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A NEW EFFECTIVE LOWER BOUND FOR Lχ(1)

MARK WATKINS

Abstract. Let K = Q(
√
−D) be an imaginary quadratic field with −D a

fundamental discriminant andD ≥ 4π2 exp(106). The best known lower bound
on the class number hK is due to Oesterlé: following work of Goldfeld in the 70s

and Gross and Zagier in the 80s, he showed that for D prime (in particular)

we have hK ≥ (logD)/55. We improve this to

πhK ≥ min
`
1010000 logD, (logD)3/108

´
for prime D. For general D there is a product over p|D of (1− 2

√
p/(p+ 1)),

but also the constant is smaller, namely 1/7000 instead of 1/55 for Oesterlé,
and 101000 instead of 1010000 for us.

We also show an analogous result for real quadratic fields; this provides

an alternative method of resolution to the conjectures of Chowla and Yokoi
on the cases of class number 1 for Q(

√
4u2 + 1) and Q(

√
u2 + 4), which were

solved by Biró in 2003 by other means.
Our method starts from a given elliptic curve E of rank 5 whose twist

by −D has odd parity. The analytic rank of LE(s) is at least 3 by Kolyvagin’s

theorem, and by computation we can show that this L-function has exactly
two other zeros close to the central point; thus by symmetry these are either on

the central line or on the real axis. On the other hand, we derive a “Deuring

decomposition” for the completed product L-function ΛKE (s), showing it is
locally approximated around s = 1 in suitable co-ordinates as ∼ cξ(sin ξ − ξ),
which in particular has its noncentral zeros off the axes.

The stated constant follows by high-precision computation of L′′′E (1) to
10025 digits (for 6 different curves), taking about a month and a half. However,

for the more general version this task is quite nontrivial due to the conductor

size necessitated by the rank and parity conditions, and took 3 core-months
to reach 1025 digits. We give the details of such calculations in a companion

paper, and in another companion paper show Chowla’s conjecture explicitly
(incidentally removing the restriction D ≥ 4π2 exp(106) that appears here).

1. History and introduction

Let K = Q(
√

∆) be an imaginary quadratic field, with ∆ a negative fundamental
discriminant, and D = |∆|. The class number (commonly denoted by hK) is the
number of (inequivalent) primitive reduced binary quadratic forms aX2+bXY +cY 2

with discriminant b2−4ac = −D. Indeed, the primitive binary quadratic forms of a
given discriminant form a group under composition as shown by Gauss [30, §234ff],
and under equivalence by SL2(Z) the reduced forms are canonical representatives
of the classes.

1.1. Gauss catalogued a list of class numbers for various small D, and suggested
that the class number should tend to infinity with D. In other words, any list of
imaginary quadratic fields with a given class number should be finite.

Gauss also noted [30, §302ff] that the class number for orders of negative dis-
criminants (including nonfundamental ones) was on average1 (2π/7ζ(3)) ·

√
D.

Jacobi [46] was the first to publicize a conjectural version of Dirichlet’s class
number formula (though it was possibly known to Gauss) that linked the class

1This is the correct constant for modern conventions (Lagrange/Eisenstein) on discriminants.
See Lipschitz [53, (24)] or the end of Mertens [56, §4]. This paper of Mertens does not seem to

mention the (obscure?) precursor 1865 work of Lipschitz (though it does improve the error term).
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number to the value of the associated Dirichlet L-function at 1, phrased as

hK = −wK
2D

D∑
m=1

mχ(m)

where χ is the quadratic Dirichlet character associated to K and wK is the number
of units in K. This was then shown a few years later by Dirichlet [22] and is more
commonly written in the form Lχ(1) = 2πhK/wK

√
D.

The link of the class number to L-functions was then strengthened by Gron-
wall [35] who in 1913 related a type of zero-free real interval for Lχ(s) near s = 1
to the largeness of hK , and this was subsequently improved by Hecke (as published
by Landau [49]) to state that a zero-free interval of the form 1− c/ logD ≤ σ ≤ 1
implies hK �

√
D/ logD (whereas Gronwall had an extra (log logD)3/8 in the

denominator). The papers [49, 50] of Landau showed2 in a statistical sense that
small class numbers were rare: specifically, if −Dn is the putative nth fundamental
discriminant with h(−Dn)�

√
Dn/ logDn then Dn+1 �C DC

n for any C. Landau
exploited an idea he attributes to Remak of using an auxiliary imaginary quad-
ratic field (often called an auxiliary modulus) thereby showing (under suitable size
constraints) that at least one of the two has class number near the expected size.

It was shown by Littlewood [54, §9] in 1928 that under the Generalized Riemann
Hypothesis for real χ we have (where γ ≈ 0.577 is Euler’s constant)

1
2
· π

2

6
e−γ

log logD
. Lχ(1) . 2 · eγ log logD as D →∞,

and these bounds are best possible [54, §10] except for the factors of 2. In particular,
the class number is roughly of size

√
D, varying at most by a factor of (log logD).

1.1.1. The next wave of results took matters in a different direction, the first being
Deuring’s 1933 paper [20] that noted that if there are infinitely many imaginary
quadratic fields with class number 1, then the Riemann Hypothesis is true. He did
this by deriving an approximation for the Epstein ζ-function of the principal form,
which in this case is equal to the Dedekind ζ-function of the field. We view this as
the initial example of a “Deuring decomposition” and will have much to say about
such below, but roughly it says that completed Dedekind ζ-function satisfies

ζK(s)Γ(s)
(√D

2π

)s
= T (s) + T (1− s) + U(s)

where T (s) = ζ(2s)Γ(s)(
√
D/2π)s and U(s) is an error term that is exponentially

small (in terms of
√
D) in this case of the principal form. One then sees that T (s)

dominates T (1− s) and U(s) when σ > 1/2 (and |s− 1| � 1/D1/4), at least up to
some height depending on D, and this implies that the region has no nonexceptional
zeros of ζK(s), so in particular of ζ(s) itself. The assumption that there are infinitely
many D with class number 1 then yields the Riemann Hypothesis.

This was soon followed by Heilbronn [40] who gave an analogue in the conduc-
tor aspect and was able to conclude that the class number diverged as D → ∞.
However, this result was ineffective in that (from the method) one could not say
at what rate the divergence occurred. With Linfoot [41] he showed that there
are at most 10 imaginary quadratic fields with class number 1 (the known nine

2The literature often cites one of these papers of Landau for the general quadratic case, but
the phrasing is only for the imaginary quadratic case. The same is true with [51].
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being D ∈ {3, 4, 7, 8, 11, 19, 43, 67, 163}), but again they could not determine an
upper bound on the size of the discriminant of a putative 10th such field.

Meanwhile, Deuring [21] expanded his zero-distribution analysis for the h = 1
case, showing the nonexceptional zeros of ζK(s) up to height roughly

√
D lie on the

half-line, and moreover enjoy a regular spacing, corresponding (with small error) to
solutions of T (s)+T (1−s) = 0, the behaviour therein dominated by

√
D
it

+
√
D
−it

.
This used his decomposition in conjunction with Rouché’s theorem.

Soon after, Landau [51] revisited his exploitation of Remak’s idea of an auxiliary
modulus to show that hK �ε D

1/8−ε for all ε > 0, while Siegel [71] gave a proof that
showed hK �ε D

1/2−ε and moreover the general result Lχ(1) �ε 1/Dε applicable
also to real quadratic fields. These results were again ineffective.

1.1.2. The class number 1 problem was solved by Heegner [39] in 1952, though
over a decade intervened before his proof was widely accepted, in part due to his
idiosyncratic style, and in part due to its seeming reliance on a part of Weber’s
Lehrbuch der Algebra (1908) that was known to be in error.3

In 1966 Baker [3] used his newly developed methods of linear forms in logarithms
to show an effective bound on the 10th putative field of class number 1, while
soon after Stark [72] used modular functions (though with a more analytic flavor,
involving Kronecker’s limit formula, than Heegner had followed) to show the same,
and moreover resolved the “gap” in Heegner’s work [73, 74].4

These methods are strongly dependent on the fact that there is only the principal
form when the class number is 1. Baker [4] and Stark [77] each gave proofs that
used transcendence theory to solve the class number 2 problem, but there is scant
hope of going further by such methods.

1.2. A slightly different approach to class number problems was described in 1976
by Goldfeld [33].5 He adapted Landau’s usage of the auxiliary modulus to the case
of degree 2 L-functions, and showed that a (modular) elliptic curve with sufficiently
high analytic rank (the order of central vanishing of its L-function) would imply
that the class number of imaginary quadratic fields diverges effectively – in other
words, for any fixed class number h, one could (provably) make lists in the manner
of Gauss of all the imaginary quadratic fields with that class number.

From Goldfeld’s work, given an elliptic curve E/Q of analytic rank r (or more),
meeting technical conditions so that the −Dth quadratic twist of E has odd parity,
one gets roughly that hK �r (logD)r−2. Unfortunately, showing that a given
elliptic curve had analytic rank more than 2 was not possible at the time.

Contrary to the previous methods, there were no special properties of the prin-
cipal form used. Moreover, there was a reasonable expectation of finding an elliptic
curve of analytic rank 3 or more via the Birch and Swinnerton-Dyer conjecture [7].

3The subject of modular functions à la Weber seems to have dropped almost totally out of
fashion over the preceding decades. We can do no better than to quote Birch [6]: “. . . it is hardly

an exaggeration to say that for half a century most mathematicians hardly knew that the theory of
modular functions had ever existed . . . Unhappily, in 1952 there was noone left who was sufficiently
expert in Weber’s Algebra to appreciate Heegner’s achievement.”

4He also noted [76] that (retrospectively) Baker’s method was somewhat overkill, as via a
Deuring decomposition for a twisted Dedekind ζ-function (which he had recently shown [75]) one

only needs linear forms in two logarithms, whence a prior result of Gelfond [32] already suffices.
5A contemporaneous paper of Friedlander [28] also considers the effect of a central zero (from

parity effects of Armitage L-functions) on class number problems.



4 MARK WATKINS

Goldfeld also handled the real quadratic case, and his Theorem 5 states that

Lχ(1) �̃
r

1√
D

(logD)r̃−3

(log logD)r̃+4

∏
χ(p) 6=−1

p<(logD)8r̃

(
1 +

1
√
p

)−4

where r̃ is the analytic rank (or a lower bound therein) of the degree 4 L-function
formed by the “Landau product” of LE(s) and its twist LEχ(s).

One can then note that there are few small split primes and use genus theory to
bound the number of p|D, thusly arriving at the statement of his Theorem 1, that

Lχ(1) �̃
r

(logD)r̃−3

√
D

exp
(
−21

√
r̃ log logD

)
.

1.2.1. The existence of a modular elliptic curve (with suitable technical properties)
of analytic rank 3 was shown in 1986 by Gross and Zagier [36], using the theory
of Heegner points. Although their work has been generalized in various directions,
this is still the highest known analytic rank.

The suitable technical conditions include results about root numbers that imply
we can then take r̃ = 4. Oesterlé [58] used the rank 3 elliptic curve [0, 0, 1,−7, 6] of
conductor 5077 and got the resulting lower bound of hK ≥ (logD)/55 for prime D.6

This is quite small compared to the GRH expectation of hK �
√
D/ log logD, but

still effectively resolves the class number problem for any fixed h (indeed, much of
Oesterlé’s motivation was the h = 3 case). However, the problem remains quite
difficult computationally, and it is only for h ≤ 100 that the “expected” lists (easily
derivable by computing to 2100(h log 13h)2 as per Tatuzawa [78]) have been proven
complete [82]. (This [82] is from 15 years ago, and likely h ≤ 1000 is doable today).

Note that r̃ = 4 does not give a useful lower bound on Lχ(1) in the real quadratic
case, as Lχ(1) & (logD)/

√
D already follows from Dirichlet’s class number formula

and the fact that the fundamental unit is &
√
D (hence the regulator is & log

√
D).

1.3. We improve the constant in Oesterlé’s version of Goldfeld’s result. To ensure
the root number condition (namely Eχ must have odd parity) we use a fixed selec-
tion of three elliptic curves E/Q of rank 5, for each of which we know the analytic
rank is at least 3 by Kolyvagin’s work (in conjunction with the theorem of Gross
and Zagier). Furthermore, for each E we can show by computational means that
there are exactly two additional zeros of LE(s) with |s− 1| ≤ 10−510 (say) and by
symmetry these zeros 1± iκ must be either on the central line or the real axis. To
show this bound on zeros of LE(s) near s = 1 we will compute its third derivative
to high precision and use Rouché’s theorem.

For notational reasons we write Lf (s) instead of LE(s), with f the weight 2
modular newform associated to E.

We then use Lavrik’s general method [52] for approximate functional equations to
derive a “Deuring decomposition” for ΛKE (s) = ΛKf (s) that accentuates the behavior
around s = 1. The fact that the product L-function has analytic rank at least 4
allows us to show (assuming gcd(Nf , D) = 1 for notational simplicity)

Λ̃Kf (s) = LKf (s)Γ(s)2
(NfD

4π2

)s−1

= Tf (s)+Tf (2−s)−T ′′f (1)(s−1)2 +Of (h̃K |s−1|4)

6For composite D there is also a mild product over p|D, but more annoying is that when 5077|D
the constant 1/55 is replaced by 1/7000. See §10 below for more on this.
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where h̃K = hK
∑
a 1/a includes a reciprocal sum over minima and

Tf (s) =
LS2f (2s)
ζ(2s− 1)

Γ(s)2
(NfD

4π2

)s−1

Ef (s),

with Nf the conductor, while LS2f (s) is the symmetric-square L-function of f ,
and Ef is an adjustment for bad primes of f and small noninert primes of K.

In particular, we have an approximation of Λ̃Kf (s) by cξ(sin ξ − ξ) where iξ is
essentially (s − 1)(logD). The noncentral zeros of this approximation are off the
axes, and by Rouché’s theorem this can be transferred to Λ̃Kf (s), contradicting our
previous observation concerning the known zeros 1 ± iκ of Lf (s). A comparison
then gives us that

h̃K |κ|4 �
f
Ef (1) ·min

(
(logD)|κ|2, (logD)3|κ|4

)
,

from which we obtain a lower bound for hK that is quadratic in 1/|κ|.

1.3.1. The same methods also work for real quadratic fields, with a different se-
lection of three curves of rank 5 to start. Here Goldfeld already exhibited some
counting arguments that relate small values of Lχ(1) to the splitting of small primes
in K, though we still need some effort to adapt our results to this setting.

Our ultimate result provides another way to effectively resolve the conjectures
of Chowla and Yokoi. These respectively give complete lists of squarefree 4m2 + 1
or m2 + 4 such that Q(

√
4m2 + 1) or Q(

√
m2 + 4) has class number 1, and were

shown by other means by Biró [8] in 2003.

1.4. Let us catalogue what we actually show.

1.4.1. Firstly we have bounds for Lχ(1) under coprimality restrictions on D (which
occur because of the difficulty in controlling root numbers when gcd(D,Nf ) 6= 1).

Theorem 10.2.1. Suppose K = Q(
√
−D) is an imaginary quadratic field with −D

a fundamental discriminant and D ≥ 4π2 exp(106), while

gcd(D, 19047851 · 64921931 · 67445803) = 1.

Then the class number hK is bounded below as

πhK =
√
DLχ(1) ≥ min

(
1010000 logD, (logD)3/108

)
·
∏
p|D

(
1−
b2√pc
p+ 1

)
.

Theorem 10.2.2. Suppose K = Q(
√
D) is a real quadratic field with D a funda-

mental discriminant and D ≥ 4π2 exp(106), while

gcd(D, 3089 · 6599 · 647 · 86131 · 409 · 146099) = 1.

Then we have
√
DLχ(1) ≥ min

(
1010000 logD, (logD)3/108

)
·
∏
p|D

(
1−
b2√pc
p+ 1

)
.

These are proven by employing a battery of three elliptic curves of rank 5 (for
each case) and computing L′′′f (1) to 10025 digits – of course we find it is 0 to this
precision. As the conductors are ≤ 108 this takes approximately a week or two per
curve. We give the details of the computation in a companion paper [87].
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1.4.2. We then have a version unrestricted by the gcd-condition.

Theorem 10.4.1. For D ≥ 4π2 exp(106) we have
√
DLχ(1) ≥ min

(
101000 logD, (logD)3/1013

)
·
∏
p|D

(
1−
b2√pc
p+ 1

)
.

We again use three rank 5 elliptic curves each for the real and imaginary cases.
However, here the curves must be of a specific type to ensure fχ has odd parity,
and the conductors are much larger (nearly 1016). Thus the L′′′f (1)-computation
consumes more time, with merely 1025 digits taking a couple weeks for each curve.

1.4.3. The constants on the (logD) terms in the above Theorems can of course be
increased by further computation. More delicate are the constants with the (logD)3,
which depend on a number of factors.

These constants come about from a comparison of a main term in the Deuring
decomposition to the error term therein. The latter contains a factor of

√
Nf

from the extra length of the approximate functional equation, and any substantial
improvement on this would be quite notable. Meanwhile, for the main term, there
is a factor of LS2f (2) that occurs naturally.

The error term also contains factors from what could be termed as coming from
lattice point counting in ellipses in the imaginary quadratic case. However, it turns
out to be convenient to handle both this and the real quadratic case simultaneously
via L-function techniques as first considered by Goldfeld, and it seems the real
quadratic case (even with its greater complications) does not lose a great deal here.

Then there are factors that are somewhat dependent on the specific elliptic
curves used, though not initially to the extent of the

√
Nf factor. One example

is the effect of ramified primes, and another is the size of
∑
l |bl|/l3 where bl are

the coefficients of the symmetric-square (see §4.1.6). In particular, for small l the
trivial bound |bl| ≤ lτ2(l) can often be improved. A similar observation holds for
a contribution from the possibility of small split primes in Ef (s): rather than the
bounds cf (2) ≥ −2

√
2 and cf (3) ≥ −2

√
3, one already has a good improvement

from using cf (2) ≥ −2 and cf (3) ≥ −3, and I do not discount that one could get
an overall improvement by choosing curves (even with larger conductor by a decent
factor) for which the initial cf (p) are not so small.

