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Abstract. We describe recent progress in a program to understand the classification of three-
dimensional Fano varieties withQ-factorial terminal singularities using mirror symmetry. As part
of this we give an improved and more conceptual understanding of Laurent inversion, a technique
that sometimes allows one to construct a Fano variety 𝑋 directly from a Laurent polynomial 𝑓
that corresponds to it under mirror symmetry.

1. Introduction

Q-Fano threefolds are three-dimensional Fano varieties with at worst Q-factorial terminal
singularities. They play an important role in the Minimal Model Program [9, 44, 55, 58, 59].
In this paper we consider the classification of Q-Fano threefolds up to Q-Gorenstein (qG)
deformation. It is known that there are finitely many deformation families [56], and many such
families have been constructed explicitly [14,15,19,34,37,47,50,63–65,67], but the classification
is still far from understood. We will describe a new approach to the classification problem,
which is motivated by mirror symmetry. This approach has been successful in recovering the
(known) classifications of smooth Fano varieties in dimensions two and three [22, 23], and in
classifying singular del Pezzo surfaces [1, 33, 53]. The key idea is that there should be a one-to-
one correspondence between equivalence classes of Fano varieties with mild singularities and
equivalence classes of certain Laurent polynomials. The equivalence relation on Fano varieties
here is qG-deformation; the equivalence relation on Laurent polynomials is mutation [2].

Definition 1. A Fano variety is of class TG (for ‘toric generisation’) if it occurs as the general
fiber of a qG-degeneration with reduced fibers and special fiber a normal toric variety.

The vast majority of Q-Fano varieties are expected to be of class TG.

Conjecture 2. There is a bĳective correspondence between qG-deformation families of Q-Fano three-
folds 𝑋 of class TG and mutation-equivalence classes of rigid maximally mutable Laurent polynomials 𝑓
in three variables. Under this correspondence the regularized quantum period 𝐺𝑋 coincides with the
classical period 𝜋 𝑓 ; see §1.1 for more on this.

Conjecture 2 is a specialisation of [28, Conjecture 5.1] to our three-dimensional setting. As
we explain in §1.1, when 𝑋 and 𝑓 correspond under Conjecture 2 we expect that there is a
qG-degeneration from 𝑋 to the toric variety 𝑋 𝑓 defined by the spanning fan of the Newton
polytope of 𝑓 .

Establishing Conjecture 2 will require substantial advances in the Gross–Siebert program [6,
39–43], or in deformation theory (cf. [31, 32]). But nonetheless, whilst the foundations of
mirror symmetry are being developed, we can use Conjecture 2 to fill in large parts of the
classification of Q-Fano threefolds that were previously unknown. That is, we can use methods
inspired by Conjecture 2, and by mirror symmetry more broadly, to construct large parts of the
classification. As well as giving many new families of Q-Fano threefolds, these constructions
also give supporting evidence for the rich conjectural picture predicted by mirror symmetry.
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Our approach is as follows. We first look for rigid maximally mutable Laurent polynomials
(MMLPs) [28], by specifying a class of lattice polytopes and then searching algorithmically for
all rigid MMLPs 𝑓 such that the Newton polytope Newt 𝑓 lies in this class. Initially here we
insist that Newt 𝑓 is a three-dimensional lattice polytope with one lattice point in the strict
interior; such lattice polytopes are called canonical and have been classified [51, 52]. We then
expand the search to include certain Laurent polynomials 𝑓 such that Newt 𝑓 has two lattice
points in the strict interior [7]. In this way we obtain a large collection of rigid MMLPs in three
variables. We partition this set of Laurent polynomials into mutation-equivalence classes and
then, for each class, attempt to construct a deformation family ofQ-Fano threefolds that realises
this class via Conjecture 2. The method – Laurent inversion [30] – that we use to construct 𝑋
from 𝑓 is also inspired by mirror symmetry: see §3 below for a detailed discussion, and §4 for
several examples.

1.1. The Mirror Correspondence. If a Q-Fano threefold 𝑋 corresponds, via Conjecture 2, to a
Laurent polynomial 𝑓 then the regularized quantum period of 𝑋 matches the classical period
of 𝑓 [22]. Here the regularized quantum period 𝐺𝑋 of 𝑋 is a generating function

𝐺𝑋 (𝑡) = 1 +
∞∑︁
𝑑=2

𝑐𝑑𝑡
𝑑

where 𝑐𝑑 = 𝑟𝑑𝑑! and 𝑟𝑑 is a certain genus-zero Gromov–Witten invariant of 𝑋 , and the classical
period 𝜋 𝑓 of 𝑓 ∈ C[𝑥±1

1 , . . . , 𝑥±1
𝑛 ] is

𝜋 𝑓 (𝑡) =
1

(2𝜋𝑖)𝑛
∫
(𝑆1 )𝑛

1
1 − 𝑡 𝑓

𝑑𝑥1
𝑥1

· · · 𝑑𝑥𝑛
𝑥𝑛

which expands as a power series

𝜋 𝑓 (𝑡) =
∞∑︁
𝑑=0

𝜅𝑑𝑡
𝑑

with 𝜅𝑑 the coefficient of the constant monomial in 𝑓 𝑑 . Gromov–Witten invariants are deforma-
tion invariant, so the regularized quantum period 𝐺𝑋 is a qG-deformation invariant of 𝑋 . On
the other side of the correspondence, the classical period 𝜋 𝑓 is invariant under mutation of 𝑓 .

