay’s elliptic curve adaptation [5] of this heuristic.
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10.4. Our work here is largely to re-prove, using Smith’s methods, the afore-
mentioned results of Fouvry and Kliiners for narrow 4-rank distribution, both for
Gaussian discriminants and the general case. We write F* for respectively the sets
of positive and negative fundamental discriminants, and G for the set of Gaussian
discriminants (which by our convention are always fundamental).

We shall show the following results, where e(d) is the 4-rank of the narrow class
group of Q(v/d), and the 7, (e) are defined as above.

Theorem 10.4.1. For any w < 1/2 we have
#{d<X:—deF |e(—d)=e} 1
= O —————).
Hd<X: deF} mle) + ((log log X)w)
Theorem 10.4.2. For any w < 1/2 we have

#d<X:deFt|e(d)=e} 1
Hd<x.dery  r +O‘“((1oglogX)w)'

Theorem 10.4.3. For any w < 1/2 we have

#{d<X:deGle(d) =e} 1
#{d< X :deg} _VG@HO“((loglogX)w)'

10.4.4. Smith’s permutation idea with box-splitting fairly readily reduces the sit-
uation to a calculation of what proportion of the (IC, £) have a given dimension of
the kernel of the associated Rédei matrix.

The main term in the Gaussian case follows without any unwieldy Markov anal-
ysis, as we only have L-conditions, and they exactly require a symmetric matrix
over Foq, so the distribution therein falls out almost immediately.

For the general case I do not see any better method to calculate said proportions
(in the limit as r — oo) than Gerth’s Markov chain technique; thus we only sketch
the main milestones therein.

10.4.5. We will try to conserve relevant notation with and will use the basic
results from §3] and 4 regarding squarefree integers and boxes, and also Smith’s
box-splitting from §5| and permutation idea in We will not use anything from
the later sections on the 2-Selmer group.

11. THE GENERAL CASES OF 4-RANKS

First we discuss the case of 4-ranks of class groups for general quadratic fields.
This naturally splits into two cases for real/imaginary fields, and each of these
into three subcases for the 2-valuation of the fundamental discriminant. The latter
aspect ultimately has no effect on the 4-rank distribution.

11.1. We take P to be the set of odd primes, with the modulus Mp as 8. In
order to normalize the notation between the cases of even and odd fundamental
discriminants, we write d = |d|/2/ where d is odd and f € {0,2,3}. We then
write o € {1, 4, 8,8} and py € {1,4,8} so that d = [[,p; and |d| = pod. We
again write 7 for the number of prime divisors of d.

We consider each of the possibilities for f and the sign of d separately. As
with we take parameters 19/2 > 11 > ns > 0 and k¢ > 3, and will eventually
take kono = 1/4/log(1/no) and ny — 0 as in §9| to minimize the error term. From
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Lemma we know that the exceptional set of d that are not represented by
a (ko,n1,7s)-pleasant (X /27 1y, P)-box has size bounded as

X X
< (10g logX)ﬂ(JKo(lOg Ko—1—1log(100/99)) + (log 10gX)99.

We let K specify each divisor p; of d modulo 8 We let £ be a specification
of Legendre symbols so that £;; = (p;|p;) for 1 <4 < j < 7. As for the 4-rank of
the narrow class group of Q(v/d) in terms of this, we need be no more specific at
this point than to say that it is determined by the tuple (f,sgn(d), X, L), and in
particular we write it as e/ (K, £).

Note also that we may wish to restrict K to ensure d is a fundamental discrim-
inant; for instance, when (f,e) = (0,—) we wish for d to be 3 mod 4, so an odd
number of prime divisors (thus K-specifications) should be 3 mod 4. This causes

no difficulties in the analysis, as we just sum over half the K instead.
Let T be a pleasant box. As with we have

d . #T FI#T - 2ko/2,
S w0 = S S #T(R. L) = 3 M40 |
(K.L) (K,L) o€Sym, (K.0) 2(2)57@ ( VIoglog X )

el (K,L)=e el (K.L)=e el (K,L)=e

where ko < konologloglog X and k1 < 3(loglog X)™. By Gerth’s analysis (which
we briefly outline below) we have an asymptotic (as # — oo) for the number
of (f,e,K, L) with narrow 4-rank e. This turns out to be independent of f, but
not of g, tending to 7(e) in the imaginary case and ygr(e) in the real quadratic
case. Although Gerth does not explicitly give an error bound, as with the Markov
analysis in it can be shown to be O(1/(log X)) — this has recently been carried
out explicitly by Koymans and Pagano in [2§].
Thus for a pleasant box T we have

H#T - 2k0/2k1>

#del cd@=ch= Y #T(c.0)= '#T+O(\/W

(K,L)ED(7,P) 6(f,e)
el(K,L)=e

where 6(f,e) is 1 for (f,e) € {(3,4),(3,—)} and 2 for (f,e) € {(0,=£),(2,£)} (the
latter to account for fundamental discriminants). Summing over all such pleasant
boxes then leads to same minimization problem for the exponent of (loglog X) in
the error term as in and so we conclude both Theorems [10.4.2| and [10.4.1]

11.2. Now we turn to a brief synopsis of Gerth’s method to compute the relevant
proportions of (f, ¢, K, L) with a given 4-rank e.