It might be that one could reduce 108 and 1013 by 1 each in the exponents, but I
doubt any greater gains could be made without a notable theoretical improvement.

1.4.4. The restriction ofD ≥ 4π2 exp(106) is convenient to our proof but somewhat
annoying in the final result. We can remove it by a process similar to our computa-
tional work for class numbers up through 100 in [82] (which can be suitably adapted
to the real quadratic case too). Therein we used a battery of auxiliary (primitive
odd) Dirichlet L-functions of moduli ki each of whose lowest zero has height signif-
icantly smaller than the typical 2π/ log ki. When such a modulus is coprime to D,
we get periodic ranges in logD for which Lχ(1) is not too small. By using many
such L-functions the “miss ranges” of said moduli do not overlap for logD ≤ 4+106,
while the coprimality condition can be handled by genus theory (e.g., if 50 small
primes divide a large D, then the class number is at least 250 ≥ 1015).

Indeed, in [82, §3] the range 2162 ≤ D ≤ exp(298368000) was fairly mechanical,
and it was only with 252 ≤ D ≤ 2162 that things became difficult.

The details will be given in our companion paper [88].
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1.4.5. For the real quadratic case, the bound in Theorem 10.4.1 fails to beat the
trivial bound (from the regulator) essentially when the sum over p|D of

∑
2/
√
p

exceeds 1000 log 10. This is a finite proportion of D, and indeed likely contains a
proportional amount of small regulators (small-(u, v) solutions to u2 −Dv2 = ±4).

1.5. It does not seem that our method gives an analogous result starting from
elliptic curves of rank 4 (where we would know r̃ ≥ 3). The problem is that the
local approximation is now of the form cξ(cos ξ− 1); this has double zeros at twice
the expected zero-spacing of Λ̃Kf (s), but they do indeed occur on the real line.

We can also note that the device we employ in §10.3 to ensure Eχ has odd parity
might not work so well with higher ranks. Indeed, for the above Theorem 10.4.1
we need to exhibit an elliptic curve of rank 5 in various quadratic twist families;
a heuristic of Granville [89, §11] suspects 5 is generically the maximal rank in a
quadratic twist family, and [59, §8.3] concurs. On the other hand, more recently
the twist of 11a by −203145767 was found by Daniels and Goodwillie [17, Table 4]
to have rank 6, and similarly they noted the twist of 550k by 4817182 has rank 6.

1.5.1. Finally, we can note that the present work has almost no effect on the
computational problem of proving class number lists for imaginary quadratic fields
are complete (as in [82]), as therein the upper bound on the size of D (coming from
Goldfeld’s work and its completion by Gross and Zagier) is not the bottleneck.

1.6. Though it is not immediately relevant to the current work (and largely we
mention it to expand on the literature that we later became aware of), recently
in [84, 85] we noted that it is possible to use Goldfeld’s idea with an L-function (of
degree 2) with analytic rank merely 2 to re-solve the class number 1 problem, pro-
vided that sufficient cancellation can be shown with the Dirichlet series coefficients
when restricted to integers represented by the principal form.

In particular, for small fixed y one wishes to show that∑
x∼
√
Dy

cf (x2 +Dy2) = o(Dy2)

where cf denotes the L-series coefficients of the weight 2 modular newform f .

1.6.1. In our first proof [84], we exploited various arithmetic properties of a specific
elliptic curve with complex multiplication by Q(

√
−1) to rewrite cf (x2 + Dy2) in

terms of solutions to a2 + b2 = x2 + Dy2, completing the proof via a theorem of
Hooley [43] concerning the equi-distribution of congruential roots of a polynomial
to varying moduli.

I was unaware of the work of Friedlander and Iwaniec [29] on small solutions of
indefinite ternary quadratic forms (such as a2 + b2 − x2 = Dy2 for small fixed y),
which could likely (with sufficient effort) be turned into a similar proof, though using
(ultimately) the Iwaniec bound [44] rather than Hooley’s result. In particular, the
change of variables they use following (2.2) is similar to that in [84]. This [29]
depends on their joint work [24] with Duke on Weyl sums for quadratic roots.

While in [84] we only saved a small power of (logD) (which suffices for the class
number 1 problem), a rendition involving such Weyl sums would likely instead be
able to save a small power of D.
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1.6.2. Our second proof [85] then brought spectral techniques similar to those of
Templier and Tsimerman [80] into the picture, considering the problem of Hecke
eigenvalues over quadratic sequences, and ultimately relying on Duke’s bound [23]
(following Iwaniec [44]) for Fourier coefficients of Maass forms of half-integral weight
to show the desired cancellation.

I should emphasize that Templier in [79] did “everything but” point out that class
number 1 follows from analytic rank 2. See (1.6) of Theorem 2 of [79], wherein the
left side is the average of L′(f⊗θ, 1) over class group characters θ and is thus 0 under
our assumptions, while the right side is proportional to L′χ(1) ∼ π2/6 as D →∞.7

In retrospect, it seems I was a bit cavalier in [85, §5.8], when proposing that one
could show cancellation in

∑
x cf (x2 +Dy2) by: bounding a Poincaré series via its

norm, writing said norm in terms of a sum of Kloosterman sums by Proskurin’s
version of the Kuznetsov trace formula, and then utilizing progress toward the
Linnik-Selberg conjecture to obtain an adequate result. In particular, given the
size of the argument(s) of the Kloosterman sum, one needs to beat the power 1/4
in the mn-dependence in a result such as that of Sarnak and Tsimerman [67]. They
do this in weight zero (and it has been generalized to nontrivial level), but in half-
integral weight this was only recently considered by Dunn [25], who adapts work of
Ahlgren and Andersen for the purpose. Though his result is for the η-multiplier,
the same strategy should readily apply to the Θ-multiplier case.

In [25] Dunn only beats the 1/4 barrier for the opposite sign case (Theorem 1.1).
The difficulty in the same-sign case is in the holomorphic contribution (see (7.2)
and (10.2)), where one wants to use the Iwaniec bound for Fourier coefficients of
half-integral weight modular forms in order to beat the 1/4 exponent, but there are
difficulties involved with uniformity in the weight. This was subsequently overcome
in his later work [1] with Ahlgren. (I thank Dunn for explaining his results herein
to me, and Andersen for his help too).

One can also follow Blomer’s initial work [9] concerning sums of Hecke eigenvalues
over quadratic sequences more closely and get to a similar juncture: in the middle
of (3.5) he writes the relevant expression as∑

h

∑
c

K(4m− h2,−∆, c)
c

· g(h; c/4)√
c

e(−2sh/c),

and again one needs to be able to beat the 1/4 exponent in the mn-dependence to
be able to profitably apply sums of Kloosterman sums (with partial summation).

I would thus say that there are now as many as six ways to show adequate can-
cellation in

∑
x cf (x2 +Dy2) and thereby obtain a resolution of the class number 1

problem via a suitable L-function of analytic rank 2. Three of these are extant
in the literature: Templier’s proof [79] using the δ-symbol method; our proof [84]
controlling solutions to a2 +b2−x2 = Dy2 by using Hooley’s root equi-distribution;
and the spectral methods of Templier and Tsimerman [80] as simplified in [85].

The other three methods are: analysis of solutions to a2 +b2−x2 = Dy2 by Weyl
sums for quadratic roots from [29] and [24]; spectral methods involving the Poincaré
series norm ([85, §5.8]) in combination with the work of Dunn and Ahlgren [25, 1]
to show sufficient cancellation in sums of Kloosterman sums; and Blomer’s trans-
formation (via Poisson summation) of sums of Kloosterman sums over a quadratic

7This [79] uses the δ-symbol method, while [80, (1.9)] simplifies via spectral theory. Note also
that (1.9) is (1.10) in the preprint version, and α and β need a Lχ(1)-factor.
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sequence into sums of Kloosterman sums with Θ-multiplier [9], again relying on the
work of Dunn and Ahlgren to bound the latter.

Of the six, all of them except [84] depend on Iwaniec’s seminal bound [44] for
Fourier coefficients of modular forms of half-integral weight.

1.6.3. The comments on root numbers in [85, §5.9.1] admit some more discussion.
Firstly, at least in weight 2 with the goal of an even parity curve all of whose twists
by negative fundamental discriminants have odd parity, one can take an elliptic
curve of conductor p2 with p ≡ 7 (12) and Kodaira symbol either II or IV at p.
Examples already exist in the list [26] given by Edixhoven, de Groot, and Top,
namely with p ∈ {43, 307, 739, 1999, 2251, 3331, 4423, . . .}. One still has to achieve
the rank 2 condition, but this can be done simply by taking one such twist in the
family, for instance, the twist by −4 of 1849b. More directly, one can take the
rank 2 curve [1,−11,−492, 4302] of conductor 78672.

On the other hand, it seems that the second part of [85, Footnote 24] concerning
non-selfdual L-functions might be somewhat wishful thinking, in part due to the
fact that I misparsed [45, §23.5], failing to note they assume that “P (1, f) is also
real” on page 537 (I had thought they were asserting this followed from ε being
real, particularly as the intervening clause about Sym2f having real coefficients
does in fact follow from this). Without this condition on P (1, f), one would require
a replacement for (23.40) along the lines that the product of the root numbers is
not close to −ei arg S(−1)g (which is −(−1)g in the selfdual case) and in general one
would need to figure out a way to show the argument of S does not interact with the
root number product in this way. For the case of class number 1 this follows readily
since there are no small noninert primes, but in general I don’t think (for instance)
one so easily gets a bound of roughly� (logD) from a nonselfdual L-function with
a central zero of order 2 (or more); see also their comments at the start of §23.7.

1.7. The Deuring decomposition around s = 1 given in §6 grew out of currently
unpublished work [86] on the Deuring-Heilbronn phenomenon (or Deuring’s zero-
spacing phenomenon) that was done in 2016 or earlier. The idea of using it to
obtain the current result(s) was conceived at Bill Duke’s 60th birthday conference
at ETH Zürich in June 2019. I thank H. Iwaniec for his interest in this topic.

1.8. Notation. We use the “∂”-symbol rather than “d” for measures in integrals.
We write L-functions with subscripts and consider the objects involved always to
be primitive.

We let K = Q(
√

∆) be our quadratic field of interest, with ∆ a fundamental
discriminant and D = |∆|. Its associated character is χ, whose L-function is Lχ(s).

We will be particularly interested in L-functions of weight 2 newforms f of
level Nf , writing Lf (s). The completed version is Λ̃f (s) = Γ(s)Lf (s)(

√
Nf/2π)s−1

where we have chosen to scale the conductor factor to be 1 at the central point s = 1.
The product L-function Lf (s)Lfχ(s) will be notated as an “induced” L-function
as LKf (s), and similarly with Λ̃Kf (s). The sign of the functional equation for Λ̃Kf (s)
is εKf , and the symmetric-square L-function of f is denoted by LS2f (s).

The Deuring approximant Tf (z) is Γ(z)2(MD)z−1Ef (z)LS2f (2z)/ζ(2z−1), with
here 4π2M =

√
NfNfχ while Ef (z) is defined in §4.1.4, along with the related

coefficients rKf (n). The product Pσ(D) is defined in §5.2 and the convenient R(χ)
appears in §4.1.6.
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The Mellin transform Ij of Γ(s)2/(s − 1)j is described in §3.2.1. The Dirichlet
series coefficients of ζK(s)/ζ(2s) are denoted by R?K(n), and this is split at

√
D/4

according to R?K = R?sK + R̃?sK . We use the �- and O-notation, and also with the
latter the Θ-notation, which represents a constant bounded by 1.

2. Deuring decompositions

We first discuss the history of Deuring decompositions for Dirichlet L-functions,
and then explain how we will generalize this to modular form L-functions.

2.1. Let K = Q(
√
−D) be an imaginary quadratic field and χ its character. For

the case where the class number hK = 1, in 1933 Deuring [20] derived a decompo-
sition of the Dedekind ζ-function that stated

Γ(z)
(√D

2π

)z−1/2

ζ(z)Lχ(z) = T (z) + T (1− z) + U(z)

where

T (z) = Γ(z)
(√D

2π

)z−1/2

ζ(2z)

and U(z) is an error term. Although one can be more general, it is probably
easiest to restrict to the line z = 1/2 + iy, where the error term can be shown to
be � √y?|Γ(1/2 + iy)|/D1/4 where y? = |y| + 5. (The principal form (with its
small minimum) allows different techniques in analysis, and Deuring obtains the
alternative error bound � |Γ(1/2 + iy)| exp(−π

√
D/y?); the above version comes

more readily from Lavrik’s methods [52]).
This was later generalized in various directions, notably to other class numbers

by Selberg and Chowla [69] (via an Epstein ζ-function decomposition), with related
results by Rankin [62] and Bateman and Grosswald [5]. An advance of Stark [75]
made clear how to generalize to twists by nontrivial Dirichlet characters (he pre-
viously used characters modulo 8 and 12 in his proof [72] of class number 1); for
prime moduli this had been utilized by Heilbronn and Linfoot [41].

2.1.1. Let us make a general statement concerning such decompositions. Consider
a primitive real character θ of conductor k coprime to D. Then we have

Λ̃Kθ (z) = Γ(z)
(k√D

2π

)z−1/2

Lθ(z)Lθχ(z) = Tθ(z) + Tθ(1− z) + Uθ(z) (1)

where

Tθ(z) = Γ(z)
(k√D

2π

)z−1/2

ζ(2z)Eθ(z)

and Eθ(z) takes into account ramified primes for θ and small noninert primes for K.
We split this up as Eθ = Er

θE
m
θ where in our case of θ quadratic we have the ramified

contribution as
Er
θ(z) =

∏
p|k

(
1− 1/p2z

)
.

There is some flexibility in the choice of Em
θ ; one natural choice is to write it

terms of the multisetMD of minima of reduced binary quadratic forms of discrim-
inant −D as

Em
θ (z) =

∑
a∈MD

θ(a)
az

.
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Another possibility is to write it in terms of an Euler product as

Em
θ (z) =

∏
p≤
√
D/4

1 + θ(p)/pz

1− χθ(p)/pz
.

In particular, this does not vanish for Re(z) > 0. One can show that the Dirichlet
series and Euler product are good approximations to each other for Re(z) ≥ 1/2
roughly when class number is � D1/6 (it appears that Montgomery and Wein-
berger [57, Paragraph 2] placed this change of aspect at D1/8 rather than D1/6).

The bound on the error term on the central line is now∣∣Uθ(1/2 + iy)
∣∣� √y?∣∣Γ(1/2 + iy)

∣∣ · hK√k
D1/4

logDy?.

2.1.2. For real quadratic fields the Γ-factor is either Γ(z/2)2 or Γ(z/2 + 1/2)2

depending on whether θ is even or odd, and the analog of the sum-version for Eθ
should be a sum over coefficients up to

√
D/4 of

∏
p(1 + θ(p)/pz)/(1− χθ(p)/pz).

The class number hK will be replaced by
√
DLχ(1).

For nonreal characters θ one should replace ζ(2z) by Lθ2(2z) and Tθ(1 − z)
by Tθ̄(1 − z) while including a sign εKθ . Moreover, imprimitive θχ can be han-
dled by suitable modifications to the Euler factor and conductor for primes divid-
ing gcd(D, k). One can also include class group characters if desired.

2.1.3. A principal application of such a decomposition is, following Deuring [21], to
show that the product L-function has a regular distribution of zeros, corresponding
to solutions of Tθ(z) + Tθ(1 − z) = 0 with small error by Rouché’s theorem. In
particular, the nonexceptional zeros up to height roughly

√
D/kh2

K lie on the central
line. However, such results seem rarely to be recorded in the literature. We refer
the reader to our draft manuscript [86] from a few years ago.

We can note that the result of Conrey and Iwaniec [14], involving sufficiently
many suitably subnormal gaps of L-function zeros implying Lχ(1) � 1/(logD)99,
softens the effect of Eθ by not needing to control it on a pointwise basis, but only
“on average”, which indeed allows them much more leeway.

2.1.4. We should make a few comments about the methodology used to prove
such Deuring decompositions. Typically the error term Uθ(z) comes about from an
exact formula involving K-Bessel functions (see [5, (4)]), which are then estimated
in a suitable manner. However, the derivation of such an exact formula in the
first place often involves (e.g.) exploiting the periodic nature of the Dirichlet series
coefficients, for instance by Poisson summation (cf. [75, (18)]).

Rather than follow this path, we instead choose to use a method coming from
work of Lavrik [52], using a general schema for approximate functional equations.

Our reference text is Rubinstein [66]. Writing Λ̃Kθ (s) as in (1), the idea is to
consider (∫

(2)

−
∫

(−1)

)
Λ̃Kθ (s)Y (s)

∂s

2πi

with Y (s) = 1/αs(s − z) where α = z/|z|, and after substituting s → 1 − s and
applying the functional equation to the second integral we find

Λ̃Kθ (z)
αz

=
∫

(2)

Λ̃Kθ (s)
α−s

s− z
∂s

2πi
−
∫

(2)

Λ̃Kθ (s)
αs−1

1− s− z
∂s

2πi
,
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and can then expand the L-series as Dirichlet series and the resulting integrals as
inverse Mellin transforms. The effect of 1/αz is to offset the vertical decay of Γ(z).

One then writes the L-function product in Λ̃Kθ (z) as a Dirichlet series of the main
term (for instance ζ(2z) in the simplest case) plus an error term, and moves the
contour to the left for the main term while estimating the error term with bounds
for the incomplete Γ-function. The residues from the contour movement do indeed
give Tθ(z) +Tθ(1− z), while the complementary integral is adequately bounded by
controlling Eθ(z) (which is one reason its sum-version is to be preferred).