If the Fano variety 𝑋 corresponds to the Laurent polynomial 𝑓 via Conjecture 2 then it is
expected that there is a qG-degeneration with general fiber 𝑋 and special fiber 𝑋 𝑓 , where 𝑋 𝑓

is the toric variety defined by the spanning fan of the Newton polytope Newt 𝑓 . Thus one can
hope to recover 𝑋 from the Laurent polynomial 𝑓 by smoothing the toric variety 𝑋 𝑓 , which is in
general highly singular. The coefficients of 𝑓 should therefore somehow encode a logarithmic
structure [54] on the central fiber 𝑋 𝑓 of this degeneration. From this perspective one can think of
Laurent inversion – the technique that we use to construct Q-Fano threefolds – as attempting to
construct the expected smoothing of 𝑋 𝑓 as an embedded deformation of 𝑋 𝑓 inside an ambient
toric variety built from 𝑓 . For more on this, see the work of Doran–Harder [36] and also [30, §8].
If the conjectural picture described above, with the Q-Fano variety 𝑋 degenerating to a toric
variety 𝑋 𝑓 , is correct, then one can think of 𝑋 as corresponding to a general point on an
appropriate component of the Hilbert scheme, and 𝑋 𝑓 as giving a point on the boundary of
that component. From this point of view, the discussion in §4.3 is particularly instructive. We
exhibit two rigid MMLPs 𝑓1 and 𝑓2 with the same Newton polytope 𝑃 – so that 𝑋 𝑓1 = 𝑋 𝑓2 = 𝑋𝑃

– but different classical periods 𝜋 𝑓1 , 𝜋 𝑓2 . We then use Laurent inversion to construct Q-Fano
threefolds 𝑋1 and 𝑋2 which correspond respectively to 𝑓1 and 𝑓2 under Conjecture 2. Since
the classical periods 𝜋 𝑓1 and 𝜋 𝑓2 are different, we have that 𝐺𝑋1 ≠ 𝐺𝑋2 ; thus 𝑋1 and 𝑋2 are not
isomorphic, or even qG-deformation equivalent. This means that 𝑋1 and 𝑋2 lie on different
components of the Hilbert scheme, and the singular toric variety 𝑋𝑃 lies in the intersection of
these components. The choice of rigid MMLP with Newton polytope 𝑃 – that is, the choice of 𝑓1
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or 𝑓2 – corresponds to choosing a component of the Hilbert scheme that contains 𝑋𝑃 and gives
a smoothing of 𝑋𝑃.

1.2. The Graded Ring Database. Miles Reid and his collaborators have pioneered the study
of Q-Fano threefolds using graded ring methods [4, 5, 13, 17, 18, 47]. They have determined a
set of 39 550 rational functions that contains all Hilbert series of Q-Fano threefolds that satisfy a
semistability condition1 and have Picard rank 1. In practice all known Q-Fano threefolds have
Hilbert series contained in this dataset, regardless of semistability or Picard rank, so we will
ignore these conditions in what follows. The Hilbert series of a Fano variety 𝑋 is the generating
series for the dimensions of the graded pieces of the anticanonical ring

𝑅(𝑋,−𝐾𝑋) =
∞⊕
𝑛=0

𝐻0(𝑋,−𝑛𝐾𝑋). (1)

Note that the Hilbert series is invariant under qG-deformation of 𝑋 . Choosing a minimal
set of homogeneous generators for the anticanonical ring (1) determines an embedding of 𝑋
into weighted projective space 𝑤P, and one can use the Hilbert series to estimate the weights
and codimension of such an embedding: see [13, §3]. The Hilbert series also determines
the genus 𝑔(𝑋) B ℎ0(𝑋,−𝐾𝑋) − 2. When 𝑋 is smooth, 𝑔(𝑋) is the genus of the curve given by
intersecting 𝑋 with two generic hyperplanes in 𝑤P.

The dataset of possible Hilbert series is recorded in the Graded Ring Database [10, 12]. One
can think of this data as giving a numerical sketch of the possible ‘geography’ of Q-Fano
threefolds. A point to note is that the combinatorial methods used to produce the dataset of
possible Hilbert series do not guarantee the existence (or uniqueness) of a deformation family
of Q-Fano threefolds with that Hilbert series: there can be zero, one, or many such families.
From this point of view, our work gives a new way to approach the realisation problem for
a given possible Hilbert series 𝐻 (𝑡). If there is a Q-Fano threefold 𝑋 with Hilbert series 𝐻 (𝑡),
and 𝑋 corresponds under Conjecture 2 to a rigid MMLP 𝑓 , then as discussed we expect that
there is a qG-degeneration from 𝑋 to the toric variety 𝑋 𝑓 . This toric variety is defined by the
spanning fan of the polytope 𝑃 = Newt 𝑓 , and the Hilbert series of 𝑋 𝑓 is equal to the Ehrhart
series of the dual polytope 𝑃∗. One can therefore approach the realisation problem as follows.

Given a possible Hilbert series 𝐻 (𝑡) one can search for Fano polytopes 𝑃 such that the Ehrhart
series of 𝑃∗ is equal to 𝐻 (𝑡). For each such 𝑃 one can search for rigid MMLPs 𝑓 with Newton
polytope 𝑃. Partitioning these Laurent polynomials into mutation-equivalence classes predicts
the number of deformation families, as well as specific qG toric degenerations 𝑋 𝑓 of these
families. One can then use Laurent inversion (as in §4), or search for toric complete intersection
models (as in §5), or use more traditional methods such as unprojection [15, 60] to construct
each family.