54We can take the modulus to be 4 when f =0, and also in the imaginary case (where we can
exclude the row and column associated to 2 in the Rédei matrix).
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11.2.1. Let us first consider the case where f = 0 and the sign of d is negative.
We recall that the Rédei matrix is defined as

Rl (pulp2)* - (Bulp)* (Balpy)* -+ (Pulpe)*
(P2lp1)* R, o (Pelp)* (P2lpy)* - (P2lpe)”
(l:’z‘\pl)* e e Adei (pi |Izlj)* e (l?i lpr)*
(Bjlp)* - - (Bilp)* RY; o (Bylpe)*
(ﬁr |p1)* (ﬁr|p2)* T (ﬁr‘pi)* (ﬁr|pj)* T Rgr

where the diagonal entries are taken to be the sum of the other entries in the
column. By quadratic reciprocity the row-sums are also zero. Thus we can remove
any one row and any one column from the matrix and its rank will remain the same.
Also, we can permute the rows and columns without changing the rank. Finally,
the matrix is anti-symmetric for primes that are 3 mod 4 in that R‘fj #* R?i fori #£ j
that both correspond to such a prime, and else is symmetric, with Rfj = R;-li for all
other pairs (i, j).

Gerth then considers the anti-symmetric submatrix of R? corresponding to the
rows/columns that are 3 mod 4. As a technical measure (which he admits at the
end of Section 3 is not too relevant) he has the prime associated to the excluded
row/column of R, ensure that the number of anti-symmetric primes remaining is
even (in the current case, we know that the number of p; that are 3 mod 4 is odd,
as |d| itself is 3 mod 4).

He then computes in Proposition 3.4 and 3.5 the number of (n + 1)-by-(n + 1)
anti-symmetric matrices of rank u that have a given n-by-n anti-symmetric upper-
left corner of rank v. When n is even, the number with « = v is 22V~", the number
with u = v + 1 is 292 — 3. 22" and the rest have v = v + 2. Rewriting this in
terms of the kernel dimensions @« =n + 1 —wu and v = n — v, and dividing out by
the total number 2"*! of such matrices, we find that the proportions are (see also
Markov process D in his Appendix I)

1/21+20 with @ =
2/2° —3/21%2%  with @ = 9,
1-2/2°+1/22° witha=10—1.

(S

+1,

[S3

When n is odd there is a minor codiciﬂ when the matrix has a given type (see (iv)
and (v) in Proposition 3.5), but otherwise the proportions are the same. These
“transition probabilities” then give a Markov chain that describes the proportion
of anti-symmetric matrices of size n that have a kernel of dimension 4. Solving this
Markov chain gives rapid convergence to the ~;(@)-proportions given above for the
distribution of the dimension of the kernel. However, one must still contend with
the symmetric part of R%.

Indeed, almost all d will have nearly /2 (up to an error of size roughly /r)
prime divisors that are 3 mod 4, so we essentially have an r-by-r matrix with an
upper-left quadrant (after re-ordering the primes) that is anti-symmetric, with the
rest symmetric. Gerth then uses the output of the anti-symmetric Markov chain

551 don’t think this is quite a “non-generic” case as in Swinnerton-Dyer’s analysis, but perhaps
could be considered as such; the proportion in cases (iv) and (v) has a 1/2™ decay.
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as input to another one for the symmetric part, and shows that the latter does not
change the distribution of kernel dimensions too muchm

The argument for the other imaginary cases is similar (though Gerth does not
handle them directly, as per Footnote , as there is an extra row/column with py,
but otherwise the entries of the matrix have the same patternﬂ and the limiting
analysis is the same. This then gives Theorem

11.2.2. The situation for real quadratic fields has the distinction that the row-
sums (or column-sums in Gerth’s version) are 0 only for primes that are 1 mod 4
(and also for p = 2 when py = 8). Thus we can remove any single row from the
Rédei matrix without changing the rank, but cannot similarly remove a column.
After permuting the anti-symmetric portion of size I-by-(I — 1) to the upper-left
quadrant of the matrix, we will have R{; # Rf; for 1 <i+# j <1 —1; with R, =1
for1<j< lflandej =0forl <j; andR‘(iH_l)J. :R?iforl <zand1l <j<I[-1,
with RZ’-H)»J' = Rt(ij-&-l),i for [ <1i,j. Gerth then notes that after column exchanges
this can be written as (v M) where v is a column of (I — 1) ones and the rest ones,
and M is a matrix as in the previous case, having an anti-symmetric ({—1)-by-(1—1)
quadrant with the rest being symmetric. Although Gerth only works with the case
that f = 0, this ansatz in terms of symmetry and anti-symmetry of Fs-entries also
holds when there is a row and column corresponding to a nontrivial py.