2.2. The above Lavrik/Rubinstein methodology can also be used for modular form
L-functions. For simplicity we take f as a primitive modular eigenform of weight 2
and level Γ0(Nf ) with trivial character.

We then consider the integral(∫
(2)

−
∫

(0)

)
Λ̃Kf (s)Y (s)

∂s

2πi

with Y (s) = 1/αs(s− z) with now α = (z/|z|)2, and obtain

Λ̃Kf (z) = Γ(z)2
(√NfNfχ

4π2

)z−1

Lf (z)Lfχ(z) = Tf (z) + εKf Tf (2− z) + Uf (z)

where εKf ∈ {−1,+1} has Λ̃Kf (z) = εKf Λ̃Kf (2− z) and

Tf (z) = Γ(z)2
(√NfNfχ

4π2

)z−1 LS2f (2z)
ζ(2z − 1)

Ef (z).

Again Ef (z) has terms involving ramified primes of f and small noninert primes
of K. In this degree 2 case, the effective length of the approximate functional equa-
tion is now Dy2

? instead of
√
Dy?, and consequently the bound on the error Uf (z)

is significantly worse, as on the central line we only obtain∣∣Uf (1 + iy)
∣∣� y? log y? ·

∣∣Γ(1 + iy)
∣∣2 ·√Nf · hK ∑

a∈MD

1
a
.

This is sufficient to reobtain Goldfeld’s result: assuming that LKf (s) has a central
zero of order r̃ ≥ 4, by taking a circle of radius 1/8 about s = 1 and applying
Cauchy’s derivative theorem we get

0 = (Λ̃Kf )(r̃−2)(1) = 2T (r̃−2)
f (1) +O

(
r̃!8r̃

√
Nf · hK

∑
a

1
a

)
,

while T (r̃−2)
f (1) ≈ 2LS2f (2) · Ef (1)(logD)r̃−3, showing hK to be non-negligible.

There is some issue here with the ζ(2z− 1) in the denominator of Tf (z), though
when the class number is small we can (for instance) use the Deuring decomposition
for ζK(z) to show an adequate zero-free region for it.8

When K is real quadratic a similar result holds, with the class number being
replaced by

√
DLχ(1) while the reciprocal sum over minima should be taken over

coefficients of ζK(s)/ζ(2s) up to
√
D/4.

8Alternatively, one can start with an integral of the symmetrical Λ̃Kf (s)ζ(2s−1)ζ(3−2s)(s−1)2

multiplied by Y (s) as above, then transform ζ(3−2s) = π5/2−2sζ(2s−2)Γ(s−1)/Γ(3/2−s) by the
functional equation, and expand the ζ-terms as Dirichlet series (the Γ-quotient exhibits no new

difficulties in its Mellin transform). Yet this is not a lossless procedure, especially in the y-aspect.
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2.3. We shall not show the details of the above two Deuring decompositions (again
referring to [86] for those), but instead concentrate on our main goal of a Deuring
decomposition that takes the central vanishing behavior of Λ̃Kf (z) into account.

We let r̃ be a lower bound for the order of vanishing of LKf (z) at the central
point z = 1. By considering(∫

(2)

−
∫

(0)

)
Λ̃Kf (s)Y (s)

∂s

2πi
(2)

with Y (s) = 1/(s−1)r̃(s−z) we obtain the following result (see Proposition 6.1.1).
Suppose that |z − 1| ≤ 1/99 and πhK ≤ (logD)3/106 (to control Ef ). Then

Λ̃Kf (z) = Tf (z) + εKf Tf (2− z)− S r̃f (z) +O
(√

Nf · hK
∑

a∈MD

1
a
· 2r̃|z − 1|r̃

)
where

Tf (z) = Γ(z)2
(√NfNfχ

4π2

)z−1 LS2f (2z)
ζ(2z − 1)

Ef (z)

and

S r̃f (z) =
r̃−1∑
b=0

[
1 + εKf (−1)b

]
·
T

(b)
f (1)
b!

(z − 1)b.

The effect of S r̃f (z) is to remove the lower-order Taylor series terms in the expansion
of Tf (z) + εKf Tf (2− z) about z = 1.

We will simultaneously derive an analogous result for K real quadratic, and by
using a decomposition of ζK(s) due to Goldfeld, it turns out that the constant in
the error term is not too much worse than in the imaginary quadratic case.

2.4. Let us outline the contents below. In §3 we derive some basic results about
the paucity of small noninert primes when Lχ(1) is small. We then in §4 recall
the theory of modular form L-functions, and adapt the previous result concerning
small noninert primes to this setting, showing that the complementary term to our
choice of Ef (z) is suitably bounded. In §5 we then give sufficient bounds on Ef (z)
itself, to allow us to show the main Deuring decomposition in §6.

We then turn to a different direction in §7: given a modular form L-function
coming from an elliptic curve of rank 5, it has at least a triple central zero by
work of Gross and Zagier combined with that of Kolyvagin, and we show that by
computing its third central derivative to high precision (and indeed getting it is
numerically 0, as predicted by the conjecture of Birch and Swinnerton-Dyer) it has
exactly two other zeros close to the central point. We then specialize to a collection
of 12 specific elliptic curves, and describe the calculations regarding L′′′f (1) for each.

We wish to juxtapose this computational result with the central behavior in
our Deuring decomposition, and in §8 we prepare for this by deriving more results
about Ef (z) and its derivatives (again using the smallness of Lχ(1)), and also for
the symmetric-square L-functions of our 12 curves. In §9 we then use the explicit
bounds on the zeros obtained from the computations in §7 in conjunction with the
Deuring decomposition from §6, and obtain an explicit lower bound on Lχ(1) in
terms of the precision to which the third central derivative is known to be zero.
This requires fχ to have odd parity, and in §10 we describe how to ensure that
either this parity condition holds, or there are already sufficiently many small split
primes, in which case the lower bound on Lχ(1) follows readily in any event.
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3. Background on quadratic fields and binary quadratic forms

We show some assorted results in the theory of binary quadratic forms. Some of
this is already due to Gauss [30]. Although we have made some attempt to achieve
decent constants, we make no great effort to optimize them (and indeed, have aimed
for simplicity following Goldfeld’s presentation [33] more than anything).

We let K = Q(
√

∆) be a quadratic field of fundamental discriminant ∆, with χ
its quadratic character. We writeD = |∆| for the absolute value of the discriminant.
So as to avoid units in the imaginary quadratic case, we assume that D > 4.

The character χ is odd when χ(−1) = −1 and even when χ(−1) = +1, the former
corresponding to the imaginary quadratic case and the latter the real quadratic.

3.1. The primitivized Dedekind ζ-function for K is defined as

ζK(s)
ζ(2s)

=
ζ(s)Lχ(s)
ζ(2s)

=
∏
p

1 + 1/ps

1− χ(p)/ps
=
∞∑
n=1

R?K(n)
ns

,

where in the imaginary quadratic case R?K(n) counts half the number of primitive
(that is, coprime) representations of n by reduced binary quadratic forms of dis-
criminant −D. An analogous accounting for R?K(n) holds true in the real quadratic
case when one also requires the representations to be primary (see [18, §6 (12)]).

3.1.1. We write (a, b, c) for an integral binary quadratic form ax2 + bxy + cy2 of
discriminant b2 − 4ac = ∆, and the operation of composition on the set of such
forms yields a group. The class group identifies forms under G-equivalence where G
is SL2(Z) for K imaginary and GL2(Z) for K real, and this class group is indeed
isomorphic to the class group of K (cf. Cox [15, p. 128ff]). We write hK for its size.

3.1.2. In the imaginary quadratic case the class number formula of Dirichlet states
that Lχ(1) = πhK/

√
D (recall we are assuming D > 4 so only ±1 are units).

In the real quadratic case the fundamental unit ε0 = (u + v
√
D)/2 corresponds

to a minimal solution of u2−Dv2 = ±4, with u, v > 0. This fundamental unit thus
has norm ±1, and (since v ≥ 1) we have the lower bound ε0 ≥ (

√
D − 4 +

√
D)/2.

Here the class number formula states Lχ(1) = 2(hK log ε0)/
√
D.

3.1.3. Two forms are said to be in the same genus if they are locally equivalent
at all primes (including ∞). The number of genera is 2t where in the imaginary
quadratic case t is one less than the number of prime divisors of D, while in the real
quadratic case it is also one less, except when the fundamental unit has norm +1
when it is two less.9 The number of genera divides the class number, and indeed
the genus class group is coarser than the class group.

3.1.4. A positive definite binary quadratic form is reduced when −a < b ≤ a < c
or 0 ≤ b ≤ a = c, and in the indefinite case when 0 <

√
D − b < 2|a| <

√
D + b.

In the former case each equivalence class of forms has exactly one reduced form,
and a is its minimum. In the latter case there can be more than one reduced form
in an equivalence class, and we choose (up to sign) a canonical representative in
each class by minimizing |a| (and then |b| if necessary), referring to this |a| as the
“minimum” of the class. We then write sums over (a, b, c), or (a) as a shorthand,
as being over such canonical reduced forms, one per equivalence class.

9It is also this case of norm +1 when equivalence under SL2(Z) differs from GL2(Z).
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3.1.5. We split R?K(n) = R?sK(n)+R̃?sK(n), the former supported on n ≤
√
D/4 and

the latter on n ≥
√
D/4. (This splitting is somewhat arbitrary, though it coincides

with Goldfeld’s Lemma 4).
We also introduce R?mK (n), which is the number of times that n appears in

the multiset of minima of canonical reduced forms. For its complement we again
write R̃?mK (n) = R?K(n) − R?mK (n). We can note that R̃?sK(n) is 0 for n ≤

√
D/4

and thus (trivially) bounded above by R̃?mK (n) for such n, while for n ≥
√
D/4 it is

equal to (and thus bounded by) R?K(n) = R̃?mK (n) +R?mK (n).

3.1.6. It is also useful to recall Goldfeld’s decomposition (Theorem 4, page 636)
of ζK(s) in the real quadratic case. We have (for σ > 1/2)

ζ(s)Lχ(s) =
Γ(s)

Γ(s/2)2

∑
(a,b,c)

M∑
n=1

[∫ Hn

Hn−1

(
2ζ(2s)
(α?)s

+
π√
D

s

s− 1

(D
α?

)1−s)∂ϕ
ϕ

]
+ Zr(s)

where

|Zr(s)| ≤
∣∣∣∣ Γ(s)
Γ(s/2)2

∣∣∣∣ · 4|s|
σ − 1/2

∑
(a,b,c)

M∑
n=1

[∫ Hn

Hn−1

(
1
2

(α?
D

)σ
+

(α?)σ−1

Dσ−1/2

)
∂ϕ

ϕ

]
.

The sum over (a, b, c) is over reduced (inequivalent) canonical forms,10 while M is
the least common multiple of 2 and the length k of the period of the continued
fraction for ω = (−b +

√
D)/2a = [0, b1, b2, . . . , bk]. Taking Av/Bv = [0, b1, . . . bv]

to be the vth continued fraction convergent, the limits of integration Hn are

Hn =
|Bnω −An|
|Bnω̄ −An|

· 1
2

[√
D

|a|
B2
n +

√
DB4

n/a
2 − 4

]
.

The variable α? depends on ϕ, and indeed is

α? = (ϕ+ 1/ϕ) · |a| · |Bnω −An| · |Bnω̄ −An|.

We also have α? ≤ 5
√
D (see (14) and (20) of [33]).

Moreover, as can be seen by following Goldfeld’s (11) and (12) and the splitting
off the n = 0 terms in his proof of Theorem 4, the terms ζ(2s)

∑
(a) 1/|a|s over

minima of canonical reduced forms exactly corresponds to the term 2ζ(2s)/(α?)s

in the integral. Thus we have

ζ(s)Lχ(s)−
∑

(a,b,c)

ζ(2s)
|a|s

=
Γ(s)

Γ(s/2)2

π√
D

s

s− 1

∑
(a,b,c)

M∑
n=1

[∫ Hn

Hn−1

(D
α?

)1−s ∂ϕ
ϕ

]
+Zr(s).

3.1.7. In the imaginary quadratic case we could perhaps work more simply by
counting lattice points in ellipses, but can also note Goldfeld’s Theorem 3 (following
Iseki), and again subtracting off the minima of reduced forms we get

ζ(s)Lχ(s)−
∑

(a,b,c)

ζ(2s)
as

=
π√
D

s

s− 1

∑
(a,b,c)

(D
4a

)1−s
+ Zi(s)

10Although I’m not sure he ever states it explicitly, Goldfeld appears to be using equivalence
under GL2(Z); for instance on page 633 he describes the correspondence to ideal classes.
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where for σ > 1/2 we have

|Zi(s)| ≤
|s|

σ − 1/2

∑
(a,b,c)

(
1 +
√
D

a

)(D
4a

)−σ
.

This error term is given in the last display in Goldfeld’s proof of Theorem 3, then
simplified via a ≤

√
D/3 when stating the Theorem (he has a typo with a ≤

√
D/3).

3.2. We wish to derive summation bounds for R̃?sK(n), in the spirit of Goldfeld’s
Lemmata 5 and 6. However, it is technically more convenient to include a weighting
by a Mellin transform. (Some of this is inspired by Oesterlé’s presentation [58]).

3.2.1. First we derive a bound for a Mellin transform that appears below.

Lemma 3.2.2. For u > 0 and j ≥ 2 we have

0 ≤
∫

(2)

us
s− 1/2
s− 3/2

∂s/2πi
(s− 1)j

≤ 2ju3/2.

Proof. For u ≤ 1 the result follows by moving the contour to the right, as the
integral is zero. Otherwise, for j ≥ 1 by moving the contour to the left we have

Wj(u) =
∫

(2)

us

s− 3/2
∂s/2πi
(s− 1)j

= 2ju3/2 − 2u
∑∑
l+m=j−1

2l
(log u)m

m!

= 2ju3/2 − 2u
j−1∑
m=0

2j−1 (log
√
u)m

m!
= 2j

(
u3/2 − u

j−1∑
m=0

(log
√
u)m

m!

)
,

so is positive by comparison to the Taylor series of elog
√
u. Thus the desired integral

Wj−1(u) +Wj(u)/2 =
∫

(2)

us
(s− 1) + 1/2
s− 3/2

∂s/2πi
(s− 1)j

satisfies the bounds given in the Lemma. �

3.2.3. Next we give an upper bound on another Mellin transform. We could ar-
range this somewhat differently, but the given version has some simplifications in
the various computations. For u > 0 we define the Mellin transform pair

B(u) =
∫

(2)

u−s
Γ(s− 1/2)Γ(s)
Γ(s/2− 1/4)2

∂s

2πi
so that

Γ(s− 1/2)Γ(s)
Γ(s/2− 1/4)2

=
∫ ∞

0

usB(u)
∂u

u
.

Lemma 3.2.4. We have ∫ ∞
0

√
u|B(u)| ∂u ≤ 0.297.

Proof. Using Legendre’s duplication formula and then moving the contour left
(thereby picking up putative poles at s = 1/2− k/2 for k ≥ 0) we find that

B(u) =
∫

(2)

u−s
√
πΓ(2s− 1)22−2s

Γ(s/2− 1/4)2

∂s

2πi
=
√
π

2

∞∑
k=0

uk/2−1/2 (−1)k

k!
21+k

Γ(−k/4)2
.

By asymptotics for Meijer G-functions (see Braaksma [11], or Luke [55, (5.7.13)])
we have B(u) ∼ exp(−u/2) ·

√
u/32π as u→∞, and explicitly |B(u)| ≤ 10−10/u2

for u ≥ 63, with a unique root r ≈ 0.52458491 satisfying B(r) = 0. Again by Mellin
inversion we know that

∫∞
0

√
uB(u)∂u = Γ(3/2)/Γ(1/2)2 ≈ 0.28209, and thus the

estimate
∫ r

0

√
uB(u)∂u ≈ −0.00708 suffices to bound the integral as stated. �
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3.2.5. Finally we get to our main weighting functions. For j ≥ 2, we define

Ij(w) =
∫

(2)

w−s
Γ(s)2

(s− 1)j
∂s

2πi
=
∫

(2)

∫ ∞
0

∫ ∞
0

(u1u2/w)se−u1
∂u1

u1
e−u2

∂u2

u2

∂s/2πi
(s− 1)j

=
∫ ∞

0

∫ ∞
0

∫
(2)

(u1u2/w)s
∂s/2πi
(s− 1)j

e−u1
∂u1

u1
e−u2

∂u1

u2

where the inner integral is nonnegative since (with j ≥ 2 for absolute convergence)∫
(2)

y−s
∂s/2πi
(s− 1)j

=

{
(log 1/y)j−1/y(j − 1)! for y ≤ 1,
0 for y ≥ 1,

the proof following respectively by moving the contour to the left or the right. Thus
the original integral Ij(w) is nonnegative too.

3.3. Next we show a summation bound for R̃?sK (n) when weighted by
√
nIj(n/X).

Proposition 3.3.1. For X > 0 and j ≥ 2, when D ≥ 100 we have

∞∑
n=1

R̃?sK(n)
√
nIj(n/X) ≤ (1.257 + 2.091 + 0.319) · 2jX3/2Lχ(1).

Proof. Rather than work with R̃?sK(n) it is easier with our above decompositions to
consider

∑
n

√
nR̃?mK (n)/ns = ζK(s− 1/2)/ζ(2s− 1)−

∑
(a)

√
|a|/|a|s (see §3.1.5).

By integrating on the 3/2-line we have |Ij(w)| ≤ 2j/4w3/2, so that

∞∑
n=1

R̃?sK(n)
√
nIj(n/X) ≤

∞∑
n=1

R̃?mK (n)
√
nIj(n/X) +

∑
(a,b,c)

|a|≥
√
D/4

√
|a|Ij(|a|/X)

≤
∞∑
n=1

R̃?mK (n)
√
nIj(n/X) + hK

2jX3/2

√
D

.

and by Dirichlet’s class number formula hK/
√
D ≤ Lχ(1)/π, so the second term

here gives the 0.319 contribution in the statement of the Proposition.