1.3. The landscape ofQ-Fano threefolds. Figure 1 gives three different views of the distribution
of Q-Fano threefolds:

• Figure 1(a) shows the landscape of possible Hilbert series for Q-Fano threefolds as
determined by the Graded Ring Database. Every Hilbert series of a Q-Fano threefold is
recorded here, but this analysis is purely numerical and ignores the realisation problem:
each Hilbert series here may be represented by zero, one, or many Q-Fano threefolds.

• Figure 1(b) and Figure 1(c) give two views of the landscape assuming the conjectural
correspondence between Q-Fano threefolds and mutation-equivalence classes of rigid
MMLPs. These are experimental and (necessarily) incomplete. Figure 1(b) records the
distribution from what we believe to be an almost-complete collection of rigid MMLPs 𝑓
in three variables such that Newt 𝑓 is a canonical polytope [27]. Figure 1(c) records the

1See [13] for a precise discussion.
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(a) Potential Q-Fano threefolds

(b) Rigid MMLPs on canonical polytopes (c) Rigid MMLPs on a sample of 2-point polytopes

(d) Examples constructed using Laurent inversion (e) Randomly generated toric hypersurfaces

Figure 1. The distribution of potential Hilbert series for Q-Fano threefolds with Fano
index 1: (a) from the Graded Ring Database; (b) from mutation-equivalence classes of
rigid MMLPs with three-dimensional canonical Newton polytope; (c) from mutation-
equivalence classes of rigid MMLPs with Newton polytope in a random sample of
three-dimensional polytopes with two interior points; (d) from toric complete intersec-
tions constructed using Laurent inversion; (e) from randomly-generated quasismooth
hypersurfaces in toric orbifolds of Picard rank 2. Hilbert series are recorded as pairs (𝑐, 𝑔)
where 𝑐 is the estimated codimension and 𝑔 = 𝑔(𝑋) is the genus. Plots (b)–(e) have the
shadow of plot (a) as background.
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distribution from a random sample of rigid MMLPs in three variables such that Newt 𝑓
has two interior points.

• Figure 1(d) and Figure 1(e) give two views of the landscape based on genuine Q-Fano
threefolds. Figure 1(d) records the distribution from toric complete intersections con-
structed from rigid MMLPs using Laurent inversion: see §4 and [45]. Figure 1(e) records
the distribution from a random sample of quasismooth hypersurfaces in toric orbifolds
of Picard rank 2: see §5.

Comparing Figure 1(b) and Figure 1(c) with Figure 1(a) predicts that there are many Q-Fano
threefolds with the same Hilbert series, particularly in fairly low codimension and low genus.
Comparing Figure 1(c) and Figure 1(e) with Figure 1(b) indicates how restricting the Newton
polytope of our rigid MMLPs 𝑓 to be canonical prevents us from realising parts of the possible
Q-Fano landscape: for example it forces 𝑔(𝑋) ≥ 3.

1.4. Mirror symmetry and the classification of Q-Fano varieties. The idea that the Fano clas-
sification problem can be approached via mirror symmetry was introduced by Corti, Golyshev,
and coauthors in the context of smooth Fano varieties [22]. This framework was given substantial
support by the analysis of smooth Fano threefolds and their Laurent polynomial mirrors [2,23],
and of smooth Fano fourfolds [25,29,48]. Since then, through discussions and work with Corti
and his collaborators, further aspects of the story have come into focus: the role of mutation
and rigidity [1]; the realisation that the correct setting for the mirror symmetry classification
programme is probably Q-Fano varieties rather than smooth Fano varieties [28]; the role of
maximally mutable Laurent polynomials (ibid.); and the development of Laurent inversion as a
construction technique [30]. In what follows we bring all of this together, formulating a classi-
fication program for Q-Fano threefolds from this point of view. Furthermore we draw together
techniques that we have used elsewhere, or will use in the future, to begin filling out theQ-Fano
threefold classification, illustrating the potential of these methods. This involves advances in
Laurent inversion [45] and a new approach that combines Hori–Vafa mirror symmetry [46] in
the orbifold setting with a rigidity analysis for MMLPs: see §5.

It is natural to ask how many of the Q-Fano threefolds that we construct in this paper are
new. This is a challenging question, because the invariant that we use to distinguish Q-Fano
varieties (the regularized quantum period) is built from genus-zero Gromov–Witten invariants;
classical construction techniques in birational geometry (unprojection, Sarkisov-style analysis,
etc.) are typically not compatible with current techniques for computing Gromov–Witten invari-
ants (degeneration, quantum Lefschetz, Abelianisation, etc.). But we can say something. For
example, the 333 randomly-generated examples in §5 together give 130 regularized quantum
period sequences, so we expect 130 Q-Fano varieties up to qG-deformation. Of these, 15 are
included in the constructions in [45], so we expect that at most 115 of our qG-deformation
families are new. Note that the examples constructed via generalised Laurent inversion in [45]
are probably not classical because they mostly have very high estimated codimension, whereas
classical constructions tend to be in estimated codimension up to six. See Figure 1(d).