Again Gerth gives the proportion of such matrices with a given rank in terms of
the rank of a smaller such matrix (one less in each dimension), and again there is
a slight codicil, here when n is even (see (iv) and (v) of Proposition 5.6). Here the
proportions are

1/2%+20 with @ =
3/20+1 — 322420 with @ = 9,
1—3/20F1 +2/224%0  with 4 =9 — 1,

S

+1,

S

leading to the limiting distribution with g (%) as above. Upon showing that the
appending of the symmetric part does not significantly change the distribution,
Theorem [[0.4.2] then follows.

(The wider applicability of such Markov chain analysis, particularly to the Selmer
case, is considered by Klagsbrun, Mazur, and Rubin [25]).

12. THE CASE OF (GAUSSIAN DISCRIMINANTS

Next we turn to the case of Gaussian discriminants. Recall that these are positive
fundamental discriminants d with no prime factor that is 3 mod 4. We first describe
the case where d is odd.

12.1. Here we take P to be the set of primes that are 1 mod 4 (so that {&p = 1
and ap = 1/2), and the modulus Mp to be 4. Although it is ultimately not

56Note that merely flipping one entry of a symmetric matrix (e.g., the (2,1)-entry) already
has a large effect on the rank distribution (for instance, the proportion of full rank matrices is
reduced roughly from 41.9% to 31.5%), though I think one needs to de-symmetrize something on
the order of (logr) entries for the statistics to approach those of random matrices in the limit.

5TNote that when f = 2 it is no longer the row-sum that is zero, but rather the row-sum
omitting the pp-column; thus one can omit any column but this one, and retain the rank.
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important to us, one can give the constant in the asymptotic as

0~ 2 ] VIS

p=1(4)

log Viog X
for the number of squarefree numbers up to X whose prime factors are all 1 mod 4.

12.1.1. Our setup in Section 4 allows us to still utilize the parametrization of
relevant d by pleasant boxes.

By Lemma we find that the exceptional subset of d € S (X) that are not
represented by a (ko,n1,7s)-pleasant (X, 79, P)-box has size

7 (X) P (X)
< (log logX)a«pnorco(lognoflflog(100/99)) + (IOg 10gX)99

Here the K-conditions are redundant in that they simply re-specify that the
primes are to be taken 1 mod 4. As with . for a pleasant box T we have

_#T FIHT - 2K/ 2|,

Y #T(L) E S ey = Y nil oLk
LeD(,P) oE€Sym, £ED(7,P) 2(2) log log X
e(L)=e €(C) e e(L)=e

where ko < apkonp logloglog X and k; < 3ap(loglog X)™.

In this case in turns out that we can give a fairly simple exact expression for
the number of £ that yield a given rank. Indeed (see below for more details), by
excluding one row and column we are left with a symmetric matrix of size (7 — 1)
over Fo, and the ranks of such can be determined by means other than a Markov
chain. With ~¢ the limiting distribution (as above) as 7 — oo we thus find that for
a pleasant box T we have

#T - 2ko/2k1>

#{deT e(d) =e} =Y #T(L) G(e)-#T—i—O(m

LeD(7,P)
e(L)=e

Summing over all such pleasant boxes leads to a similar minimization problem as

in §9| for the exponent of (loglog X) in the error, and we obtain Theorem [10.4.3

12.1.2. The final task is then to indeed compute the distribution of 4-ranks from
L-specifications. Here we use that the Rédei matrix is symmetric and has row- and
column-sums equal to zero; such a matrix is determined by any minor obtained by
removing a row and column, and the minor itself will be symmetric when the same
row and column is removed.

The problem is thereby reduced to the distribution of kernel dimensions of sym-
metric matrices of size (7 — 1) over Fa. As Stevenhagen notes [46, Proposition 2.3],
this can be done in a fairly elementary manner, and indeed for each 7 (not just in
the limit as 7 — oc0).