3.4. We then expand out Ij(n/X) to get

∞∑
n=1

R̃?mK (n)
√
nIj(n/X) =

∫
(2)

Xs Γ(s)2

(s− 1)j

[
ζK(s− 1/2)
ζ(2s− 1)

−
∑

(a,b,c)

√
|a|
|a|s

]
∂s

2πi
,

and insert our above expressions for ζK(s)− ζ(2s)
∑

(a) 1/|a|s.

3.4.1. In the real quadratic case (§3.1.6) this gives a main term T r
j of

π√
D

∑
(a,b,c)

M∑
n=1

∫ Hn

Hn−1

∫
(2)

Xs

ζ(2s− 1)
s− 1/2
s− 3/2

Γ(s− 1/2)
Γ(s/2− 1/4)2

Γ(s)2

(s− 1)j
(D
α?

)3/2−s ∂s
2πi

∂ϕ

ϕ
.
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We write11 1/ζ(2s− 1) =
∑
mmµ(m)/m2s and split off one Γ(s) in the Γ-quotient,

then expand out the Mellin transforms with e−u and the above B(u) to get

T r
j =

π√
D

∑
(a,b,c)

M∑
n=1

∫ Hn

Hn−1

(D
α?

)3/2 ∫ ∞
0

∫ ∞
0

∞∑
m=1

mµ(m)×

×
∫

(2)

(Xu1u2α
?

Dm2

)s s− 1/2
s− 3/2

∂s/2πi
(s− 1)j

B(u1)
∂u1

u1
e−u2

∂u2

u2

∂ϕ

ϕ
.

The inner s-integral is bounded by Lemma 3.2.2 to get

|T r
j | ≤

π√
D

∑
(a,b,c)

M∑
n=1

∫ Hn

Hn−1

(D
α?

)3/2 ∞∑
m=1

m|µ(m)|×

×
∫ ∞

0

∫ ∞
0

2j
(Xu1u2α

?

Dm2

)3/2∣∣B(u1)
∣∣∂u1

u1
e−u2

∂u2

u2

∂ϕ

ϕ
,

where the m-sum is ζ(2)/ζ(4) so that

|T r
j | ≤ 2j

π√
D

ζ(2)
ζ(4)

X3/2 ·
∑

(a,b,c)

M∑
n=1

∫ Hn

Hn−1

∂ϕ

ϕ
· Γ(3/2)

∫ ∞
0

√
u |B(u)| ∂u.

The previous Lemma 3.2.4 then bounds the u-integral by 0.297, and upon writing ε0
for the fundamental unit, by Goldfeld’s integration formula (middle of page 641)
for ∂ϕ/ϕ and Dirichlet’s class number formula we have

∑
(a,b,c)

M∑
n=1

∫ Hn

Hn−1

∂ϕ

ϕ
=
∑

(a,b,c)

(2 log ε0) = 2hK log ε0 =
√
DLχ(1),

and inserting this into the above gives the term with 1.257 in the Proposition.

3.4.2. For the secondary term Sr
j with Zr(s) we move the contour to σ = 3/2 and

bound it there, getting

|Sr
j | ≤

∫
(3/2)

Xσ

|ζ(2s− 1)|

∣∣∣∣Γ(s)2Γ(s− 1/2)
Γ(s/2− 1/4)2

∣∣∣∣ · 4|s− 1/2|
σ − 1

|∂s|/2π
|s− 1|j

×

×
∑

(a,b,c)

M∑
n=1

[∫ Hn

Hn−1

(
1
2

(α?
D

)σ−1/2

+
(α?)σ−3/2

Dσ−1

)
∂ϕ

ϕ

]

and from α? ≤ 5
√
D we see the second line is ≤

√
DLχ(1) · (1 +

√
5/2)/

√
D. Direct

computation bounds the first line as ≤ 0.987 · 2jX3/2, and multiplying these gives
the contribution with 2.091 in the Proposition.

3.5. In the imaginary quadratic case (§3.1.7), we similarly have the main term as

T i
j =

π√
D

∫
(2)

Xs

ζ(2s− 1)
s− 1/2
s− 3/2

∑
(a,b,c)

(D
4a

)3/2−s Γ(s)2

(s− 1)j
∂s

2πi
.

11This unrolling of 1/ζ is unneeded in [88, §2.3], as the summation over squares can be ac-
counted more directly. I don’t know if there are similar simplifications available here.
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We expand both Γ-factors as integrals and 1/ζ(2s− 1) as a sum to get

T i
j =

π√
D

∑
(a,b,c)

(D
4a

)3/2 ∞∑
m=1

mµ(m)×

×
∫ ∞

0

∫ ∞
0

∫
(2)

(Xu1u2

m2

4a
D

)s s− 1/2
s− 3/2

Γ(s)2

(s− 1)j
∂s

2πi
e−u1

∂u1

u1
e−u2

∂u2

u2
.

We then bound the inner s-integral by Lemma 3.2.2 to get

|T i
j | ≤

π√
D

∑
(a,b,c)

(D
4a

)3/2 ∞∑
m=1

m|µ(m)|
∫ ∞

0

∫ ∞
0

2j
(Xu1u2

m2

4a
D

)3/2
e−u1

∂u1

u1
e−u2

∂u2

u2

= 2jX3/2 · π√
D
hK

ζ(2)
ζ(4)

Γ(3/2)2 = 2jX3/2 · Lχ(1)
π2/6
π4/90

(π/4).

The multiplier here is 15/4π ≈ 1.19366, which is smaller than the 1.257 from the
real quadratic case.

3.5.1. For the secondary term Si
j with Zr(s) we move the contour to σ = 3/2 and

bound it there, getting

|Si
j | ≤ Xσ

∫
(3/2)

∣∣∣∣ Γ(s)2

ζ(2s− 1)

∣∣∣∣ · |s− 1/2|
σ − 1

|∂s|/2π
|s− 1|j

×
∑

(a,b,c)

(
1 +
√
D

a

)(D
4a

)1/2−σ
,

where the integral is bounded by 0.593·2j , and by a ≤
√
D/3 and Lχ(1) = πhK/

√
D

the sum is ≤ 4hK(1 +
√

3/3)/
√
D ≤ 2.009Lχ(1). Since 0.593 · 2.009 ≤ 2.091 the

statement of the Proposition follows. �

3.6. We can also derive bounds for the summation simply of
√
nR̃?sK(n), and as

this will only appear in a secondary term, we use the above in conjunction with
positivity, and make no attempt to reduce the constant.

Lemma 3.6.1. For X ≥ 1 and D ≥ 100 we have∑
n≤X

R̃?sK(n)
n

≤ 111Lχ(1) logX.

Proof. We can note that I2(u) = 2K0(2
√
u)/u in terms of K-Bessel functions, so

that I2(u) ≥ 0.227 ≥ 1/5 for 0 ≤ u ≤ 1, and thus by the Proposition we have∑
n≤X

√
nR̃?sK(n) ≤ 5

∑
n≤X

√
nR̃?sK(n)I2(n/X) ≤ 5 · 14.668X3/2Lχ(1).

The result follows by partial summation, using that R̃?sK(n) = 0 for n ≤
√
D/4. �

4. Background on modular form L-functions

We now recall some basic information about modular form L-functions. We do
this only in weight 2, though the generalization to other weights should be clear if
desired. We then consider an approximation to the Landau product Lf (s)Lfχ(s)
and show bounds on the error therein (in terms of Lχ(1)).
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4.1. Let f be a modular newform of weight 2 for Γ0(Nf ) with trivial character,
and put fχ for its quadratic twist by χ. Although it is not strictly necessary to
do so, it will be convenient to assume that f has integral coefficients, and is thus
associated to an elliptic curve isogeny class by modularity theorems.

Following Hecke [38], the L-function of f is defined by the Euler product

Lf (s) =
∏
p

(1− αp/ps)−1(1− βp/ps)−1

where αp + βp = cf (p) is the pth coefficient of the Fourier expansion (at ∞) of f ,
and αpβp = p for all p -Nf . We have |αp| = |βp| =

√
p for p -Nf , which follows

from Hasse’s bound [37] in the guise of elliptic curves, and (in weight 2) is due
to Eichler [27] on the modular forms side. This implies that |cf (p)| ≤ 2

√
p, and

thus |cf (p)| ≤ b2√pc when the coefficients are integral.
For p - Nf we thus have αp = β̄p, and as an arbitrary convention we take αp to

be in the upper half-plane. When p|Nf we take βp = 0 and have αp ∈ {−1, 0,+1}.
Recalling our convention that L-function subscripts are for the primitive inducing

object, the L-function Lfχ(s) is similarly defined as

Lfχ(s) =
∏
p

(1− α̃p/ps)−1(1− β̃p/ps)−1,

where for p -DNf we have α̃p = χ(p)αp and β̃p = χ(p)βp.
Hecke’s work [38] implies Lf (s) and Lfχ(s) satisfy functional equations with

Λ̃f (s) =
(√

Nf

2π

)s−1

Γ(s)Lf (s) with Λ̃f (s) = εf Λ̃f (2− s),

and

Λ̃fχ(s) =
(√

Nfχ

2π

)s−1

Γ(s)Lfχ(s) with Λ̃fχ(s) = εfχΛ̃fχ(2− s),

where Nfχ is the (minimal) level of fχ, and εf , εfχ ∈ {−1,+1}. In §10 we shall
have more to say about root number variation in quadratic twist families. By a
result of Atkin and Lehner [2, §6] we have NfNfχ = ηD2 with 1 ≤ η ≤ N2

f .

4.1.1. The (motivic) symmetric square L-function for f is defined as

LS2f (s) =
∏
p-Nf

(1− α2
p/p

s)−1(1− αpβp/ps)−1(1− β2
p/p

s)−1
∏
p|Nf

Yp(s),

where Yp(s) is defined and/or computed in various works such as [31], [13], and [81].
We shall say more about Yp(s) below. By work of Shimura [70] and Gelbart and
Jacquet [31] the symmetric-square L-function has an analytic continuation to an
entire function, and upon writing NS2f for the symmetric-square conductor the
completed L-function Λ̃S2f (s) = (NS2f/4π3)s/2LS2f (s)Γ(s)Γ(s/2) satisfies the func-
tional equation ΛS2f (s) = ΛS2f (3 − s). In particular, s = 2 is at the edge of the
critical strip and LS2f (2) > 0. When f has integral coefficients (and thus is associ-
ated to an elliptic curve isogeny class) we have NS2f ≤ N2

f , and indeed NS2f ≤ N2
g

where g is the minimal quadratic twist of f . (These hold in more generality).
The (motivic) alternating square L-function for f is simply

LA2f (s) =
∏
p

(1− p/ps)−1 = ζ(s− 1).
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4.1.2. We will compare the Euler factors of LKf (s) to those of LS2f (2s)/LA2f (2s),
and for this we find it convenient to define five types of primes for f . For odd
primes p we write p? = p·(−1)(p−1)/2 so that p? is thus a fundamental discriminant.

The first type of primes are good primes p, for which p -Nf . The second type
of primes are potentially good primes p, for which p|Nf , but p does not divide the
level of f twisted by the Kronecker character ψp? . For p = 2 we only need 2 not to
divide the level of one of twists by −4, 8, or −8.

The third type is multiplicative for which p‖Nf , and the fourth is potentially
multiplicative where p exactly divides the level of the twist of f by ψp? (the theory
of Atkin and Lehner implies that p2 divides either the level of f or the level of fψp?).
The fifth type is “strictly” additive, for which p2 divides both the level of f and its
twist by ψp? (we admit that this nomenclature comes from elliptic curves, but the
p-divisibility conditions are valid for modular forms in general).

For good primes, the symmetric-square Euler factor is as above. For multiplica-
tive or potentially multiplicative primes it is Yp(s) = (1− 1/ps)−1. For potentially
good primes the symmetric-square L-factor comes from the twist of f by ψp? as

Yp(s) = (1− α̂2
p/p

s)−1(1− α̂pβ̂p/ps)−1(1− β̂2
p/p

s)−1

where the Euler factor at p of fψp? is (1 − α̂p/ps)−1(1 − β̂p/ps)−1. For strictly
additive primes, we have Yp(s) = (1− γp/ps)−1 where γp ∈ {−p, 0,+p}.

4.1.3. We define V (s) =
∏
p Vp(s) to be LKf (s) divided by LS2f (2s)/LA2f (2s), and

proceed to compare Euler factors as in Table 1. (For potentially good p with p|D we
use that α̂p = ±α̃p). Here the main point is that LKf (s) and LS2f (2s)/LA2f (2s) have
the same Euler factors for good primes p that have χ(p) = −1; in other words Vp(s)
is trivial for these primes. Moreover, for the other types of good primes the Dirichlet
coefficients are bounded by those of ζK(s− 1/2)2/ζ(2s− 1)2, allowing us to bound
them in terms of Lχ(1).

χ(p) type LKf (s) Euler factor Vp(s)

−1 good (1− α2
p/p

2s)−1(1− β2
p/p

2s)−1 1

0 good (1− αp/ps)−1(1− βp/ps)−1 (1 + αp/p
s)(1 + βp/p

s)

+1 good (1− αp/ps)−2(1− βp/ps)−2 (1+αp/p
s)(1+βp/p

s)
(1−αp/ps)(1−βp/ps)

−1 mult (1− 1/p2s)−1 (1− p/p2s)−1

0 mult (1− αp/ps)−1 (1 + αp/p
s)(1− p/p2s)−1

+1 mult (1− αp/ps)−2 (1+αp/p
s)

(1−αp/ps) (1− p/p2s)−1

±1 pot mult 1 (1− 1/p2s)(1− p/p2s)−1

0 pot mult (1− α̃p/ps)−1 (1 + α̃p/p
s)(1− p/p2s)−1

±1 pot good 1 (1− α̃2
p/p

2s)(1− β̃2
p/p

2s)

0 pot good (1− α̃p/ps)−1(1− β̃p/ps)−1 (1 + α̃p/p
s)(1 + β̃p/p

s)

any additive 1 (1− γp/p2s)(1− p/p2s)−1

Table 1. Comparison of Euler factors

The effect from bad primes can be suitably bounded simply by their finiteness,
though we shall make a minor improvement on this. In Table 2, for bad primes we
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list a factor that can be included in a comparison with ζK(s − 1/2)2/ζ(2s − 1)2,
and note that the remaining factor Ṽp(s) depends only on 1/p2s (not 1/ps).

χ(p) type comparable part Ṽp(s)

−1 mult 1 (1− p/p2s)−1

0 mult (1 + αp/p
s) (1− p/p2s)−1

+1 mult (1 + αp/p
s)/(1− αp/ps) (1− p/p2s)−1

±1 pot mult 1 (1− 1/p2s)(1− p/p2s)−1

0 pot mult (1 + α̃p/p
s) (1− p/p2s)−1

±1 pot good 1 (1− α̃2
p/p

2s)(1− β̃2
p/p

2s)

0 pot good (1 + α̃p/p
s)(1 + β̃p/p

s) 1

any additive 1 (1− γp/p2s)(1− p/p2s)−1

Table 2. Bad Euler factor parts comparable to
(
ζ(s)Lχ(s)/ζ(2s)

)2
We then define α′p = α̃p and β′p = β̃p when p|D and is potentially good or

potentially multiplicative, and α′p = αp and β′p = βp otherwise. We thus have

LKf (s)
LS2f (2s)/LA2f (2s)

=
∏
p|Nf

Ṽp(s) ·
∏
p

1 + α′p/p
s

1− α′pχ(p)/ps
1 + β′p/p

s

1− β′pχ(p)/ps
.

We write Zp(s) for this latter Euler factor, and with
∑
n zn/n

s =
∏
p Zp(s), by a

comparison to (ζK(s)/ζ(2s))2 =
(∑

nR
?
K(n)/ns

)2 we have

|zn| ≤
√
n
∑∑
n1n2=n

R?K(n1)R?K(n2). (3)

4.1.4. We are now ready to define Ef (s). When the class number is sufficiently
small, it will not matter whether we do so by an Euler product or by a sum. As it
simplifies some arguments, we opt for the former, namely

Ef (s) = Er
f (s) · Em

f (s) =
∏
p|Nf

Ṽp(s) ·
∏

p≤
√
D/4

Zp(s). (4)

We then define rKf (n) from
∑
n r

K
f (n)/ns = LKf (s)− Ef (s)LS2f (2s)/LA2f (2s), i.e.

∞∑
n=1

rKf (n)
ns

=
LS2f (2s)
LA2f (2s)

Er
f (s) ·

[∏
p

Zp(s) −
∏

p≤
√
D/4

Zp(s)
]
.

Finally, we notate
∑
l bl/l

2s = LS2f (2s)/ζ(2s− 1), noting that |bl| ≤ lτ2(l).

Lemma 4.1.5. With notation as above and
∏
p|Nf Ṽp(s) =

∑
d ṽd/d

2s we have

|rKf (n)| ≤
∑
d|N∞f

|ṽd|
∑∑
l2m=n/d2

|bl| · C(m)
√
m

where

C(m) =
(

2
∑∑
w1w2=m

R?sK(w1)R̃?K(w2) +
∑∑
w1w2=m

R̃?K(w1)R̃?K(w2)
)
. (5)
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Proof. This is largely accounting at this point. Firstly, the |bl| term simply comes
from LS2f (2s)/LA2f (2s) and the d-sum from Er

f (s). The mth coefficient of[∏
p

Zp(s) −
∏

p≤
√
D/4

Zp(s)
]

is zero unless m has a prime divisor exceeding
√
D/4, and in general is bounded

by |zm|, which in turn is bounded as in (3). To obtain the form of C(m) in the
Lemma, we recall the splitting R?K = R?sK + R̃?sK , and note that the putative terms
with R?sK(w1)R?sK(w2) can be omitted, since m = w1w2 would not have a prime
divisor exceeding

√
D/4 in this case. This gives the statement in the Lemma. �

4.1.6. It is convenient to define

R(χ) =
∞∑
n=1

R?sK(n)
n

=
∑

n≤
√
D/4

R?K(n)
n
≤

∏
p≤
√
D/4

1 + 1/p
1− χ(p)/p

. (6)

We then define U(f) =
∑
d |ṽd|/d3 and by Table 2 have

U(f) =
∑
d|N∞f

|ṽd|
d3
≤
∏
p|Nf

1 + p/p3

1− p/p3
≤ ζ(2)2

ζ(4)
= 5/2.