2. Maximally Mutable Laurent Polynomials

In this section we define mutations and mutability, and give a criterion (Proposition 8) for
a Laurent polynomial to be a rigid MMLP. We then describe our systematic search for rigid
MMLPs 𝑓 in three variables such that the Newton polytope of 𝑓 is canonical.
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2.1. Mutations. Let 𝑁 be a lattice, 𝑀 = Hom(𝑁,Z) be the dual lattice, and consider Laurent
polynomials 𝑓 ∈ C[𝑁]. A mutation is an automorphism

𝜇𝑤,ℎ : C(𝑁) → C(𝑁)

𝑥𝛾 ↦→ ℎ⟨𝑤,𝛾⟩𝑥𝛾

defined by a primitive lattice vector 𝑤 ∈ 𝑀 called the weight and a Laurent polynomial ℎ ∈
C[𝑤⊥ ∩ 𝑁] called the factor [2]. Here we can think of 𝑤 as defining a Z-grading on C[𝑁], with ℎ
lying in the degree-zero piece of that grading. In general, given a Laurent polynomial 𝑓 ∈ C[𝑁],
the mutation 𝑔 B 𝜇𝑤,ℎ ( 𝑓 ) will be a rational function. If 𝑔 ∈ C[𝑁] is also a Laurent polynomial
then we say that 𝑓 is mutable with respect to (𝑤, ℎ).

Example 3. Mutability of a Laurent polynomial 𝑓 imposes constraints on its coefficients. For
example, consider the Laurent polynomial

𝑓𝑎 = 𝑦 + 1
𝑥𝑦

+ 𝑎
𝑦
+ 𝑥
𝑦

in variables 𝑥 and 𝑦, where 𝑎 is a parameter, and the mutation 𝜇𝑤,ℎ : C(𝑁) → C(𝑁) where 𝑁 =

Z2, 𝑤 = (0, 1) and ℎ = 1 + 𝑥. Then 𝜇𝑤,ℎ sends 𝑥 ↦→ 𝑥, 𝑦 ↦→ (1 + 𝑥)𝑦, and 𝑓𝑎 is mutable with respect
to (𝑤, ℎ) if and only if 𝑎 = 2. To see this, write

𝑓𝑎 = 𝑦 + 1 + 𝑎𝑥 + 𝑥2

𝑥𝑦

Then 𝑓𝑎 is mutable with respect to (𝑤, ℎ) if and only if 1 + 𝑎𝑥 + 𝑥2 is divisible by 1 + 𝑥, that is, if
and only if 𝑎 = 2.

Example 4. If the factor ℎ is a monomial, then the mutation 𝜇𝑤,ℎ is a monomial change of
variables and every Laurent polynomial 𝑓 ∈ C[𝑁] is mutable with respect to (𝑤, ℎ), for any
weight 𝑤. We regard such mutations as trivial: see [28, Definition 2.1].

Example 5. Suppose that 𝜇𝑤,ℎ is a non-trivial mutation – i.e. ℎ is not a monomial – and that 𝑓 ∈
C[𝑁] is mutable with respect to (𝑤, ℎ). We may choose an identification of 𝑁 with Z𝑛 such
that the weight 𝑤 = (0, . . . , 0, 1) is the 𝑛th standard basis vector for the dual lattice 𝑀 = (Z𝑛)∨.
Write C[𝑁] = C[𝑥±1

1 , . . . , 𝑥±1
𝑛−1, 𝑦

±1], so that ℎ is a Laurent polynomial in the variables 𝑥1, . . . , 𝑥𝑛−1
and

𝑓 =

𝑏∑︁
𝑘=−𝑎

𝑓𝑘𝑦
𝑘 (2)

for some positive integers 𝑎, 𝑏 and some Laurent polynomials 𝑓𝑘 in the variables 𝑥1, . . . , 𝑥𝑛−1.
The mutation 𝜇𝑤,ℎ 𝑓 is

𝜇𝑤,ℎ 𝑓 =

𝑏∑︁
𝑘=−𝑎

ℎ𝑘 𝑓𝑘𝑦
𝑘

and therefore 𝑓 is mutable if and only if ℎ𝑘 divides 𝑓−𝑘 for all 𝑘 > 0. Since for any Laurent
polynomials 𝑔1, 𝑔2 we have

Newt
(
𝑔1𝑔2

)
= Newt(𝑔1) + Newt(𝑔2)

where the operation on the right-hand side is Minkowski sum of polytopes

𝑃1 + 𝑃2 =

{
𝑝1 + 𝑝2 : 𝑝1 ∈ 𝑃1, 𝑝2 ∈ 𝑃2

}
it follows that 𝑓 is mutable with respect to (𝑤, ℎ) only if the 𝑘-fold dilate of Newt(ℎ) is a
Minkowski summand of Newt( 𝑓−𝑘) for 1 ≤ 𝑘 ≤ 𝑎.
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Definition 6. Consider a Laurent polynomial 𝑓 ∈ C[𝑁] with Newton polytope 𝑃:

𝑓 =
∑︁

𝑝∈𝑁∩𝑃
𝑎𝑝𝑥

𝑝

We will say that 𝑓 is normalised if 𝑎𝑣 = 1 whenever 𝑣 is a vertex of 𝑃, and that 𝑓 is centered if the
origin lies in the strict interior of 𝑃 and 𝑎0 = 0.