One can initially work over an arbitrary finite field with ¢ elements, where the
number of nonsingular symmetric matrices of size n is

An)=q") T a-1/4").
o



62 MARK WATKINS

and the number of symmetric matrices with rank w is A, (q) - [Z]q where

"], -1« -v /Il -0 L@ -0
=1 i=1 j=1

is the number of w-dimensional subspaces of a vector space of dimension n. Upon
taking ¢ = 2 this then gives an exact expression for the proportion of Rédei matrices
of size 7 and rank 7 — 1 — e (thus kernel dimension (e + 1) and hence 4-rank of e) as

; 1 F—1 _ (F—e—1)/2 .
16(€) = ey I a-v2) / I o),

and taking the limit as 7 — oo then gives the stated formula.

(One might hope that the first part of Gerth’s analysis, that an anti-symmetric
matrix has a distribution of kernel dimensions matching that of a random matrix,
might have a similar interpretation as here — I must admit to being fairly ignorant
of the subject of such anti-symmetric matrices).

12.1.3. The case of d even is mostly the same, with d replaced by d = d/8 in
the application of the results from Section [l and then the prime 2 can be taken
to be the one excluded from the Rédei matrix. The latter choice ensures that the
K-specifications will only need to be modulo 4, rather than 8 as might seem at first
glance from the appearance of (2|p;). Thus they are again irrelevant and the rank
only depends on £, and we conclude as before.

12.2. Finally, let us say something about the extension of Fouvry and Kliiners [9]
to consider the 4-rank of the ordinary class group. Their main result for this
(Theorem 2) is that the proportion of Gaussian discriminants with narrow 4-rank e
and ordinary 4-rank e is yg(e)/2¢, and thus the proportion for those with narrow
4-rank e and ordinary 4-rank (e — 1) is yg(e)(1 — 1/2¢).

Following their argument, the condition that the 4-ranks are equal can be de-
tected by Rédei symbols involving the infinite prime, and these can be given as
quartic residue symbols in this case (see [9, §3.3, §4], or Stevenhagen’s version
given in [47, §4] or [48, §10]). Thus it appears one should replace the Legendre
specifications by Q-specifications (taking values in {£1,£(4}) for quartic symbols
between the prime divisors, and then the ordinary 4-rank is determined by (I, Q)
(also fixing whether d is even or odd). Writing 7 for a primary factor of p;, these
symbols are then detected by [1+ Q;;(p;|m;) + Q7 (pilmj)* + Qij (pi|m;)3], with the
relevant boxes then being reduced roughly by a factor of 4 for each pair (,7). As
Fourvy and Kliiners note (§6.3), the methods for bilinear bounds are quite robust
and can rather easily be adapted give the desired cancellation. Meanwhile, one can
introduce Hecke Gréssencharacters over Q(v/—1) to handle the congruential sums
(see [9, §5, Proposition 7]).

Smith’s application of permutations should also readily extend to this case.

Finally, one would need to determine the 4-rank distribution by an analysis of
what proportion of (K, Q) yield given 4-ranks of the class groups.

However, the introduction of all the necessary machinery would take us too far
afield, and so we leave this problem for the interested reader.
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12.3. Let us briefly mention the case of 8-ranks, where instead of Legendre sym-
bols one can determine it in terms of Rédei symbols (see [48), Definition 4.4]). These
are certainly not so nice from an analytic standpoint, though can still be analyzed
via Artin representations (in the guise of Frobenius equi-distribution and the Cheb-
otarev density theorem), where at least some results about equi-distribution exist.

In any event, Fouvry and Kliiners [I0] are able to show various distribution re-
sults regarding the 8-rank. For instance (Theorem 2) they show that the proportion
of Gaussian discriminants with both 4-ranks equal to 1 is equally split between nar-
row 8rank 0 and 1 (both proportions being vg(1)/4). My understanding is that
their Ap (see Theorem 3, Definition 2, and §4.3) detects a weaker condition than
the Rédei symbol equalities that would actually determine the 8-rank; but on the
other hand this Ap can be usefully shoe-horned into the analysis over Q(v/—1) in a
manner similar to [9]. (Thus they avoid any specifics with Artin representations).

12.3.1. The recent preprint of Chan, Koymans, Milovic, and Pagano [3] considers
the 8-rank distribution (by an analogue of Smith’s later methods that we didn’t
discuss here), and in particular they re-obtain the result for the proportion of
Gaussian discriminants with equal narrow and ordinary 4-ranks. Contrary to the
above, their arguments do not use any analytic number theory over Q(v/—1), as
they instead work via the Chebotarev density theorem.

Our sequel [54] to the current work gives an exposition of this; from the stand-
point of the 2°°-Selmer rank distribution as considered by Smith, this corresponds
to the 4-Selmer case. Here there are various simplifications that occur so as to
avoid the need to get too heavily into co-homological machinery (for instance, when
defining the higher 2*-pairing matrices), and the methods (due mostly to Smith)
turn out to be largely combinatorial in nature, involving an arrangement to show
equi-distribution of a Frobenius element.