Similarly, we define V(f) =
∑
l |bl|/l3 and since |bl| ≤ lτ2(l) we have

V(f) =
∞∑
l=1

|bl|
l3
≤ ζ(2)2.

For individual f these bounds are improvable (perhaps only slightly for V(f)), so
we will retain them in the stated error term for our Deuring decomposition below.

4.2. We now show our main bound for a weighted summation of |rKf (n)|.

Proposition 4.2.1. For X ≥ 1 and j ≥ 2 and D ≥ 100 we have

Jj(X) =
∞∑
n=1

|rKf (n)|Ij(n/X) =
∞∑
n=1

|rKf (n)|
∫

(2)

(X
n

)s Γ(s)2

(s− 1)j
∂s

2πi

≤ 7.334 · U(f)V(f) · 2jX3/2 · Lχ(1)R(χ) + 3000 · 2jX3/2Lχ(1)2 · log(D2X6).

Proof. We bound |rKf (n)| by Lemma 4.1.5. With the first term appearing in (5) we
write n = l2md2 = l2w1w2d

2 as in that Lemma, and have∣∣J (1)
j (X)

∣∣ ≤ 2
∑
d|N∞f

|ṽd|
∞∑
l=1

|bl|
∑

w1≤
√
D/4

√
w1R

?s
K(w1)

∑
w2≥
√
D/4

√
w2R̃

?s
K(w2)Ij

(w1w2l
2d2

X

)
.

We then apply Proposition 3.3.1 to bound the w2-sum and get∣∣J (1)
j (X)

∣∣ ≤ 2
∑
d|N∞f

|ṽd|
∞∑
l=1

|bl|
∑

w1≤
√
D/4

√
w1R

?s
K(w1) · 3.667Lχ(1) · 2j

( X

w1l2d2

)3/2
= 7.334 · U(f)V(f) · Lχ(1)R(χ) · 2jX3/2.
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4.2.2. With the secondary term from (5), we first make a crude bound for large n,
noting Lemma 4.1.5 implies that

|rKf (n)| ≤
√
n
∑∑∑∑
l2w1w2d2=n

τ2(l)τ2(d)R?K(w1)R?K(w2) ≤
√
nτ8(n)

while τ8(n) ≤ (84n/210) ≤ 20n. By integration on the 3-line the n ≥ B = X6D2

thus contribute an amount bounded as ≤ 12X3/
√
B = 12/D.

For the n ≤ B we then imitate the above, getting

≤
∑
d|N∞f

dτ2(d)
∞∑
l=1

lτ2(l)
∑

√
D/4<w1<B

√
w1R̃

?s
K(w1)

∑
w2≥
√
D/4

√
w2R̃

?s
K(w2)Ij

(w1w2l
2d2

X

)

≤ 3.667 · 2jX3/2Lχ(1)
∑
d|N∞f

τ2(d)
d2

∞∑
l=1

τ2(l)
l2

∑
√
D/4<w1<B

R̃?sK(w1)
w1

≤ 3.667ζ(2)4 · 2jX3/2Lχ(1) · 111Lχ(1) logB,

where for the w1-sum we used Lemma 3.6.1. �

5. Bounds on Ef (z) when Lχ(1) is small

There are two aspects in our choice of Ef (z). We want a bound like Lemma 4.1.5
on the residual rKf (n), but we also want to have control over the size of Ef (z), at
least on the central line (and somewhat to the left of it).

In this section we give enough results to allow us to derive our Deuring decompo-
sition in §6, while we postpone additional results (regarding derivatives and lower
bounds for Ef and LS2f ) until later. We will make the convenient assumptions
that D ≥ 4π2 exp(106) and

√
DLχ(1) ≤ (logD)3/106 to ease our task.

5.1. We first bound the number of small split primes when Lχ(1) is small. This
suffices for us when z is small compared to u (indeed, we only use it for z ≤ 6
and u�

√
logD), though results are possible when z is larger ([88, Lemma 2.1.7]).

Lemma 5.1.1. Suppose there are z primes p with χ(p) = +1 and p ≤ X. Then

1
4 log 2

√
DLχ(1) ≥ 2z

(
u

z

)
where u =

⌊
log(
√
D/4)

logX

⌋
.

Proof. Denoting primes p with χ(p) = +1 by pi, the product
∏
i p
ei
i is ≤

√
D/4

for every nonnegative integral vector ~e that satisfies
∑
i ei ≤ u, and by the funda-

mental theorem of arithmetic each such vector gives rise to a unique n =
∏
i p
ei
i

with R?K(n) = 2ω(n) where ω(n) is the number of distinct prime divisors of n. We
thus find ∑

n≤
√
D/4

R?K(n) ≥ 2z
(
u

z

)
,

and the left side is ≤
√
DLχ(1)/(4 log 2) by Goldfeld [33, Lemma 4]. �
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5.2. We then use this to bound Ef . First we consider the ramified primes of f .

Lemma 5.2.1. For σ > 1/2 we have∣∣Er
f (s)

∣∣ ≤ ∏
p|Nf

1 + p/p2σ

1− p/p2σ
.

Proof. Table 2 gives the possible Euler factors Ṽp(s) with Er
f (s), and each possibility

is dominated coefficient-wise by (1 + p/p2s)/(1− p/p2s). The result follows. �

We proceed to bound the remaining Em
f (s) part, which we recall from §4.1.4 is

Em
f (s) =

∏
p≤
√
D/4

1 + α′p/p
s

1− α′pχ(p)/ps
1 + β′p/p

s

1− β′pχ(p)/ps
,

where |α′p|, |β′p| ≤
√
p. We define

Pσ(D) =
∏
p|D

(
1 +
√
p

pσ

)2
.

Lemma 5.2.2. Suppose that D ≥ 4π2 exp(106) and
√
DLχ(1) ≤ (logD)3/106.

Then we have |Em
f (s)| ≤ 7500Pσ(D) for σ ≥ 4/5 and |Em

f (1 + it)| ≤ 600P1(D).

Proof. The primes that divide D contribute the Pσ(D) term.
For the split primes, we first note there are at most 2 such primes up to 10000. In-

deed, in Lemma 5.1.1 with X = 104 we have u ≥ 0.054 logD for D ≥ 4π2 exp(106),
and with z = 3 this would give 0.37

√
DLχ(1) ≥ 0.0002(logD)3, contradicting our

assumption that
√
DLχ(1) ≤ (logD)3/106.

Next we write Y = log(
√
D/4) and note there are at most 5 split primes p

with p ≤ X1 = exp(
√
Y ). Indeed with Lemma 5.1.1 this X1 gives us u1 ≥

√
Y − 1,

and assuming there are l split primes with p ≤ X1 implies

2l · (
√

0.5 logD − log 4− l)l

l!
= 2l · (

√
Y − l)l

l!
≤ 0.37

√
DLχ(1) ≤ (logD)3

106
,

which is a contradiction for l = 6 when D ≥ 800.
These 5 putative split primes contribute to |Em

f (s)| no more than

(1 +
√

2/2σ

1−
√

2/2σ

)2(1 +
√

3/3σ

1−
√

3/3σ

)2(1 +
√

104/(104)σ

1−
√

104/(104)σ

)6
,

and for σ ≥ 4/5 this is ≤ 7456 while on σ = 1 it is ≤ 534.

The number of split primes with exp
(√

log(
√
D/4)

)
= X1 < p ≤

√
D/4 is no

more than 0.37
√
DLχ(1) ≤ (logD)3/106, which contribute to Em

f (s) no more than

exp
(

2 · (logD)3

106
· 3
√
X1

Xσ
1

)
,

which is bounded by 1+10−79 for σ ≥ 4/5. Multiplying these gives the Lemma. �
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5.3. In our derivation of the Deuring decomposition in the next section we will
require a bound for LS2f that follows from convexity. We write t? = |t|+ 5.

Lemma 5.3.1. In 1 ≤ σ ≤ 2 we have∣∣LS2f (s)
∣∣ ≤ 3.3 · (1 + logNS2f t

3
?)

3 ·
(NS2f t

3
?

8π3

)1−σ/2
.

Proof. Recalling that the 2-line is the edge of the critical strip for LS2f (s), we
consider σ0 = 2+1/(logNS2f t

3
?). Comparing the degree 3 Euler product to ζ(s−1)

on this line gives a bound of (1 + logNS2f t
3
?)

3. By the functional equation we have

LS2f (3− σ0 − it)
LS2f (σ0 + it)

=
(
√
NS2f/2π3/2)σ0+it

(
√
NS2f/2π3/2)3−σ0−it

Γ(σ0 + it)Γ(σ0/2 + it/2)
Γ(3− σ0 − it)Γ

(
(3− σ0 − it)/2

) ,
and by an explicit Stirling’s approximation (with constant 2) we thus have∣∣LS2f (3− σ0 + it)

∣∣ ≤ 2 · |LS2f (σ0 + it)| ·
(NS2f t

3
?

8π3

)σ0−3/2

.

Applying the theorem of Phragmén and Lindelöf [60] for 3− σ0 ≤ σ ≤ σ0 gives∣∣LS2f (σ + it)
∣∣ ≤ 2 · (1 + logNS2f t

3
?)

3 ·
(NS2f t

3
?

8π3

)(σ0−σ)/2

and replacing σ0 by 2 induces a factor ≤ exp(1/2), giving the Lemma. �

6. A Deuring decomposition around z = 1 for Λ̃Kf (z)

In this section we obtain a decomposition of Λ̃Kf (z) suited to a neighborhood of
its central point z = 1.

6.1. We write εKf for the sign of the functional equation with Λ̃Kf (z) = εKf Λ̃Kf (2−z),
and with MD =

√
NfNfχ/4π2 define

Tf (z) =
LS2f (2z)
ζ(2z − 1)

Ef (z)Γ(z)2(MD)z−1

with Ef (s) as in (4) of §4.1.4 as

Ef (s) = Er
f (s) · Em

f (s) =
∏
p|Nf

Ṽp(s) ·
∏

p≤
√
D/4

1 + α′p/p
s

1− α′pχ(p)/ps
1 + β′p/p

s

1− β′pχ(p)/ps
.

As noted at the end of §4.1, we have 1 ≤ 4π2M ≤ Nf . We also introduce

S r̃f (z) =
r̃−1∑
b=0

[
1 + εKf (−1)b

]
·
T

(b)
f (1)
b!

(z − 1)b,

which corresponds to the lower-order Taylor series terms of Tf (z) + εKf Tf (2− z).

Proposition 6.1.1. Suppose that D ≥ 4π2 exp(106) with
√
DLχ(1) ≤ (logD)3/106

and N9
f ≤ D. Write r̃ for a lower bound for the order of vanishing of LKf (z) at z = 1

and assume 1 ≤ r̃ ≤ (logD)/100 with (−1)r̃ = εKf . Then for |z−1| ≤ 1/99 we have

Λ̃Kf (z) = LKf (z)Γ(z)2(MD)z−1 = Tf (z) + εKf Tf (2− z)− S r̃f (z) + Uf (z) (7)

where ∣∣Uf (z)
∣∣ ≤ 30

√
M · U(f)V(f) ·

√
DLχ(1)R(χ) · 2r̃|z − 1|r̃.
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Here U(f) and V(f) are defined in §4.1.6 and are each ≤ ζ(2)2, and R(χ) is also
defined in §4.1.6 (reciprocal sum over small representations).

Proof. We use Y (s) = 1/(s−z)(s−1)r̃ in (2), which accentuates the activity around
the central point. By Cauchy’s residue theorem and substituting s → 2 − s and
using the functional equation in the second integral we have

Λ̃Kf (z)
(z − 1)r̃

=
(∫

(2)

−
∫

(0)

) Λ̃Kf (s)
(s− z)(s− 1)r̃

∂s

2πi

=
∫

(2)

(MD)s−1 Γ(s)2LKf (s)
(s− z)(s− 1)r̃

∂s

2πi
− εKf (−1)r̃

∫
(2)

(MD)s−1 Γ(s)2LKf (s)
(2− s− z)(s− 1)r̃

∂s

2πi
,

and we then insert (see (4)ff)

LKf (s) = Ef (s)
LS2f (2s)
ζ(2s− 1)

+
∞∑
n=1

rKf (n)
ns

to get

Λ̃Kf (z)
(z − 1)r̃

=
∫

(2)

LS2f (2s)
ζ(2s− 1)

(MD)s−1 Ef (s)Γ(s)2

(s− z)(s− 1)r̃
∂s

2πi
+

− εKf (−1)r̃
∫

(2)

LS2f (2s)
ζ(2s− 1)

(MD)s−1 Ef (s)Γ(s)2

(2− s− z)(s− 1)r̃
∂s

2πi
+

+
∫

(2)

(MD)s

MD

∞∑
n=1

rKf (n)
ns

[
1

s− z
− εKf

(−1)r̃

2− s− z

]
Γ(s)2

(s− 1)r̃
∂s

2πi
. (8)

6.1.2. We move the first two integrals appearing in (8) to the left, after truncating
the integrals at height H2 = (logD)2 at negligible cost due to the Γ-decay. The
poles at s = z and s = 2− z then contribute respective residues of Tf (z)/(z − 1)r̃

and −(−1)r̃Tf (2 − z)/(z − 1)r̃, and multiplying through in (8) by (z − 1)r̃ gives
their contribution as in the statement of the Proposition. The pole at s = 1 for the
first integral gives a residue of∑∑

b+c=r̃−1

T
(b)
f (1)
b!

(−1)c

(1− z)c+1
,

and by multiplying through by (z − 1)r̃ this gives

−
r̃−1∑
b=0

T
(b)
f (1)
b!

(z − 1)b.

A similar statement holds for the second integral, though now the alternation of
sign with respect to c is omitted, giving a contribution of

−εKf (−1)r̃ ·
∑∑
b+c=r̃−1

T
(b)
f (1)
b!

1
(1− z)c+1

,

and multiplying through by (z − 1)r̃ gives

−εKf
∑∑
b+c=r̃−1

(−1)c+1−r̃ T
(b)
f (1)
b!

(z − 1)b = −εKf
r̃−1∑
b=0

(−1)b
T

(b)
f (1)
b!

(z − 1)b.
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Adding these two contributions gives −S r̃f (z) as in the statement of the Lemma.

6.1.3. The error contributions from the integral on the new contour will be small
due to the decay of Dσ, though it is a bit tedisome in details to codify this.

This new contour consists of the vertical segment 4/5 ± iH1, the vertical seg-
ments σ0 ± iH1 to σ0 ± iH2 where σ0 = 1 − 1/70 log logD, and the associated
horizontal connecting segments, where we take H1 = 1010.

In particular, the lower bulge ensures the pole at s = 2− z is to the right of the
new contour since |z − 1| ≤ 1/99. Moreover, by the computations of Platt [61] and
the zero-free region of de La Vallée Poussin [48, (53)],12 the above contour shift
does not encounter any zeros of ζ(2z − 1). Similarly, we have adequate control
over 1/ζ(2z − 1) on the new contour.

The contribution from the segment on the 4/5-line is bounded as

≤ 2
(MD)1/5

∫ H1

−H1

∣∣∣∣LS2f (8/5 + 2it)
ζ(3/5 + 2it)

Ef (4/5 + it)
Γ(4/5 + it)2

(0.189 + it)(1/5 + it)r̃

∣∣∣∣ ∂t2π
.

The convexity bound for the symmetric-square (Lemma 5.3.1) and NS2f ≤ N2
f yield∣∣LS2f (8/5 + 2it)

∣∣ ≤ 5(N2
f t

3
?)

1/5(1 + logN2
f t

3
?)

3

≤ 5N2/5
f t

3/5
? (logN2

f )3(log t3?)
3 ≤ 135 · 87000N2/5+1/20

f · t3/5? (log t?)3,

while with Lemma 5.2.1 we have∣∣Er
f (4/5 + it)

∣∣ ≤ ∏
p|Nf

1 + 1/p3/5

1− 1/p3/5
≤ 233N1/20

f

since the multiplicands are ≤ p1/20 for p ≥ 49. Our assumption that D ≥ N9
f then

implies that the product of these two terms is

≤ 1010
√
Nf ≤ 1010D1/18.

Our assumption that
√
DLχ(1) ≤ (logD)3/106 implies by genus theory that there

are no more than 5 log logD primes dividing D, and by Lemma 5.2.2 we have

|Em
f (4/5 + it)| ≤ 7500 · P4/5(D) ≤ 7500 · exp

(
3

∑
n≤5 log logD

1
n3/10

)
≤ 7500 · exp

(
14(log logD)7/10

)
≤ 10−22800D1/19,

using logD ≥ 106. Our assumption of r̃ ≤ (logD)/100 implies that 5r̃ ≤ D0.0161,
and upon pulling this out we can directly integrate the remaining parts of the
integrand and find that∫ H1

−H1

∣∣∣∣Γ(4/5 + it)2 · t3/5? (log t?)3

ζ(3/5 + 2it)(0.149 + it)

∣∣∣∣ ∂t2π
≤ 12.

Since 1/18 + 1/19 + log(5)/100 ≤ 1/8 we get a total error contribution bounded by
2

(D/4π2)1/5
· 10−22000D1/8,

and upon multiplying by |z − 1|r̃, this easily fits into the stated error term.