Example 7. Consider the polytope 𝑃 with ID 1523 in the GRDB database of three-dimensional
canonical polytopes, as pictured in Figure 2. 𝑃 has four triangular facets and four hexagonal

(1,−2, 5)

(1,−2, 4)

(0,−2, 3)

(−2, 0,−3)

(−2, 1,−4)

(−2, 1,−5)
(0, 1, 0)

(1, 1, 1)

(1, 0, 3)

(0, 1,−3)

(1, 1 − 1)

(1, 0, 0)

Figure 2. The three-dimensional canonical polytope with GRDB ID 1523.

facets. The automorphism group Aut(𝑃) is isomorphic to the symmetric group 𝑆4, and acts
permuting the hexagonal facets. Let 𝑁 be the lattice containing 𝑃, let 𝑀 = Hom(𝑁,Z), and
let 𝑤 ∈ 𝑀 be a supporting hyperplane for a hexagonal facet 𝐹. The facet 𝐹 is at height −1
with respect to 𝑤, so that if 𝑓 is a Laurent polynomial with Newton polytope 𝑃 then the
expansion (2) has 𝑎 = 1 (and 𝑏 = 2). There are two distinct Minkowski factorizations of 𝐹:
see Figure 3. Corresponding to these two Minkowski factorizations, we consider two possible
factors ℎ1 and ℎ2 for mutations with weight 𝑤. In co-ordinates (as in Figure 4) where 𝐹 is the
convex hull of

(1, 0), (3, 0), (3, 1), (1, 3), (0, 3), and (0, 1)

= + + +

= + +

Figure 3. Two different Minkowski decompositions of the facet 𝐹.

http://grdb.co.uk/search/toricf3c?ID_cmp=in&ID=1523
http://grdb.co.uk/search/toricf3c?ID_cmp=in&ID=1523
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we have

ℎ1 = (𝑥 + 𝑦) (1 + 𝑦) (1 + 𝑥) (1 + 𝑥 + 𝑦)

ℎ2 = (𝑥 + 𝑦 + 𝑥𝑦) (1 + 𝑥 + 𝑦)2

Consider a normalised and centered Laurent polynomial 𝑓 with Newt( 𝑓 ) = 𝑃,

𝑓 =
∑︁

𝑝∈𝑁∩𝑃
𝑎𝑝𝑥

𝑝

Insisting that 𝑓 is mutable with respect to (𝑤, ℎ1) imposes the divisibility condition discussed
in Example 5. This fixes the coefficients 𝑎𝑝 of lattice points such that 𝑝 ∈ 𝐹 as in Figure 4 and
imposes no condition on other coefficients 𝑎𝑝. Similarly, insisting that 𝑓 is mutable with respect
to (𝑤, ℎ2) fixes the coefficients 𝑎𝑝 of lattice points such that 𝑝 ∈ 𝐹 as in Figure 5 and imposes no
condition on other coefficients 𝑎𝑝.

1 1

1

11

1
4

4

4

2
2

2

Figure 4. The coefficients 𝑎𝑝, 𝑝 ∈ 𝐹, fixed by mutability with respect to (𝑤, ℎ1).

1 1

1

11

1
5

5

5

2
2

2

Figure 5. The coefficients 𝑎𝑝, 𝑝 ∈ 𝐹, fixed by mutability with respect to (𝑤, ℎ2).

Thus fixing, for each hexagonal facet 𝐹 of 𝑃, a choice of ℎ1 or ℎ2 defines a set 𝑆 of four
mutations, and there is a unique normalised, centered Laurent polynomial 𝑓 with Newt( 𝑓 ) = 𝑃
such that 𝑓 is mutable with respect to each element of 𝑆. The Laurent polynomial 𝑓 is a rigid
maximally mutable Laurent polynomial [28, Definition 2.6]. In this way we obtain 16 rigid
MMLPs, which fall into 5 equivalence classes under the action of Aut(𝑃).

Given a Laurent polynomial 𝑓 , write

𝑆 𝑓 = {(𝑤, ℎ) : 𝑓 is mutable with respect to (𝑤, ℎ)}

Conversely, given a set 𝑆 of pairs (𝑤, ℎ) where 𝑤 ∈ 𝑀 is primitive and ℎ ∈ C[𝑤⊥ ∩ 𝑁], write

𝐿𝑃 (𝑆) =
{
𝑓 ∈ C[𝑁] :

𝑓 is normalised and centered, Newt 𝑓 = 𝑃, and 𝑓 is
mutable with respect to (𝑤, ℎ𝑔𝑒𝑛) for all (𝑤, ℎ) ∈ 𝑆

}
Here ℎ𝑔𝑒𝑛 denotes the general normalised Laurent polynomial with the same Newton polytope
as ℎ. The following is an immediate consequence of [28, Definition 2.6].
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Proposition 8. Let 𝑓 be a normalised, centered Laurent polynomial with Newton polytope 𝑃 and suppose
that

𝐿𝑃 (𝑆 𝑓 ) = { 𝑓 }
Then 𝑓 is a rigid maximally mutable Laurent polynomial.

We believe that the converse to Proposition 8 also holds, that is, that 𝑓 is a rigid MMLP
if and only if 𝐿𝑃 (𝑆 𝑓 ) = { 𝑓 }. In forthcoming work, Coates–Kasprzyk–Pitton use this, along
with a large-scale computer algebra calculation, to classify rigid MMLPs in three variables with
canonical Newton polytope [26], conditional on the converse to Proposition 8.