Indeed, for generic (K., £), Smith isolates three of the primes dividing d (one
of them restricted to be large, say loglogpr ~ (2/3)loglog X, and the other two
small, say loglogp; ~ (1/3)loglog X), and then describes situations where the
4-Selmer pairing matrix (or more properly, the characters on its ambient space)
depends on a Frobenius element for the large prime in a field defined by the small
primes. However, this leads to much too large of a field degree when all the small
primes p; € T} are used at once, so Smith proceeds to cover the Tj by suitable
“orids” (subsets with a few extra properties, such as Legendre conditions) of much
smaller size, thereby reducing the field degree and allowing the Chebotarev theorem
to be gainfully applied. (In the general 2¥-Selmer case there are k small primes
involved; but more crucially, for k¥ > 2 setting up the beneficial situations where
the Selmer pairing matrix depends on a Frobenius element involves significantly
deeper co-homological considerations).

13. EXERCISES

13.1. Let us do the exercise mentioned in Footnote [[} Our proof of this is some-
what tedisome, though essentially elementary.

Lemma 13.1.1. Suppose that an elliptic curve E over Q has full 2-torsion. Then
there is some isogenous curve (possibly E itself) that has full 2-torsion and no
rational 4-torsion point.
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Proof. The generic form of a curve E with full 2-torsion is y? = z(x + 1)(z + \),
and this has a 4-torsion point (u, u? + u) when A = p2. Thus we can assume ) is
square (and neither 0 nor 1, as these are singular), or else we are already done.

We can write E as A(1 + A\, \) for A(a,b) : y* = z(2% + ax + b), and recall
there is a 2-isogeny map from A(a,b) to A(—2a,a® — 4b). In particular, our given
curve E is 2-isogenous to the curve E’ given by A(—2(1 + A), (A — 1)). This E’
has a model y? = x(z — (u — 1)?)(z — (1 + 1)?), which can then be transformed
to y?> = x(x + 1)(x + B) where B =1— (u—1)?/(u+1)? = 4u/(u + 1)2. Now E’
has full 2-torsion, and so unless 3 (ergo p) is square we are done.

Otherwise we write 62 = 4u/(p + 1)2, so that E’ is isomorphic to A(1 + 62, 62),
and is thus 2-isogenous to the curve E” given by A(f2(1 +6%), (0% — 1)2). Again
this E” has a model y? = x(x — (6 — 1)?)(x — (6 + 1)?) which can be transformed
to y? = z(z + 1)(x + ) where vy = 1 — (0 — 1)2/(0 + 1)? = 40/(0 + 1)2. We see
that E” has full 2-torsion, and the condition that it have a 4-torsion point is that 6
be square, say 6§ = p?>. We would then have p* = 4p/(p + 1)2, which we will find
has no rational solutions other than from p € {0, 1}.

Indeed, upon writing z = p(u + 1) and p = r/s with ged(r,s) = 1 we see
that 2% = 4u(p + 1)% = 4(r/s)(r/s + 1)2. This yields z%s® = 4r(r + s)?, where
exactly one of 7, s, (7 + s)? is even, and thus has 2-valuation congruent to 2 mod 4,
while the other two 2-valuations are multiples of 4. Breaking this up into the
three cases, first when 7 is even we write (r,s,(r + 5)?) = (4a*,b%, 2*b'2/16a*),
and upon writing ¢* = 2%0'2/16a* = (r + s)?, by equating the sum of r and s
with (r + s) we are left with the equation 4a* + b* = +c?. Similarly, when s is
even we have a* + 4b* = £¢?, while when (r + s) is even we get a* + b* = £2¢?
from (r, s, (r+s)?) = (a*,b*,424b12/16a*). Clearly none of these is solvable with the
minus sign; with the plus sign, by Fermat descent the only coprime solution with
no co-ordinate of 0 is (+1,+1, £1) to the third, which corresponds to u = r/s = 1.

Thus E” has no rational 4-torsion point and we are done. ([l

13.2. Our second exercise appeared in We want to show that exactly half
of the choices of (K., £) yield 2-Selmer rank of each parity. As Yu [58] points out,
Monsky [36] shows that a stronger statement (namely the root number changes
by (d|—Ng) when twisting by a fundamental discriminant d coprime to Ng) follows
from work culminated by Kolyvagin [26]; this follows directly by [26] when the
analytic rank is < 1, and one can always reduce to such a case by a suitable
quadratic twist, with calculations of Kramer [29] then giving the applicable parity
under twisting. What we show here is that we can avoid Kolyvagin’s work if we
only aim to show that a 50-50 split in parity (essentially, we can ignore the “base
case” of the twisting calculation).