12We could obtain a much superior zero-free region under our assumption of small Lχ(1), but

this is unnecessary so we do not include it.
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Meanwhile, the the horizontal segments at height H1 contribute

≤ 4
∫ σ0

4/5

∣∣∣∣ LS2f (2σ + 2iH1)
ζ(2σ − 1 + 2iH1)

Ef (σ + iH1)(MD)σ

MD

Γ(σ + iH1)2

(H1 − 1)1+r̃

∣∣∣∣∂σ2π
,

while the contribution from the segments on the σ0-line is bounded as

≤ 4
∫ H2

H1

(MD)σ0−1

∣∣∣∣ LS2f (2σ0 + 2it)
ζ(2σ0 − 1 + 2it)

Ef (σ0 + it)
Γ(σ0 + it)2

(H1 − 1)1+r̃

∣∣∣∣ ∂t2π
.

For both of these, the Γ-factor contributes ≈ exp(−πH1) = exp(−π · 1010) and
will thus dominate any constants. In the first integral, Lemma 5.3.1 bounds LS2f

as ≤ 3.3(1 + log 2N2
fH

3
1 )3(N2

fH
3
1 )1−σ, while 1/ζ is (crudely) bounded by 1010, and

upon bounding the Ef -factor as above, we note that using N9
f ≤ D yields the

integrand is bounded by exp(−πH1) times

3.3 · 1010(1 + log 2N2
fH

3
1 )3(N2

fH
3
1 )1−σ · 7500 exp

(
15(log logD)3/2−σ) · (MD)σ−1

≤ 1020 · exp
(
15(log logD)3/2−σ)(D2/3)σ−1(logD)3 ≤ 10−230

the last step since σ ≤ σ0 = 1− 1/70 log logD and D ≥ 4π2 exp(106). This suffices
for the error term. A similar bound holds on the remaining vertical segment (for
indeed σ = σ0 dominated the previous analysis), though now a harmless extra term
of 105 log logD appears from the reciprocal ζ-factor.

6.1.4. We are left with the integrals involving rKf (n) in (8). We make13 the series
expansion 1/(s− z) =

∑
l(z − 1)l/(s− 1)l+1 in powers of 1/(s− 1) and consider

Gr̃(z) =
∫

(2)

∞∑
n=1

rKf (n)
ns

(MD)s−1

[
1

s− z
−
εKf (−1)r̃

2− s− z

]
Γ(s)2

(s− 1)r̃
∂s

2πi

=
∫

(2)

∞∑
n=1

rKf (n)
ns

(MD)s

MD

[ ∞∑
l=0

(z − 1)l

(s− 1)l+1
+ εKf (−1)r̃

∞∑
l=0

(1− z)l

(s− 1)l+1

]
Γ(s)2

(s− 1)r̃
∂s

2πi

=
∞∑
n=1

rKf (n)
MD

∞∑
l=0

(z − 1)l
[
1 + εKf (−1)l+r̃

] ∫
(2)

(
MD

n

)s Γ(s)2

(s− 1)l+r̃+1

∂s

2πi
.

As with §4.2 the integral here is positive, so (we do not bother to restrict to l even)

|Gr̃(z)| ≤
2

MD

∞∑
l=0

|z − 1|l
∞∑
n=1

|rKf (n)|
∫

(2)

(
MD

n

)s Γ(s)2

(s− 1)l+r̃+1

∂s

2πi
.

We then use Proposition 4.2.1 with X = MD (here r̃ ≥ 1 ensures “j ≥ 2”), with
the secondary term being negligible. This gives

|Gr̃(z)| ≤
2

MD

∞∑
l=0

|z − 1|l · 7.334 · U(f)V(f) · Lχ(1)R(χ) · 2l+r̃+1(MD)3/2

≤ 29.336
√
M · U(f)V(f) ·

√
DLχ(1)R(χ) · 2r̃

∞∑
l=0

2l|z − 1|l,

13It may be possible to avoid this series expansion; e.g. right before (20) in [82] we instead
used that the Mellin transform of Γ(s)/(s− 1/2) exceeds that of Γ(s)(s− 1/2)/

`
(s− 1/2)2 + ξ20

´
,

as the latter just has an additional cosine term that is bounded by 1.
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and since |z−1| ≤ 1/99 the final l-sum converges and is ≤ 99/97. Replacing into (8)
and multiplying Gr̃(z) by |z − 1|r̃ gives the Proposition. �

7. Restricting zeros by computing L′′′f (1)

We will use the above Deuring decomposition specifically when r̃ = 4 and we
know there is at least a triple central zero of Lf (s) along with exactly two additional
zeros of Lf (s) nearby. Such an f will be associated to an elliptic curve of rank 5.

In this section we will describe how we can adduce such facts about Lf (s), via
computing its third central derivative to a large precision. As a convenience, we
will then specialize to a set of 12 specific elliptic curves, each of rank 5, that will
suffice to show our main result. Although we could be more general both here
and in §9, I really don’t see much other application of the results herein except to
our specific case (e.g., it seems rather pointless to repeat the same calculations for
significantly larger conductors, and putative larger analytic ranks would involve a
rather different schema in any event).

By the work of Wiles [90] and others we know that elliptic curves over the
rationals are modular, and thus we can interchangeably speak of an elliptic curve
or its associated weight 2 modular newform with integral coefficients.

7.1. Firstly, given an elliptic curve of rank 5 whose L-function has odd parity, a
lower bound of 3 for the analytic rank can be obtained either: by combining the
results of Gross and Zagier [36] with those of Kolyvagin [47], which together imply
that if the analytic rank is 1 then the algebraic rank is also 1; or by computing L′f (1)
to sufficient precision and using explicit bounds on the quantities in the Gross-Zagier
formula (see Delaunay and Roblot [19, Proposition 3.1] for a special case).

7.1.1. It turns out to be easier to work with Λ̃f (s) rather than Lf (s). Recall that
our scaling is Λ̃f (s) = (

√
Nf/2π)s−1Γ(s)Lf (s). Assuming f has odd parity and a

central zero of order 3 or more, by the Taylor expansion about s = 1 we have

Λ̃f (s) =
Λ̃′′′f (1)

3!
(s− 1)3 +

Λ̃(5)
f (1)
5!

(s− 1)5 + Θ
( Λ̂(7)

f

7!
|s− 1|7

)
for |s − 1| ≤ 1/105 where Λ̂(7)

f is a bound for the seventh derivative in this region
and Θ is analogous to Landau’s O-notation with an implicit constant of 1.

In our cases of interest, we can computationally show that Λ̃′′′f (1) is zero to a
(large) desired precision, while simultaneously a computation will show that the
fifth central derivative is not close to zero. By choosing a circle small enough
about s = 1 so that∣∣∣∣ Λ̃(5)

f (1)
5!

(s− 1)5

∣∣∣∣ > ∣∣∣∣ Λ̃′′′f (1)
3!

(s− 1)3

∣∣∣∣+
∣∣∣∣ Λ̂(7)

f

7!
(s− 1)7

∣∣∣∣
on the boundary of the circle, by Rouché’s theorem we can then conclude that Λ̃f (s)
has exactly five zeros inside such a circle. As we know that at least three of these
zeros are at the central point s = 1, by symmetry the other two must lie on the
central line or the real axis (or indeed, possibly both).

We formulate this a precise result, writing b5 > 0 as a lower bound for |Λ̃(5)
f (1)/5!|

and B7 for an upper bound for |Λ̃(7)
f (s)/7!| in the disk |s− 1| ≤ 1/105.
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Lemma 7.1.2. Suppose f has odd parity and Λ̃′f (1) = 0, and that |Λ̃′′′f (1)/3!| ≤ B3

where |3B3/b5| ≤ min(b5/3B7, 1/1010). Then Λ̃f (s) has exactly five zeros in the
disk |s− 1|2 ≤ 3B3/b5.

Proof. On the circle |s− 1|2 = 3B3/b5 we have

∣∣∣ Λ̂(7)
f

7!
(s− 1)7

∣∣∣ ≤ B7|s− 1|7 =
3B3

b5
B7|s− 1|5 ≤ b5

3
|s− 1|5

and ∣∣∣∣ Λ̃′′′f (1)
3!

(s− 1)3

∣∣∣∣ ≤ B3|s− 1|3 =
b5
3
|s− 1|5,

while |Λ̃(5)
f (1)(s−1)5/5!| ≥ b5|s−1|5, so that the result follows by the above Taylor

expansion for Λ̃f (s) in conjunction with Rouché’s theorem [64]. �

We can compute Λ̃(5)
f (1) to (say) five digits by the method below, and thus bound

it; e.g., for the rank 5 curve of conductor 19047851 it is approximately 5! · 30.286.
A suitable bound on the 7th derivative, which is for a region rather than just at

one point, can easily be obtained by crude estimates (it plays little rôle anyway).
Indeed in general we have |Λ̃f (s)| ≤ 5N1/4

f (1 + log 5Nf )2 for |s− 1| ≤ 1/2 by con-
vexity bounds, and Cauchy’s bound on derivatives then implies the ninth derivative
is bounded in |s− 1/2| ≤ 1/105 as ≤ 9! · 2.0019 · 5N1/4

f (1 + log 5Nf )2.
As an example then, for the curve of conductor 19047851 we can bound the

seventh central derivative by computation as ≤ 65 · 7!, so that by the Taylor series
expansion of the seventh derivative about s = 1 we have B7 ≤ 65+108/(105)2 ≤ 66.

7.2. In the sequel, we will consider the following sets of elliptic curves:

E−1 = {[0, 0, 1,−79, 342], [0, 0, 1,−169, 930], [0, 1, 1,−30, 390]}

of respective conductors 19047851, 64921931, and 67445803;

E+
1 = {[1, 0, 0,−22, 219], [0, 1, 1,−100, 110], [0, 0, 1,−139, 732]}

of respective conductors 20384311, 55726757, and 59754491;14

E−2 = {(11a)⊗−25351367, (17a)⊗−19502039, (19a)⊗−16763912}

where these are quadratic twists as indicated; and

E+
2 = {(91b)⊗ 6350941, (123a)⊗ 5467960, (209a)⊗ 3217789}.

Each of these 12 elliptic curves (provably) has rank 5. For instance, the computer
algebra system Magma [10] takes only a few seconds to upper bound each rank
as 5 by a 2-Selmer computation, and find five independent points on each curve.

14Here we could use [0, 0, 1,−247, 1476] of conductor 22966597 = 47 · 488651, but I preferred
to select curves for which all the bad primes exceeded 100.
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7.2.1. We recall that Λ̃(l)
f (1) can be approximated by a method detailed by Buhler,

Gross, and Zagier [12, §4] (see also Cremona [16, §2.13]). For integral l ≥ 1 we have

Λ̃(l)
f (1)
l!

= [1 + εf (−1)l] ·
∞∑
n=1

cf (n)
n

Gl

( 2πn√
Nf

)
where

Gl(x) =
1

(l − 1)!

∫ ∞
1

e−xy(log y)l−1 ∂y

y

satisfies G′l(x) = −Gl−1(x)/x, with G0 = e−x.
It is critical here that Gl(x) ∼ e−x/xl decays exponentially as x→∞, implying

that we can calculate to d digits using approximately (
√
Nf/2π) · log 10d coeffi-

cients of the series, which is thus linear in d. The cf (p) can be computed in time
polynomial in log p via Schoof’s algorithm [68], though in practice using baby/giant
steps (taking roughly p1/4 time) is likely just as good for our range.

For l = 1 this Gl is a familiar exponential integral, and in general (e.g.) since Gl
is holonomic its values can be computed in quasi-linear time (in the precision) via
a binary splitting method given by van der Hoeven [42]. However, as noted to us
by A. R. Booker, there is also the possibility to exploit the equi-spacedness of the
evaluation points of Gl and use a multi-point polynomial evaluation scheme, again
giving a quasi-quadratic running time overall. We analyze the situation more fully
in our companion paper [87], finding that neither of these particularly displays the
asymptotic quadratic behavior in our ranges of 1000 and 10000 digits. Meanwhile,
the best method appears to be to compute batches of G3-values by local power
series, using the differential equation satisfied by G3 to efficiently compute high-
order derivatives (via recursion) at suitable demarcation points.15

7.2.2. For curves in E±1 the conductors are sufficiently small that we can rather
easily compute to high precision. For instance, for the curve of conductor 19047851
it takes about 20s to compute to 200 digits using the off-the-shelf Magma imple-
mentation [10].16 Using a more rigourous implementation based on Arb (see [87]
for details), we were able to compute to 10050 digits in around 4.6 days.

7.2.3. The conductors for E±2 are much larger, with that for the twist of 11a
by −25351367 being about 4 · 108 times larger than 19047851. This means the
length of the approximating sum is ≈ 20000 times longer, and thus reaching 10000
digits would presumably17 take around 250 core-years. We instead chose to aim for
1000 digits, which took approximately 3 core-weeks for this curve.

7.2.4. The value of LS2f (2) can be computed as in [81]. In Table 3, for each
of our 12 curves we list an approximation to this value, given as a lower bound.
Additionally we list an approximation for the fifth central derivative (again as a
lower bound), We also list upper bounds for the expressions U(f) and V(f) that
appear in §4.1.6.

15Note that this method is only quasi-cubic complexity even in theory, and in practice the

growth exponent is more likely to be behave like 2 + ρ where ρ is the effective exponent for
multiplication (e.g., log(3)/ log(2) ≈ 1.585 in the range where Karatsuba multiplication applies).

16This does more work than necessary, including computing the first and fifth derivatives.
17The relative density of evaluation points also plays a rôle, and indeed one interpolation

method would predict an expected time of 250/103 years, but in practice it is about 1/4 of this.
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curve label LS2f (2) Λ̃(5)
f (1)/5! U(f) V(f)

[0, 0, 1,−79, 342] 19047851 8.7980 30.286 1.001 1.239
[0, 0, 1,−169, 930] 64921931 8.7354 38.850 1.001 1.242
[0, 1, 1,−30, 390] 67445803 5.7669 43.531 1.001 1.256
[1, 0, 0,−22, 219] 20384311 3.7504 41.941 1.001 1.689
[0, 1, 1,−100, 110] 55726757 4.8495 41.975 1.001 1.255
[0, 0, 1,−139, 732] 59754491 7.0086 41.009 1.001 1.247
(11a) ⊗ −25351367 1.0576 1525.2 1.009 1.484
(17a) ⊗ −19502039 0.7850 2379,6 1.005 2.048
(19a) ⊗ −16763912 0.9279 2918.6 1.583 2.094
(91b) ⊗ 6350941 1.2096 2000.4 1.028 2.053
(123a) ⊗ 5467960 2.7044 5620.4 1.256 1.286
(209a) ⊗ 3217789 1.0517 2743.0 1.012 2.271

Table 3. Data about our 12 rank 5 curves

Remark. We can note that LS2f (2) ≥ 0.78 for each of the curves in E±1 ∪ E
±
2 . In

general, we could use an explicit version of the lower bound LS2f (2) � 1/ logNf
of Goldfeld, Hoffstein, and Lieman [34] as detailed in [83, Lemma 3.4] (similar
calculations appear in work of Rouse [65, Proposition 11]).

7.2.5. It is also useful to comment that Er
f (1) ≥ 1 for each of the 12 curves.

Here we enumerate bad primes with the factors Ṽp(s) as in Table 2. For the curves
in E±1 the Euler factors are 1/(1−p/p2s), and each is bounded below by 1 at s = 1.
For the curves in E±2 we must be a bit more careful, as for a prime p of potentially
good reduction the factor Ṽp(s) depends on whether p|D or not. There are only two
cases where an individual Ṽp(1) at a potentially good prime can be smaller than 1:
for the twist of 91b by 6359041, at p = 191 the factor is Ṽp(s) = (1−194/p2s+p2/p4s)
(where 194 = ã2

p − 2 · 191) which has Ṽp(1) ≥ 0.994; and for the twist of 123a by
5467960, at p = 5 the factor is Ṽp(s) = (1− 6/p2s + p2/p4s) which has Ṽp(1) = 4/5.
However, we still find that Er

f (1) is at least 1 in these cases, as in the former case
the multiplicative primes contribute 1/(1− 1/7)(1− 1/13) = 91/72 ≥ 1.26, and in
the latter they give 1/(1− 1/3)(1− 1/41) = 123/80 ≥ 1.53, easily outweighing the
above factors.

7.3. Finally, let us state an explicit lemma.

Lemma 7.3.1. Suppose that f is associated to one of the 12 curves in E±1 ∪ E
±
2

and that |Λ̃′′′f (1)/3!| ≤ λ ≤ 1/109. Then Λ̃f (s) has (at least) a triple central zero
and exactly two other zeros inside |s− 1|2 ≤ λ/10.

Proof. We use Kolyvagin’s result to show each curve has analytic rank at least 3,
and then apply Lemma 7.1.2 with the explicitly tabulated lower bounds for the
fifth central derivative of each of the 12 curves in question. �

8. More bounds on Ef and LS2f and their derivatives

We now wish to give assorted technical preparations that will allow us to bound
various secondary terms in our usage of the Deuring decomposition.
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8.1. First we give bounds on the symmetric-square L-functions. Similar to the
previous section, it seems easier to simply state computationally verifiable results
for our specific 12 curves, as opposed to working in more generality.

Lemma 8.1.1. For each of the curves in E±1 ∪ E
±
2 , for |s− 2| ≤ 2/105 we have

0.999LS2f (2) ≤
∣∣LS2f (s)

∣∣ ≤ 1.001LS2f (2),

and for l ≤ 6 in |s− 2| ≤ 2/105 we have

|L(l)
S2f (s)| ≤ 1.001LS2f (2) · 100l.

Remark. Note that the given bounds on LS2f (2) will not hold in general; e.g.,
when the logarithmic derivative at s = 2 is large the first statement is prone to
fail. We really only need a bound of this sort in terms of the conductor, but I find
it convenient to instead give a version with explicit constants for the given curves.
Similarly one should generally expect the derivatives to grow roughly as (logNS2f )l.