3. Laurent Inversion and Towers of Bundles

In this section we give a conceptual interpretation of Laurent inversion in a special case.
Laurent inversion is an algorithmic process for recovering a Fano manifold 𝑋 from a Laurent
polynomial that corresponds to 𝑋 under mirror symmetry [30]; this process may or may not
succeed in any given example. The special case that we analyse, which in practice covers almost
all cases in which Laurent inversion has been successfully applied, is where a certain algebraic
variety involved, called the shape variety, is a tower of projective bundles. The discussion here
reformulates and extends ideas that we learned from Charles Doran, Andrew Harder, and
Thomas Prince [36, 62].

3.1. The Givental/Hori–Vafa Mirror. Suppose that𝑌 is a smooth Fano toric orbifold of dimen-
sion 𝑑. Choosing a numbering of the rays of the fan Σ𝑌 for 𝑌 gives a short exact sequence

0 // L // Z𝑟
𝜌 // 𝑁 // 0 (3)

where 𝑁 is a 𝑑-dimensional lattice and the map 𝜌 is defined by the rays of Σ𝑌 . Dualising gives
a short exact sequence

0 L∨oo (Z𝑟 )∨𝐷oo 𝑀oo 0oo (4)

where 𝑀 = 𝑁∨. There is a canonical isomorphism L∨ � Pic(𝑌 ), and the image of the standard
basis for (Z𝑟 )∨ under the map 𝐷 gives a numbering 𝐷1, . . . , 𝐷𝑟 of the toric divisors on 𝑌 . The
Givental/Hori–Vafa mirror [38, 46] to 𝑌 is the diagram

(Z𝑟 )∨ ⊗ C×

𝜋𝐷

��

𝑊 // C

L∨ ⊗ C×
(5)

where 𝜋𝐷 is the fibration induced by 𝐷 and𝑊 (𝑥1, . . . , 𝑥𝑟 ) = 𝑥1 + 𝑥2 + · · · + 𝑥𝑟 .
Suppose now that 𝐿1, . . . , 𝐿𝑐 are line bundles over 𝑌 , and that 𝑋 ⊂ 𝑌 is a quasismooth, well-

formed, Fano complete intersection2 defined by a general section of 𝐿1 ⊕ · · · ⊕ 𝐿𝑐. Choosing
disjoint subsets 𝑆1, . . . , 𝑆𝑐 of {1, 2, . . . , 𝑟} such that

𝐿𝑖 =
∑︁
𝑗∈𝑆𝑖

𝐷 𝑗 𝑖 ∈ {1, 2, . . . , 𝑐}

defines a Givental/Hori–Vafa mirror to 𝑋 . This is the subvariety of (5) defined by∑︁
𝑗∈𝑆𝑖

𝑥 𝑗 = 1 𝑖 ∈ {1, 2, . . . , 𝑐}. (6)

2Quasismooth, well-formed weighted projective complete intersections have been studied by Iano-Fletcher [47].
See [33, Definition 25] for definitions applicable in our context.
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3.2. Towers of bundles. The equations (6) define a codimension-𝑐 subvariety of the total space
of the fibration 𝜋𝐷 in (5), which we call the GHV locus. We will now choose some extra
data that allows us to define a toric partial compactification of the GHV locus. This partial
compactification arises from an action of (C×)𝑐 on the total space (Z𝑟 )∨⊗C× of 𝜋𝐷 : we realise the
codimension-𝑐 locus defined by (6) as an open set inside a toric variety Z =

(
(Z𝑟 )∨ ⊗C

)
// (C×)𝑐.

The ray sequence for the toric variety Z and the dual ray sequence (4) for 𝑌 fit together as
follows:

0

𝑁Z

aa

0 L∨oo (Z𝑟 )∨𝐷oo

bb

𝑀
𝜌𝑇oo 0oo

Z𝑐

bb >>

0

``

(7)

To this end, let 𝑆0 = {1, 2, . . . , 𝑟} \ 𝑆1 ∪ · · · ∪ 𝑆𝑐. We will consider a map3

𝜁 : 𝑁 // (Z𝑐)∨

and write 𝜁𝑖 for the image under 𝜁 of the 𝑖th ray 𝜌𝑖 of the fan Σ𝑌 . We will suppose that 𝜁 defines
the weight matrix for a tower of projective bundles, that is, if 𝑒 𝑗 denotes the 𝑗th standard basis
vector for Z𝑐 then

𝜁𝑘 (𝑒 𝑗) =


𝑤 𝑗𝑘 𝑗 < 𝑖 or 𝑖 = 0
1 𝑗 = 𝑖

0 𝑗 > 𝑖

where 𝑘 ∈ 𝑆𝑖 and 𝑤 𝑗𝑘 ≤ 0.

We call such a map 𝜁 a tower of bundles for the complete intersection 𝑋 ⊂ 𝑌 .
If we permute {1, 2, . . . , 𝑟} such that 𝑆0, . . . , 𝑆𝑐 occur in that order, i.e. whenever 𝑖 ∈ 𝑆𝑘

and 𝑗 ∈ 𝑆𝑙 with 𝑘 < 𝑙 we have 𝑖 < 𝑗 , then the matrix of the composition 𝜁 ◦ 𝜌 takes the form

©«

∗ · · · ∗ 1 · · · 1 ∗ · · · ∗ ∗ · · · ∗
∗ · · · ∗ 0 · · · 0 1 · · · 1 · · · ∗ · · · ∗

∗ · · · ∗ 0 · · · 0 0 · · · 0 · · ·
... · · ·

...