Let us recap our situation. We fix an elliptic curve F with full 2-torsion that
is twist-minimal in the sense that no prime has the same nonzero valuation at all
the ¢;;. We then wish to show that the 2-Selmer ranks for specifications (K., L)
have an equal 50-50 split in parity. As noted in Swinnerton-Dyer’s analysis, the
2-Selmer rank has the same parity as the 2-Selmer estimation for the Oth restric-
tion (K., £)[0], which contains no information about £, while the K.[0]-conditions
specify the sign of d and (by convention) the image of |d| in [],c, Q' /(Q})?. We de-
note the ICgp [0]-conditions to mean those that flip the local condition at each ¢ € Q
that is not 1 mod 4, corresponding to the image of d itself (when negative).
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13.2.1. Let us review what appears in the literature for the 2-Selmer rank when
twisting. The main paper is that of Kramer [29]. We let E/Q be an elliptic curve
and will consider twisting it by odd squarefree d coprime to the conductor Ng.
As Mazur and Rubin catalogue [34], Theorem 2.7], one consequence of Kramer’s
results is that the 2-Selmer ranks s(E) of E and s(Ey) of E4 are related as

s(Ea) = s(E) +)_6,(E,Q(Vd)/Q),

where the congruence is mod 2 (as are all future ones), while 4, is defined as the
codimension of the image Fn(Q,) of the local norm map E(Q(Vd),) — E(Q,),
that is, 6,(E, Q(vd)/Q) = dimp, (E(Q,)/En(Qy)). For our result, we need only
discuss the parity of the §,. We write Ag for the discriminant of E, which we
assume is given as a minimal model.

p Q[)(\/g)/Qp FE atp op = where
finite trivial any 0= (Ag,d), = (pAg,d), | obvious
finite | unramified good 0= (Ag,d), Mazur
finite | unramified split (pAg,d)p, = (Ag,d)p +1| Prop 1
finite | ramified split (Ag,d)p+1 Prop 1
finite | unramified nonsplit (pAg,d), = (Ag,d), +1 | Prop 2a
finite ramified nonsplit (Ag,d), Prop 2b
odd ramified good (Ag,d), Prop 3

2 ramified supersingular (Ag,d), Prop 4

2 ramified ordinary (Ag,d), Prop 5

00 (—Ag,d)p Prop 6

TABLE 9. Computation of the parity of J, (E

Q(Vd)/Q)

From it, one can read off (from the fourth
column) the parity of 6, (E Q(Vd)/ Q) for a semistable elliptic curve E/Q at any
place p (including 2 and oo, and those that divide d or Ng). The first line simply
records the case when d is a square in Q,, with the convention then that §, = 0.
The results from Propositions 1 and 2 refer to the cases of multiplicative reduction.

Adding up the results, we can use the reciprocity law ZP(AE, d), = 0 to simplify.
First we might note that when ged(d, 2Ag) = 1 the lines with ramified primes for
multiplicative reduction do not occur, so Kramer’s work implies that when twisting
a semistable curve E by an odd squarefree d coprime to Ng we have

Za (E,Q(Vd)/Q) = + > 1=(-Ldw+ > (pd)y

p|AE p|Ng
Xda(p)=-1

We sum up Kramer’s work in Table 9]

When d is a fundamental discriminant this says (—1)>% = (d|—Ng), so indeed
matches with the previous formulation for root numbers.

13.2.2. Kramer’s hope of resolving the case of additive reduction in the future
does not seem to have come to fruition. However, we can still show enough of the
necessary results for our purposes, in particular, that we have equi-distribution of
the parity of s(K., £) over the possibilities for K. [0].

We recall that we assume we are twisting by odd squarefree d coprime to Ng.
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From the above reformulation of Mazur and Rubin we have

S(Ea) — s(B) = 3 6,(E, Q(Vd)/Q).

Splitting the primes/places into three types: infinite, bad for E, and good for F,
this becomes

$(Eq) = s(B) = (-Ap.d)ec + Y_ 6(E,Q(Vd)/Q) + > 6,(E,Q(Vd)/Q).

p|NE pfooNEg
Then we use that 9§, (E, Q(\/Zi)/Q) = (Ag,d), for good primes, so that

s(Ba) — s(B) = (~Ap.d)os + Y 6,(E,QWVA)/Q) + > (Ap,d),.