Proof. Again this follows by computation. We can bound high derivatives of LS2f (s)
in |s−2| ≤ 2/105 by convexity bounds, and approximate smaller derivatives to high
precision by computation. Combining these via Taylor series, the result follows.

For instance, for 209a we can computationally estimate the zeroth through sixth
derivatives at s = 2 as

≈ (1.0517, −0.7960, 2! · 1.4184, −3! · 1.7968, 4! · 1.9123, −5! · 1.7157, 6! · 1.2856),

and the seventh derivative is ≈ −7! · 0.7927. We have the crude bound from con-
vexity of |LS2f (s)| ≤ 5

√
NS2f (1 + 5 logNS2f )3 in |s − 2| ≤ 1, so that Cauchy’s

bound on derivatives implies that the kth derivative is bounded in |s− 2| ≤ 2/105

as ≤ (1.001)kk! · 5
√
NS2f (1 + 5 logNS2f )3, and upon using k = 8 the bound stated

in the Lemma readily follows. �

8.1.2. We also give a result for the effect of ramified primes on Ef .

Lemma 8.1.3. For each of the curves in E±1 ∪ E
±
2 we have |Er

f (s)| ≤ 1.003Er
f (1)

for |s− 1| ≤ 1/1000, and also
∣∣log(Er

f (s)/Er
f (1)

)∣∣ ≤ 2.714|s− 1| in this range.

Proof. We can simply enumerate the prime factors of Nf in each case, and use
Table 2. For the curves in E±1 we only have multiplicative primes and

Er
f (s) =

∏
p|Nf

(
1− p

p2s

)−1

.

We then note

logEr
f (s)− logEr

f (1) =
∫ s

1

(Er
f )′

Er
f

(z) ∂z

and proceed to bound the logarithmic derivative for σ ≥ 999/1000 as

≤
∑
p|Nf

p log(p2)/p2σ

1− p/p2σ
≤ 0.031.

For the curves in E±2 we have both the multiplicative primes from the initial
curve and primes involved in the twisting. For instance, with (123a) ⊗ 5467960 we
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have
Er
f (s) =

∏
p∈{3,41}

(
1− p

p2s

)−1 ∏
p∈{2,5,223,613}

p-D

(
1− bp/p2s + p2/p4s

)
where (b2, b5, b223, b613) = (0, 6,−190,−550), for indeed we have bp = ã2

p − 2p in
terms of the ãp for the minimal twist 123a. In this worst case we see the logarithmic
derivative is bounded as ≤ 2.714 for σ ≥ 999/1000, and the result follows. �

8.2. Next we turn to bounding the effect of noninert primes on Ef . We introduce
the notation D̃ = D/4π2, noting that D̃ ≤MD.

Lemma 8.2.1. Suppose that D ≥ 4π2 exp(106) and
√
DLχ(1) ≤ (logD)3/106.

Then for |s− 1| ≤ 1000/ log D̃ we have |Em
f (s)| ≤ 1.051Em

f (1).

Remark. It is this result in particular that is a bottleneck against taking D too
much smaller in our main Theorems.

Proof. We will use

logEm
f (s)− logEm

f (1) =
∫ s

1

(Em
f )′

Em
f

(z) ∂z,

and bound the logarithmic derivative.
We recall (§4.1.4) that Em

f (s) is given by

Em
f (s) =

∏
p≤
√
D/4

1 + α′p/p
s

1− α′pχ(p)/ps
1 + β′p/p

s

1− β′pχ(p)/ps
.

Taking logarithms, we have

logEm
f (s) =

∑
p≤
√
D/4

∞∑
l=1

[
χ(p)l − (−1)l

] (α′p)l + (β′p)
l

lpls
,

and taking the derivative of this appends −l log p to the right side.
As with Lemma 5.2.2, there are at most 2 split primes up to 10000, and at most 5

split primes up to e
√
Y where Y = log(

√
D/4). For σ ≥ 999/1000 these small split

primes contribute to the logarithmic derivative no more than

F (2) + F (3) + 3F (104) ≤ 13.86, where F (p) =
∞∑
l=1

4
pl/2 log p
p0.999l

.

The split primes exceeding X1 = e
√
Y contribute no more than

≤ (logD)3

106

∞∑
l=1

4
X
l/2
1 logX1

X0.999l
1

≤ 10−135.

For the primes p|D, we note that by genus theory and the class number for-
mula that our assumption of

√
DLχ(1) ≤ (logD)3/106 implies there are no more

than A = b5 log logDc such primes. Writing B for the Ath prime, we can thus
bound their contribution for σ ≥ 999/1000 to the logarithmic derivative as

≤
∑
p≤B

∞∑
l=1

2
pl/2 log p
p0.999l

≤ 4.2 · (5 log logD)0.501,
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where we used partial summation and the explicit bound that the nth prime ex-
ceeds n log n (cf. [63, (3.12)]).

Integrating then gives that for |s− 1| ≤ 1000/ log D̃ we have∣∣∣∣Em
f (s)

Em
f (1)

∣∣∣∣ ≤ exp
(

1000
log D̃

·
[
13.9 + 4.2 · (5 log logD)0.501

])
,

and our assumptions on D imply this is ≤ exp(0.049) ≤ 1.051. �

Now we can state our desired bound on the derivatives of Ef .

Lemma 8.2.2. Suppose D ≥ 4π2 exp(106) and
√
DLχ(1) ≤ (logD)3/106 and f is

associated to one of the 12 curves above. Then for |s− 1| ≤ 2/ log D̃ we have

|E(l)
f (s)| ≤ 1.055Ef (1) · l!

( log D̃
998

)l
.

Proof. For |s−1| ≤ 1000/ log D̃ and l = 0 we can combine Lemmata 8.1.3 and 8.2.1,
and then in |s−1| ≤ 2/ log D̃ for the higher derivatives we can apply Cauchy’s bound
on derivatives in a circle about s of radius 998/ log D̃. �

We also have a version that bounds Ef (s) for |s− 1| ≤ 1/1000.

Lemma 8.2.3. Suppose D ≥ 4π2 exp(106) and
√
DLχ(1) ≤ (logD)3/106 and f is

associated to one of the 12 curves above. Then for |s− 1| ≤ 1/1000 we have

|Ef (s)| ≤ Ef (1) · exp
(
15|s− 1| · (log logD)0.501

)
and

|Ef (s)| ≥ Ef (1) · exp
(
−15|s− 1| · (log logD)0.501

)
.

Proof. Combining the proofs of Lemmata 8.1.3 and 8.2.1, for σ ≥ 999/1000 we have∣∣∣∣ log
(
Er
f (s)

Er
f (1)

Em
f (s)

Em
f (1)

)∣∣∣∣ ≤ |s− 1| ·
[
2.8 + 13.9 + 4.2 · (5 log logD)0.501

]
,

and the assumption that D ≥ 4π2 exp(106) then gives the result. �

Finally, we can improve Lemma 8.2.2 for l = 0 when considering a smaller circle.

Corollary 8.2.4. Suppose D ≥ 4π2 exp(106) and
√
DLχ(1) ≤ (logD)3/106 and f

is as above. Then for |s− 1| ≤ 2/ logD we have |Ef (s)| ≤ 1.001Ef (1).

Proof. This follows from the previous Lemma and D ≥ 4π2 exp(106). �

9. Consequences of the above Deuring decomposition

We next use the Deuring decomposition in Proposition 6.1.1 to show a lower
bound for

√
DLχ(1) under an assumption about zeros of Λ̃Kf (s).
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9.1. Let us first record the derivatives of Tf (z), which we recall itself is

Tf (z) = Γ(z)2 LS2f (2z)
ζ(2z − 1)

Ef (z)(MD)z−1.

In general, with F (z) = Γ(z)2/ζ(2z − 1) we have

T
(l)
f (z) =

∑∑∑∑
a+b+c+d=l

l!
a!b!c!d!

F (a)(z)L(b)
S2f (2z)E(c)

f (z)(logMD)d(MD)z−1.

In particular, we will apply this formula to the fourth derivative (l = 4) at z = 1,
and upon noting that Tf (1) = F (1) = 0, we wish for the (a, b, c, d) = (1, 0, 0, 3)
term to be dominant. This will follow from bounding the derivatives of Ef by our
assumption of small Lχ(1), and by also bounding the derivatives of LS2f . We do
the latter computationally for our specific 12 elliptic curves, though it could be
done in terms of Nf and in turn bounding this in terms of D.

We can note that F ′(1) = 2 and F ′′(1) = −16γ, while

|F ′′(1)| ≤ 10, |F ′′′(1)| ≤ 57, |F (4)(1)| ≤ 368, |F (5)(1)| ≤ 2731, |F (6)(1)| ≤ 22510.

Similar bounds hold on these derivatives hold in |z − 1| ≤ 1/105 upon being multi-
plied by 1.001, while |F ′(z)| ≤ 2.001 and |F (z)| ≤ 2.001|z − 1| in this range.

9.2. We next show that for sufficiently large D the expected term is dominant in
the second and fourth central derivatives, while the sixth derivative is adequately
bounded near the central point. We recall that M is defined by 4π2MD =

√
NfNfχ

with thus 1 ≤ 4π2M ≤ Nf , and also our notation D̃ = D/4π2.

Lemma 9.2.1. Suppose that D ≥ 4π2 exp(106) and
√
DLχ(1) ≤ (logD)3/106,

while f is associated to one of the 12 curves considered above. Then with Θ repre-
senting a factor bounded by 1, we have

T ′′f (1) =
2!
1!
· 2LS2f (2)Ef (1)(logMD) ·

[
1 + Θ(1/750)

]
. (A)

and

T
(4)
f (1) =

4!
3!
· 2LS2f (2)Ef (1)(logMD)3 ·

[
1 + Θ(1/200)

]
, (B)

while for |z − 1| ≤ (5/4)/ logMD we have∣∣T (6)
f (z)

∣∣ ≤ 4.5 · 6!
5!
· 2LS2f (2)Ef (1)(logMD)5. (C)

Proof. We explicitly have that (using F ′(1) = 2 and F ′′(1) = −16γ)

T ′′f (1) =
2!
1!
· 2LS2f (2)Ef (1)

[
logMD − 4γ + 2

L′S2f

LS2f
(2) +

E′f
Ef

(1)
]
,

where we have that |E′f (1)/Ef (1)| ≤ (log D̃)/950 and |L′S2f (2)/LS2f (2)| ≤ 101 from
Lemma 8.2.2 and Lemma 8.1.1 respectively. Thus the bracketed term in T ′′f (1)
is logMD + Θ

(
204 + (log D̃)/950

)
= (logMD) ·

[
1 + Θ(1/795)

]
.
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With the fourth derivative, the main term is B4 = 4!
3! · 2LS2f (2)Ef (1)(logMD)3

(from d = 3), and the terms for d = 2 are bounded as

≤ 4!
2!2!
· 10 · LS2f (2) · Ef (1) · (logMD)2 +

4!
2!
· 2 · 201LS2f (2) · Ef (1) · (logMD)2 +

+
4!
2!
· 2 · LS2f (2) · Ef (1)

log D̃
950

· (logMD)2 ≤ B4 ·
(15/2 + 3 · 201

106
+

3
950

)
.

The terms with d ≤ 1 contribute considerably less, for instance the bound for the
bound for the (1, 0, 2, 1)-term is ≈ 2/998 of the bound for the (1, 0, 1, 2)-term. More
explicitly, their contribution is

≤ 1.06LS2f (2)Ef (1)
∑∑∑∑
a+b+c+d=4
a≥1, d≤1

4!
a!b!c!d!

10a(200)bc!
( log D̃

998

)c
(logMD)d

≤ 1.06LS2f (2)Ef (1)(logMD)3
∑∑∑∑
a+b+c+d=4
a≥1, d≤1

4!
a!b!c!d!

10a(200)b

(106)(a−1)+b

c!
998c

,

which is ≤ 0.001LS2f (2)Ef (1)(logMD)3. This gives the indicated error in (B).
Finally, for the bound on the sixth derivative, the contribution from d = 6 in

the region |z − 1| ≤ (5/4)/ logMD ≤ 1/105 is

≤ 6!
6!
·
∣∣F (z)LS2f (2z)Ef (z)(logMD)6 · (MD)z−1

∣∣
≤ 2.001|z − 1| · 1.001LS2f (2) · 1.001Ef (1) · exp(5/4)(logMD)6

≤ 8.75 · LS2f (2)Ef (1)(logMD)5 ≤ 0.73 · 6!
5!
· 2LS2f (2)Ef (1)(logMD)5,

while the principal contribution with d = 5 is (using Corollary 8.2.4)

≤ 6!
5!
·
∣∣F ′(z)LS2f (2z)Ef (z)(logMD)5 · (MD)z−1

∣∣
≤ 6 · 2.001 · 1.001LS2f (2) · 1.001Ef (1) · exp(5/4)(logMD)5

≤ 3.50 · 6!
5!
· 2LS2f (2)Ef (1)(logMD)5 = 3.50B6.

The other d = 5 terms give a contribution

≤ 6!
5!
· 2.001|z − 1| · LS2f (2)Ef (1) exp(5/4)(logMD)5 ·

(
201 +

log D̃
950

)
≤ B6/180,

while the main d = 4 term from (1, 0, 1, 4) is ≤ 3.5 · (4/945)B6, etc. Adding these
up, we get the stated bound of the Lemma. �

9.3. Now we state and prove our main consequence of the Deuring decomposition.

Lemma 9.3.1. Suppose that f and fχ are of odd parity and f has analytic rank
at least 3, and that Lf (s) has an additional pair of zeros 1± iκ with κ either real or
imaginary (with possibly κ = 0) and |κ| ≤ 1/105. Suppose that D ≥ 4π2 exp(106)
with D ≥ N9

f and
√
DLχ(1) ≤ (logD)3/106, and the conditions (A), (B), and (C)

are met, along with the bounds of Lemmata 8.1.1 and 8.1.3 on the symmetric-
square L-function of f (these bounds are met for the 12 curves in E1 ∪ E2). Then
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with M =
√
NfNfχ/4π2 so that 1 ≤ 4π2M ≤ Nf we have

116
√
Nf · W(f) ·

√
DLχ(1)R(χ) ≥ LS2f (2)Ef (1) ·min

( (logMD)3

(5/4)2
,

logMD

|κ|2
)
.

Here W(f) = U(f)V(f) and the latter are defined in §4.1.6 (each being ≤ ζ(2)2),
and R(χ) is also defined in §4.1.6 (as a reciprocal sum over small representations).

Proof. We will apply the Deuring decomposition of Proposition 6.1.1 with r̃ = 4.

9.3.2. We first consider the case where |κ| ≤ (5/4)/ logMD. In this range we will
essentially use that

sin ξ − ξ = −ξ
3

3!
[
1 + Θ(ξ2/20)

]
where ξ = κ logMD, so that the relative error term is Θ(5/64) (which however
will be multiplied by exp(5/4), and other small factors). Indeed, it does not matter
whether κ is on either the real or imaginary axis or not (also, κ = 0 can be seen
to be allowable). Upon replacing 0 = Λ̃Kf (1 + iκ) by the Deuring decomposition of
Proposition 6.1.1 and using the Taylor expansion of Tf about 1 we obtain

0 = 2
T

(4)
f (1)

4!
κ4 + Θ

(
2 ·

T̂
(6)
f

6!
|κ|6
)

+ Θ
(
16 · 30

√
M · W(f)

√
DLχ(1)R(χ)κ4

)
where T̂ (6)

f is a bound for the sixth derivative of Tf in |z− 1| ≤ (5/4)/ logMD. By
the above bounds from (B) and (C) we find that the fourth derivative dominates
between the two first terms, and thus the final term must be large, namely(

2 · 1− 1/200
3!

− 2 · 4.5
5!
· (5/4)2

)
· 2LS2f (2)Ef (1)(logMD)3κ4

≤ 77
√
Nf · W(f) ·

√
DLχ(1)R(χ)κ4.

The pre-prepending term in parentheses is ≥ 0.214, so by rearrangement we achieve
the first part of the minimum in the Lemma, since 77/0.428/(5/4)2 ≤ 116.

9.3.3. When |κ| ≥ (5/4)/ logMD we split into cases depending on whether κ is
real or not. In the former we will use | sin ξ| ≤ 4ξ/5 for ξ ≥ 5/4, and in the latter
(essentially) that sinh ξ ≥ 1.28ξ in this range.

For κ real we can take κ ≥ 0 by symmetry and we have

|Tf (1 + iκ)| = |Γ(1 + iκ)|2 ·
∣∣∣LS2f (2 + 2iκ)
ζ(1 + 2iκ)

∣∣∣ · |Ef (1 + iκ)|.

We have |Γ(1+iκ)| ≤ 1 and |1/ζ(1+2iκ)| ≤ 2κ, while |LS2f (2+2iκ)| ≤ 1.001LS2f (2)
by Lemma 8.1.1, while by Lemma 8.2.3 writing β = 0.501 we have

|Ef (1 + iκ)|
Ef (1)

≤ exp
(∫ κ

0

∣∣∣E′f
Ef

(1 + it)
∣∣∣ ∂t) ≤ exp

(
15κ(log logD)β

)
.

When κ ≤ 1/
√

logD and D ≥ 4π2 exp(106) this is bounded as

|Ef (1 + iκ)|/Ef (1) ≤ 1 + 16κ(log logD)β ≤ 1 + 0.00006κ logD.

Otherwise we use κ ≤ 1/105 and have |Ef (1 + iκ)|/Ef (1) is

≤ exp
( 15

105
(log logD)β

)
≤ 0.001001

√
logD ≤ 0.001001κ logD.
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We have that 1 ≤ (4/5)κ logMD, and thus

|Ef (1 + iκ)|
Ef (1)

≤ 0.800κ logMD + 0.001061κ logD ≤ 0.802κ logMD.