. . .
. . . ∗ · · · ∗

∗ · · · ∗ 0 · · · 0 0 · · · 0 · · · 1 · · · 1

ª®®®®®®®¬
(8)

where ∗ denotes a non-positive integer. Let 𝑛 = |𝑆1 | + · · · + |𝑆𝑐 |. The last 𝑛 columns of the matrix
above give the weight matrix for an action of (C×)𝑐 on C𝑛 such that the GIT quotient C𝑛 // (C×)𝑐,
with stability condition (1, 1, . . . , 1), is a tower of projective bundles P. Each of the first |𝑆0 |
columns defines a line bundle 𝐸𝑖 → P such that the dual bundle 𝐸∨

𝑖
is nef.

The map 𝜁 is closely related to Doran–Harder’s notion of amenable collection [36], and the
tower of projective bundles P will play the role of the shape variety 𝑍 from [30]. Thus the
discussion which follows gives a geometric interpretation of amenable collections, and clarifies
the relationship between the shape variety and Givental/Hori–Vafa mirror symmetry.

3The transpose of 𝜁 will be the dotted arrow in (7). The existence of 𝜁 ensures that the action of (C×)𝑐 on (Z𝑟 )∨ ⊗C
preserves the fibers of 𝜋𝐷 in (5).
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3.3. Partially compactifying the total space of the Givental/Hori–Vafa mirror. Let 𝜁 be a tower
of bundles for the complete intersection 𝑋 ⊂ 𝑌 . Dualising the map 𝜁 ◦ 𝜌 : Z𝑟 → (Z𝑐)∨ gives a
map Z𝑐 → (Z𝑟 )∨, and hence a map Z𝑐 ⊗ C× → (Z𝑟 )∨ ⊗ C×. Thus we obtain an action of (C×)𝑐
on (Z𝑟 )∨ ⊗ C. Consider the GIT quotient Z =

(
(Z𝑟 )∨ ⊗ C

)
// (C×)𝑐, with respect to the stability

condition (1, 1, . . . , 1). This is the total space

𝐸 =
⊕
𝑖∈𝑆0

𝐸𝑖

of a direct sum of anti-nef line bundles over P, defined by the first |𝑆0 | columns of the weight
matrix (8). In this section we show that 𝐸 is a partial compactification of the GHV locus (6).

Definition 9. We define functions 𝜃𝑘 : (Z𝑟 )∨ ⊗ C→ C recursively by

𝜃𝑘 (𝑥) =
∑︁
𝑗∈𝑆𝑘

(
𝑘−1∏
𝑚=1

𝜃𝑚(𝑥)−𝑤𝑚𝑗

)
𝑥 𝑗 𝑘 ∈ {1, 2, . . . , 𝑐}

where 𝑥 = (𝑥1, 𝑥2, . . . , 𝑥𝑟 ) ∈ (Z𝑟 )∨ ⊗ C. In particular, 𝜃1(𝑥) =
∑

𝑗∈𝑆1 𝑥 𝑗 .

Proposition 10.
(1) Let 𝑔 ∈ (C×)𝑐 and 𝑥 ∈ (Z𝑟 )∨. The function 𝜃𝑘 satisfies

𝜃𝑘 (𝑔𝑥) = 𝜒𝑘 (𝑔)𝜃𝑘 (𝑥)

where 𝜒𝑘 is the 𝑘th standard character of (C×)𝑐.
(2) The function 𝜃𝑘 determines a section of the line bundle 𝐿𝑘 → 𝐸 defined by the character 𝜒𝑘 .
(3) The open set𝑈 in 𝐸 defined by(

𝜃1 ≠ 0, 𝜃2 ≠ 0, . . . , 𝜃𝑐 ≠ 0, 𝑥1 ≠ 0, 𝑥2 ≠ 0, . . . , 𝑥𝑟 ≠ 0
)

is isomorphic to the GHV locus (6).

Proof. Part (1) here is a straightforward calculation. Part (2) is a restatement of part (1). For
part (3), consider (𝑥1, . . . , 𝑥𝑟 ) ∈ (Z𝑟 )∨ ⊗C such that 𝑥1 ≠ 0, . . . , 𝑥𝑟 ≠ 0 and 𝜃1 ≠ 0, . . . , 𝜃𝑐 ≠ 0. The
image of (𝑥1, . . . , 𝑥𝑟 ) under the action of 𝑔 = (𝜃−1

1 , . . . , 𝜃−1
𝑐 ) is (𝑦1, . . . , 𝑦𝑟 ), where

𝑦 𝑗 =

{
𝑥 𝑗𝜃

−1
𝑘

∏𝑘−1
𝑚=1 𝜃

−𝑤𝑚𝑗

𝑚 𝑘 ≠ 0
𝑥 𝑗

∏𝑐
𝑚=1 𝜃

−𝑤𝑚𝑗

𝑚 𝑘 = 0
(9)

and 𝑗 ∈ 𝑆𝑘 . Part (1) now implies that 𝑦 𝑗 depends only on the (C×)𝑐-orbit of (𝑥1, . . . , 𝑥𝑟 ). Since∑︁
𝑗∈𝑆𝑘

𝑦 𝑗 = 1 𝑗 ∈ {1, 2, . . . , 𝑐}

we see that mapping (𝑥1, . . . , 𝑥𝑟 ) to (𝑦1, . . . , 𝑦𝑟 ) defines a map 𝜙 from the open set 𝑈 to the
locus (6). Setting 𝑥 𝑗 = 𝑦 𝑗 defines an inverse to 𝜙; this completes the proof. □

Proposition 11. The function𝑊 from (6), which in view of Proposition 10 can be regarded as a function
on𝑈, extends holomorphically across the locus

(𝜃1 = 0, . . . , 𝜃𝑘 = 0)

in 𝐸 .