p|NE pfooNE

Applying the reciprocity law of Zp(A E,d)p = 0 then gives

s(Eq) = s(B) = (~Ld)o + Y 6,(E.QWV)/Q) + Y (Ap.d)y.
p|NE p|NE

Since d is odd and coprime to Ng, the summands in both the second and third sums
are determined by whether d is a square mod p (or its class in Q3/(Q%)? for p = 2),
and so are determined by K[0]. Meanwhile, the (—1,d)s-term is independent of
the p-adic conditions from the p|Ng. Since (—1,d)o itself is equi-distributed with
respect to d, the entire right-hand expression is also. In other words, for any choice
of K[0], the 2-Selmer rank parities of K [0] and K°P[0] will differ (One reason to
include this exercise is to emphasize how the prime at infinity enforces the parity
split; compare [24, Corollary 7.10] of Klagsbrun, Mazur, and Rubin, who compute
the general disparity of 2-Selmer ranks for quadratic twists).

This then shows the desired parity equi-distribution. (Our argument did not use
the presence of full 2-torsion).

13.3. Next we show a variant of Heilbronn’s bilinear estimate (Lemma . We
want to show that if {a,,} and {3,} are sequences of complex numbers bounded
by 1 and supported on odd squarefree integers m and n with M < m < 2M
and N <n < 2N, then ) > mfn(m|n) < MN/min(M, N9,

By dividing m and n into congruence classes mod 8 we can replace (m|n)
by (n|m) with a fixed sign, and thus by symmetry we can assume that N < M.

13.3.1.  Almost every author seems to have their own version of this type of result.
The history is a bit eclectic, as Heilbronn’s original argument is one paragraph
long, using Cauchy’s inequality and partial character sum estimates (of Pdlya and
Vinogradov); then, various authors gave more weighty ratiocination to the methods
(sometimes to debatable avail in the end result) such as the partial character sum
estimate of Burgess or the large sieve; later, it was realized that one can actually
dispense with partial character sum estimates (using periodicity instead) and still
obtain an adequate result (via Holder’s inequality rather than Cauchy’s).
Heilbronn [20] originally considered >_ > (plg) with both variables prime and

of size X, and saved X'/4 over the trivial estimate via using Cauchy’s inequality
twice and the estimate of Pdlya and Vinogradov for partial character sums. It is

58Note that this is not the same as twisting by —1 (which need not flip the parity). For
instance, for the congruent number curve, we have that the d = 1,3 (8) classes retain the parity
for d > 0, while these same d = 1, 3 (8) classes flip the parity for d < 0.
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fairly routine to modify this to include weights o, and 3, and allow the variables
to run over dyadic intervals of different sizes.

Gerth and Graham [I3, Theorems 4 & 3] essentially give the “obvious” gener-
alization of Heilbronn’s result to sequences supported on the squarefree{ﬂ integers,
using Cauchy’s inequality twice and the estimate of Pélya and Vinogradov.

Heath-Brown’s version in [I7, Lemma 4] desires &, 3 to be supported on odd
squarefree integers rather than primes, and thus the second application of Cauchy’s
inequality would induce a divisor function — he instead applies the estimate of
Burgess after only one application, so saves only (1/16 — €) instead of 1/4 in the
exponent.

In a later paper [19, Corollary 4], whose main topic is such estimates, Heath-
Brown gives a version (for odﬂ integers) that saves a larger power (1/2 instead
of 1/4) of the parameter N, but also has an extra (M N)¢ included. I don’t think
this is a “large sieve” per se, and indeed he terms it a mean-value estimateﬁ The
interposition of (M N)¢ here can cause difficulties when M and N are on much
different scales, and unlike other occurrences of this, I don’t think this is just a
shorthand for a divisor function (which can be bounded by a log-power on average)
in his estimate.

Smith (Proposition 6.6) has the support be on primes, and adapts a result of
Jutila [22] Lemma 3]; he terms this a form of the large sieve, though I don’t think
this is the best description@

Kane’s Lemma 15 also has the support be on primes, though he gives his own
derivation which relies on a multiplicative large sieve estimate (in Lemma 14) in-
stead of either the bound of Pélya and Vinogradov or of Burgessﬁ

Fouvry and Kliiners [8, Lemmata 14 & 15] has the support on odd squarefree
integers; they give two slightly different versions, the first of which comes directly
from Heath-Brown’s later version [19], and the second of which (to save (M N)€) is
given as a consequence of the large sieve (again this is perhaps overly high-powered).

Their version in [9, §6] is over Z[v/—1], but they note in general that one needs
nothing more than reciprocity (for symmetry in the variables), bi-multiplicativity,
and some sort of cancellation in character sums (indeed, they merely use the trivial
bound from periodicity). They save (1/8 — €) in the exponent, with a clean 1/8
when the support is on the primes. This is essentially the argument that I've chosen
to present; as they note, it appears in a different guise in various other works (most

59They don’t state this requirement, but in the proof of Theorem 3 they use that n # r (rather
than that nr is non-square) to be able to apply the estimate of Pélya and Vinogradov.