Putting these together, we find that∣∣Tf (1 + iκ)
∣∣ ≤ 2.002κLS2f (2)Ef (1) · 0.802κ logMD.

On the other hand, by definition S4
f (1 + iκ) = T ′′f (1)κ2 and by (A) we have

|T ′′f (1)| ≥ 3.994LS2f (2)Ef (1) logMD.

From this, since 3.994− 2(2.002 · 0.802) ≥ 0.782 we get

|Uf (1 + iκ)| ≥ |T ′′f (1)||κ|2 − 2|Tf (1 + iκ)| ≥ 0.782κ2LS2f (2)Ef (1) logMD,

and since |Uf (1+iκ)| ≤ 77
√
Nf ·W(f)·

√
DLχ(1)R(χ)κ4 as above, the second part of

the minimum in the Lemma statement follows as before since 77/0.782 ≤ 99 < 116.

9.3.4. Finally, if the pair of zeros of Lf (s) with |κ| ≥ (5/4)/ logMD is on the real
axis, we can take iκ ≥ 0 by symmetry. By the second part of Lemma 8.2.3 we have
the lower bound (again writing β = 0.501)

|Tf (1 + iκ)| = (MD)|κ| ·
∣∣∣∣Γ(1 + iκ)2 1

ζ(1 + 2iκ)
LS2f (2 + 2iκ)Ef (1 + iκ)

∣∣∣
≥ 0.9992 · 1.999|κ| · 0.999LS2f (2) · (MD)|κ| · Ef (1) exp

(
−15κ(log logD)β

)
≥ 1.993|κ|LS2f (2) · Ef (1) · e5/4 |κ| logMD

5/4

[
1− 19(log logD)β

log D̃

]
,

the latter since (MD)|κ| = e5λ/4 ≥ e5/4λ for λ ≥ 1 where λ = (|κ| logMD)/(5/4),
and similarly an upper bound for |Tf (1− iκ)| of

≤ 1.0012 · 2.001|κ| · 1.001LS2f (2) · (MD)−|κ| · Ef (1) exp
(
15κ(log logD)β

)
≤ 2.008|κ| · LS2f (2)Ef (1) · e−5/4 |κ| logMD

5/4

[
1 +

19(log logD)β

log D̃

]
.

Subtracting the second from the first and using D ≥ 4π2 exp(106) gives us

|Tf (1 + iκ)| − |Tf (1− iκ)| ≥ (5.565− 0.461)|κ|2(logMD) · LS2f (2)Ef (1).

Meanwhile, from (A) we have

|S4
f (1 + iκ)| ≤ 4.006|κ|2 · LS2f (2)Ef (1) logMD,

so that Λ̃f (1 + iκ) = 0 implies

|Uf (1 + iκ)| ≥ 1.098|κ|2(logMD) · LS2f (2)Ef (1)

and we conclude as before since 77/1.098 ≤ 71 < 116. �

10. Root numbers of modular forms and main results

We now describe various conditions that ensure that fχ has odd parity, so that
we can then apply the above Lemma 9.3.1.
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10.1. Let us first recall Oesterlé’s explicit result [58] for class numbers of imaginary
quadratic fields, which he deduces from the rank 3 elliptic curve of conductor 5077.

There are three possibilities for χ(5077). When this is +1 the class number is
bounded below by (log

√
D/4)/(log 5077) ≥ (logD)/55. When it is −1 the twist fχ

has odd parity and he obtains18

hK ≥
logD

55

∏
p|D

(
1−
b2√pc
p+ 1

)
.

However, when 5077|D we have limited control over the root number, and it appears
difficult to obtain a similar result. The above can be replicated for any rank 3 curve
whose conductor has an odd number of prime factors (counting multiplicity), but
will generically have a condition about D being coprime to the conductor.

10.1.1. One way to get a uniform result is to exploit the greater control over the
root number that exists in quadratic twist families. For instance, Gross and Zagier
point out that one can use the −139th quadratic twist of the elliptic curve 37b (this
has rank 3).19 As above, when χ(37) = +1 we are done, and when fχ has odd
parity we achieve [58, §5.1]

hK ≥
logD
7000

∏
p|D

(
1−
b2√pc
p+ 1

)
.

Moreover, a calculation with root numbers [58, §4.3] shows that this condition
of odd parity holds whenever χ(37) 6= +1 (including when 37|D or 139|D). The
smallness of 1/7000 compared to 1/55 is principally because of the larger conductor.

10.1.2. Our lower bound will be much bigger than (log
√
D/4)/(logNf ), and so we

must necessarily employ at least two such curves (rather than just one) in exploiting
the possible splitting of small primes; we actually will utilize three curves (in each
case) to make cleaner statements of our results. We also need our curves to have
rank 5, forcing the conductors to be larger. The case of real quadratic fields flips the
parity of the number of prime factors of the conductor, but is otherwise analogous.

10.2. Having done the calculations indicated in §7.2.2, we can conclude as follows.

Theorem 10.2.1. Suppose that −D is a negative fundamental discriminant (of an
imaginary quadratic field) with D ≥ 4π2 exp(106) and

gcd(D, 19047851 · 64921931 · 67445803) = 1.

Then the class number hK of K = Q(
√
−D) is bounded below as

πhK =
√
DLχ(1) ≥ min

(
1010000 logD, (logD)3/108

)
·
∏
p|D

(
1−
b2√pc
p+ 1

)
.

18One can be more clever and include the explicit ap for the rank 3 curve rather than 2
√
p,

but this has little effect on the worst case when there are ≈ (log logD)/(log 2) primes dividing D.
19This curve also has some very specific additional properties which ease the proof that the

Heegner point is torsion (and thus the analytic rank is 3).
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Proof. Firstly, if we have that χ(Nf ) = +1 for all three conductors of the curves
in E−1 , then we already have hK ≥ (log

√
D/4)3/(log 67445803)3 and are done.

On the other hand, if one of the three given prime conductors is inert in K,
then fχ has odd parity for the corresponding f in E−1 (see Lemma 10.3.2 below),
and we can use Lemma 9.3.1. This gives us

116
√
Nf · W(f) ·

√
DLχ(1)R(χ) ≥ LS2f (2) · Ef (1) ·min

( (log D̃)3

(5/4)2
,

log D̃
|κ|2

)
.

By Table 3 we have W(f) ≤ 1.258, and the comments in §7.2.5 imply Er
f (1) ≥ 1,

while LS2f (2) ≥ 5.75 for the three curves in question.
The effect on Em

f (1) from split primes is bounded similarly to Lemma 5.2.2,
though using the explicit bounds cf (2) ≥ −2 and cf (3) ≥ −3 we see they contribute

≥ 0.999 · 1− 2/2 + 2/22

1 + 2/2 + 2/22

1− 3/3 + 3/32

1 + 3/3 + 3/32

((1− 1/
√

104

1 + 1/
√

104

)2)3

≥ 1
39.51

.

This implies

Em
f (1) ≥ 1

39.51

∏
p|D

(
1 +

cf (p)
p

+
p

p2

)
.

Meanwhile, as in (6) of §4.1.6 we have

R(χ) ≤
∏

p≤
√
D/4

1 + 1/p
1− χ(p)/p

,

and here the split primes have an effect bounded as ≤ 6.01. We can combine the
primes with p|D in R(χ) with the analogous bound for Em

f (1) upon noting the
identity (1 + cf (p)/p+ p/p2)/(1 + 1/p) = 1 + cf (p)/(p+ 1), while |cf (p)| ≤ b2√pc.

The computations outlined in §7.2.2 show that |Λ̃′′′f (1)/3!| ≤ 1/1010025 and thus
by Lemma 7.3.1 we have |κ| ≤ 10−5010 and so by Lemma 9.3.1 we get

√
DLχ(1) ≥ 1

116
1/6.01
39.51

5.75/1.258√
67445803

·
∏
p|D

(
1−
b2√pc
p+ 1

)
·min

( (log D̃)3

(5/4)2
, 1010020 log D̃

)
.

Rearrangement then gives the statement of the Theorem, since 7.74 ·107 < 108. �

Theorem 10.2.2. Suppose that D is a positive fundamental discriminant (for a
real quadratic field) with D ≥ 4π2 exp(106) and

gcd(D, 3089 · 6599 · 647 · 86131 · 409 · 146099) = 1.

Then we have
√
DLχ(1) ≥ min

(
1010000 logD, (logD)3/108

)
·
∏
p|D

(
1−
b2√pc
p+ 1

)
.

Proof. We first note that when χ(3089) = χ(6599) = −1 the associated fχ has odd
parity, and similarly when χ(647) = χ(86131) = −1 or χ(409) = χ(146099) = −1.
In these cases, we can apply Lemma 9.3.1 to the associated curve in E+

1 and obtain
(similar to above, with LS2f (2)/W(f)

√
Nf minimized for the first curve)

√
DLχ(1) ≥ 1

116
1/6.01
39.51

3.75/1.691√
20384311

·
∏
p|D

(
1−
b2√pc
p+ 1

)
·min

( (log D̃)3

(5/4)2
, 1010020 log D̃

)
,
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and rearrangement gives the statement of the Theorem since 8.76 · 107 < 108.
Otherwise, in each of {3089, 6599}, {647, 86131}, and {409, 146099} there is at

least one p with χ(p) = +1, and Lemma 5.1.1 gives a lower bound for
√
DLχ(1). �

As noted in the Introduction, this lower bound gives an alternative effective
resolution of the conjectures of Chowla and Yokoi concerning the cases of class
number 1 for Q(

√
4u2 + 1) and Q(

√
u2 + 4). In these families, we know (by genus

theory) that D can be taken as prime, so the gcd condition is easily met, while the
product over D is harmless.

10.3. We now turn to stating results that are free from the gcd-restriction. For f
associated to curves in E±2 we can show that fχ has odd parity under suitable
conditions, so as to again place ourselves in the situation where either there are
three small split primes, or fχ indeed has odd parity and we can use Lemma 9.3.1.

10.3.1. We assemble various lemmata concerning root numbers of L-functions of
modular forms. Alternatively, as we only work in weight 2, this could also be done
in terms of root numbers of elliptic curves. We readily admit that our presentation
is somewhat specific to our case of interest where f itself has odd parity and we
wish fχ to also have odd parity.

We write εp(f) for the local root number of f at p. This is trivial when p is a
prime of good reduction. As we are in weight 2, we have ε∞(f) = −1.

For odd primes p we define p? as p·(−1)(p−1)/2 so that p? is always a fundamental
discriminant. In the context of an even fundamental discriminant t, we define 2? by
dividing t out by p? for all its odd prime factors p. We write ψu for the quadratic
character corresponding to Q(

√
u).

Lemma 10.3.2. Let g be a primitive eigenform of weight 2 and level l, and t
be a fundamental discriminant. Then we have that εp(gψt) = ψp?(−1) for p|t,
while εp(gψt) = εp(g)ψt(p) for p|l with p - t.

Proof. This appears in Atkin and Lehner [2, Theorem 6]. �

Lemma 10.3.3. Let g be a primitive eigenform of weight 2 and level l. Let B be a
fundamental discriminant coprime to l with the same sign as D, and let f = gψB.
Then with G = gcd(D, l) and [ψBχ] the primitive inducer of ψBχ, we have

ε(fχ) = ε(gψBχ) = [ψBχ](−l/G)
ε(g)∏
p|G εp(g)

.

Proof. When p|B and p|D and p is odd we have εp(fχ) = εp(gψBχ) = +1 since fχ
has good reduction at p. When B and D are both even, we use the above Lemma
to get ε2(fχ) = ε2(gψBχ) = ψu(−1) where u ∈ {1, 8} (since B and D have the
same sign), so that ε2(fχ) = +1 also in this case.

When p|B or p|D (but not both) we have εp(fχ) = εp(gψBχ) = ψp?(−1), where
this is suitably interpreted for p = 2 as above. Otherwise when p|l and p - BD we
have εp(fχ) = εp(g)[ψBχ](p). These again follow from the previous Lemma.

The primes with p|BD thus give a factor of ψ(BD)?(−1) = [ψBχ](−1), and the
primes with p|l and p - BD yield

∏
p εp(g) · [ψBχ](l/G) where the product is over p|l

with p - D. Upon including the prime at infinity, this gives the Lemma. �
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10.3.4. We now want to set up situations where we know that various twists will
have odd parity. The case of imaginary quadratic K is slightly easier.

Lemma 10.3.5. Let f be the Bth quadratic twist of a newform g of weight 2 and
prime level q with ε(g) = +1, where B is a negative fundamental discriminant
with ψB(−q) = −1. Suppose χ(q) 6= +1 and χ(−1) = −1. Then fχ has odd parity.

Proof. There are two cases. When χ(q) = −1 then we have G = gcd(D, q) = 1 and
the previous Lemma gives

ε(fχ) = ε(gψBχ) = [ψBχ](−q)ε(g) = −χ(−q)ε(g) = χ(q)ε(g) = −ε(g) = −1.

When χ(q) = 0 we have G = gcd(D, q) = q and we get

ε(fχ) = ε(gψBχ) = [ψBχ](−1)
ε(g)
εq(g)

= (−1)2 · ε∞(g) = −1,

since εq(g) = −1 for g to originally have even parity. �

Here E−2 uses (g,B) ∈ {(11a,−25351367), (17a,−19502039), (19a,−16763912)}.

Lemma 10.3.6. Let f be the Bth quadratic twist of a newform g of weight 2 and
level m with m = p1p2 a product of 2 distinct odd primes, with εp1(g) = εp2(g) = −1,
and B a positive fundamental discriminant with ψB(p1) = ψB(p2) = +1. Suppose
that χ(p1) 6= +1 and χ(p2) 6= +1 and χ(−1) = +1. Then ε(fχ) = −1.

Proof. There are four possibilities for G = gcd(D, p1p2). When this is trivial, we
then have χ(p1) = χ(p2) = −1 so that ε(fχ) = ε(gψBχ) = [ψBχ](−p1p2)ε(g) = −1,
since ε(g) = −εp1(g)εp2(g) = −1.

When G = p1 we have

ε(fχ) = ε(gψBχ) = [ψBχ](−p2) · ε(g)/εp1(g)

= ψB(p2)χ(p2) · (−1)/(−1) = χ(p2) = −1,

and by symmetry the same calculation suffices when G = p2.
Finally, when G = p1p2 we have ε(fχ) = ε(gψBχ) = [ψBχ](−1)·ε∞(g) = −1. �

Here E+
2 uses (g,B) ∈ {(91b, 6350941), (123a, 5467960), (209a, 3217789)}.

10.4. Having done the calculations of §7.2.3, we can show our ultimate result.

Theorem 10.4.1. Suppose D is sufficiently large. Then
√
DLχ(1) ≥ min

(
101000 logD, (logD)3/1013

)
·
∏
p|D

(
1−
b2√pc
p+ 1

)
.

Proof. First we consider the case where K imaginary. If fχ has even parity for all
of the curves in E−2 , by Lemma 10.3.5 we have χ(11) = χ(17) = χ(19) = +1, and
thus hK ≥ (log

√
D/4)3/(log 19)3.

Similarly, when K is real and fχ has even parity for all three curves in E+
2 ,

Lemma 10.3.6 implies χ(p) = +1 for at least one p in each of the three sets {7, 13},
{3, 41}, and {11, 19}, so that

√
DLχ(1) is large by Lemma 5.1.1.

Meanwhile, independent of whether K is real or imaginary, when fχ has odd
parity we can use Lemma 9.3.1 and get
√
DLχ(1) ≥ 1/238

116
LS2f (2)
W(f)

√
Nf
·
∏
p|D

(
1−
b2√pc
p+ 1

)
·min

( (log D̃)3

(5/4)2
, 101020 log D̃

)
.
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For all the curves in E±2 except the twist of 19a, the quotient LS2f (2)/W(f)
√
Nf is

sufficiently large to yield the statement of the Theorem (the worse case is 17a, when
the comparison is 9.1 · 1012 < 1013). Moreover, as the twist of 19a is by the even
discriminant −16763912, in this case we use cf (2) = 0 and cf (5) = −3 to improve
the lower bound on Em

f (1), thus obtaining the claimed constant of 1013. �
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[On Dirichlet series of complex characters]. Rend. Circ. Matem. Palermo 35 (1913), 145–159.

http://doi.org/10.1007/BF03015596

[36] B. H. Gross, D. B. Zagier, Heegner points and derivatives of L-series. Invent. Math. 84

(1986), no. 2, 225–320. http://eudml.org/doc/143341
[37] H. Hasse, Zur Theorie der abstrakten elliptischen Funktionenkörper. I-III. (German) [On the

theory of abstract elliptic function fields, I-III]. J. reine angew. Math. 175 (1936), 55–62,

69–88, 193–208. http://eudml.org/doc/149956 http://eudml.org/doc/149959

http://eudml.org/doc/149968
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l’École Impériale polytechnique 39 (1862) [tome XXII], 193–224.

http://babel.hathitrust.org/cgi/pt?id=coo.31924069342180

[65] J. Rouse, Quadratic forms representing all odd positive integers. Amer. J. Math. 136 (2014),
no. 6, 1693–1745. http://doi.org/10.1353/ajm.2014.0041

[66] M. O. Rubinstein, Computational methods and experiments in analytic number theory. In

Recent perspectives in random matrix theory and number theory, edited by F. Mezzadri and
N. C. Snaith. LMS Lecture Note Series 322, Cambridge Univ. Press (2005), 425–510.

http://doi.org/10.1017/CBO9780511550492.015

[67] P. Sarnak, J. Tsimerman, On Linnik and Selberg’s Conjecture About Sums of Kloosterman
Sums. In Algebra, arithmetic, and geometry: in honor of Yu. I. Manin, (vol. II), edited

by Yu. Tschinkel and Yu. Zarhin. Progress in Math. 270, Birkhäuser Boston, Inc. (2011),
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