60without such a requirement, at least on the lower entry in (m|n), one must contend with
non-periodicity when m is an odd nonfundamental discriminant; for instance, (3|n) is not periodic
since (3|2F) = —(3|7-2%) = —(3|2F + 3. 2F+1) for all k.

611£ T were pressed to make a distinction, a sum over all characters for moduli up to @ would be
a large sieve, whilst a sum over only the real characters would not — though below both Kane [23]
and Fouvry and Kliiners [8] bound the latter by the former (trivially by inclusion), which seems
to me to be a rather artificial usage of the large sieve in this context.

62Jutila’s Lemma 3 is deduced from the prior Lemma 2, which he mis-cites as being from his [2]
instead of his [3], but in any event it seems to be a mean value theorem for real character sums
rather than a large sieve (see his Introduction).

63With his Lemma 14 he mentions the similarity to Lemma 4 of [I§] — I suspect he means
Lemma 4 of [I7] (which is Lemma 3 in [I8]), and in any case his comment would seem more
apropos adjoining his Lemma 15.



68 MARK WATKINS

notably, Friedlander and Iwaniec [I1] §21] gave such a version over Z[/—1]; also,
Koymans and Milovic [27), §3.4, §5] have a result for general number fields).

13.3.2.  'We use the m ~ M notation to indicate a dyadic interval and thus write

S(@B)= > > camba(min)
m~M n~N
In many instances it is natural to have the coefficients bounded by a divisor function
(rather than by 1), and we write 7; for the I-fold divisor function, with [ > 1.
First we show a result that is useful when one variable significantly exceeds the
other, for instance N <, v/ M /M¢.

Lemma 13.3.3. Suppose that |an,| < 7.(m) and |Bn| < 1(n) are sequences sup-
ported on odd integers in [M,2M] and [N,2N]. Then

2

L 32 1 N oy
|S(a, B)| a<<b(MN)2<N+M>(10gMN) +262 426

Proof. By Cauchy’s inequality and expanding the square we have

SGAP = | X an X | < X fanf |3 sulimi)

2

mn~ M n~N mn~ M m~M'n~N
< D> mm)’- Y wn) Y mne)| Y (minang)|.
m<KM ni~N no~N mn~M

When ninz is square the inner m-sum is < M, and else it is bounded as < nina.
Writing u? = nins and recalling 3 o (u)? <;; X (log X)¥' ~1, this gives

s, B[’ < M (log M)** =" (M > my(u?) + N2 N2(1OgN)2<b_1>>
“ uLN

1 N 2b%24+b—1 N2
< M*N?. (( o8 3\1 + 57 (log N)2<b1>> - (log M)®*~1,
where we used 7op(u?) < T(2b2+1)(u) = Th(2p+1) (). ]

The above is not quite symmetrical in the variables. In many circumstances we
can induce symmetry by fixing the sign of (m|n)(n|m) by restricting m and n to
suitable arithmetic progressions. However, this again is somewhat unneeded.

Lemma 13.3.4. Suppose that |an| < 7.(m) and |B,| < 1(n) are sequences sup-
ported on odd integers in [M,2M] and [N,2N]. Then
> 12 1 M? 2,62

S(a MN)?( — 4+ — ) (log M N)? 22" +2a,

5B < (w2 (57 + 5 ) do i)
Proof. This is the same proof, except we expand out the m-variable by Cauchy’s
inequality, and use the periodicity of (mims|n) when mimg is non-square. O

Now we show the main result.

Proposition 13.3.5. Suppose that |ou,| < T.(m) and |8,] < Tc(n) are sequences
supported on odd integers in [M,2M] and [N,2N]. Then

. MN
|5(a.5)] < min(M, N)1/0°
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Proof. First we assume N < M. We apply Holder’s inequality to S(&, 5) and get

s < (X |5n|4)3<2 5™ aa(mim)|

n~N n~N'm~M

> < (N(logN)C471)3' |S(&/75/)|

where o, is the sum of un, Gy @y @, OVer representations u = mimamsgmay,
and thus |o),| < 74c(u), while 8/, is 1 on [N,2N]. Then we split up the inter-
val [M*,16M*] into 4 dyadic intervals and apply Lemma [13.3.3[to get
2
1 2y |2 4 77\2 (i N7> 20c?
8@, B << (MNP (5 + 275 ) log MN),
so that
1 N1/4
N
and then using N < M gives the stated result.
The argument when M < N is similar, except we apply Holder’s inequality to n
and use Lemma [13.3.4] O

|5(@,8)| < MN( )(1og MN)ie",
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