Proof. By construction
𝑊 =

∑︁
𝑗∈𝑆0

𝑦 𝑗 + 𝑐

on𝑈. The result now follows from (9), because 𝑤𝑚𝑗 ≤ 0 for all 𝑚 and 𝑗 . □
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3.4. Laurent polynomial mirrors. In the approach to the classification of Fano varieties pio-
neered by Corti and Golyshev, Fano varieties of dimension 𝑛 conjecturally correspond to equiv-
alence classes of Laurent polynomials in 𝑛 variables [22]. This correspondence is an instance of
mirror symmetry. If 𝑋 is a Fano toric variety then a Laurent polynomial 𝑓 that corresponds to 𝑋
under mirror symmetry can be obtained from the Givental/Hori–Vafa mirror by restriction to a
fiber, as follows. In the notation of §3.1 we take 𝑋 = 𝑌 and 𝑐 = 0, so that the set of equations (6) is
empty. The Givental/Hori–Vafa mirror to 𝑋 is then the diagram (5). The Laurent polynomial 𝑓
arises by restricting the superpotential𝑊 to the fiber of 𝜋𝐷 over the identity element in L∨ ⊗C×.
From the exact sequence (4) we see that this fiber is canonically identified with 𝑀 ⊗ C×. The
restriction of𝑊 to this fiber is given by

𝑓 =

𝑟∑︁
𝑖=1

𝑥𝜌𝑖

where 𝜌𝑖 ∈ 𝑁 is the 𝑖th ray of the fan for 𝑋 . Here 𝑥𝜌𝑖 arises as restriction of the function 𝑥𝑖 to
the fiber of 𝜋𝐷 over the identity element; put differently, 𝑥𝜌𝑖 arises as the image of 𝑥𝑖 (which is
the function on (Z𝑟 )∨ ⊗ C× given by the 𝑖th standard basis element in Z𝑟 ) under the ray map 𝜌

in (3). Since rk𝑀 = dim 𝑋 = 𝑛, we see that 𝑓 is a Laurent polynomial in 𝑛 variables.
If 𝑋 is a Fano toric complete intersection (as opposed to a toric variety) then the process

of obtaining a Laurent polynomial from the Givental/Hori–Vafa mirror is more involved. It
amounts to choosing a torus chart – an open set birational to an 𝑛-dimensional torus – on the
fiber of the locus (6) over the identity element, such that the restriction of the superpotential𝑊
to this open set is a Laurent polynomial. As we will explain in the next section, one way to
construct such a torus chart arises from a tower of bundles that satisfy an additional condition.

3.5. Partially compactifying the fiber of the Givental/Hori–Vafa mirror. In §3.3 we described
how a tower of bundles gives rise to a partial compactification of the GHV locus. In this section
we give a refinement of this construction which preserves the fibration structure given by 𝜋𝐷
in (6). That is, we construct a fiberwise partial compactification of the GHV locus. As promised,
this also gives a torus chart on the fiber of 𝜋𝐷 over the identity element of L∨ ⊗ C×. The key
ingredient is a tower of bundles that contains a basis.

Definition 12. We say that a tower of bundles for the toric complete intersection 𝑋 ⊂ 𝑌 contains
a basis if the set of toric divisors {𝐷𝑖 : 𝑖 ∈ 𝑆0} contains a basis for the lattice Pic(𝑌 ).

Consider a tower of bundles for the toric complete intersection 𝑋 ⊂ 𝑌 that contains a basis.
Let 𝐵 ⊂ 𝑆0 be such that {𝐷 𝑗 : 𝑗 ∈ 𝐵} is a basis for Pic(𝑌 ). Without loss of generality we may
permute {1, 2, . . . , 𝑟} such that whenever 𝑖 ∈ 𝑆𝑘 and 𝑗 ∈ 𝑆𝑙 with 𝑘 < 𝑙 we have 𝑖 < 𝑗 , and
that 𝐵 = {1, 2, . . . , |𝐵|}. The ray sequence (3) and the tower of bundles together give a diagram:

0 // L
𝐷𝑇

// Z𝑟
𝜌 //

""

𝑁 //

𝜁||

0

(Z𝑐)∨
(10)

Write 𝐵′ = {1, 2, . . . , 𝑟} \𝐵, so that Z𝑟 = Z𝐵 ⊕Z𝐵′ , and let 𝑝𝐵 : Z𝑟 → Z𝐵 denote the projection. Our
assumptions about the basis guarantee both that 𝑝𝐵◦𝐷𝑇 is an isomorphism and that {𝜌 𝑗 : 𝑗 ∈ 𝐵′}
is a basis for 𝑁 . Thus there are (unique) identifications of L with Z𝐵 and 𝑁 with Z𝐵′ such that
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in the diagram

0 // Z𝐵
𝐷𝑇

// Z𝑟
𝜌 //

""

Z𝐵
′ //

𝜁||

0

(Z𝑐)∨

(11)

induced from (10), both 𝑝𝐵 ◦ 𝐷𝑇 and 𝜌 |Z𝐵′ are identity maps. Thus a tower of bundles with a
basis gives splittings in two different senses:

(a) a splitting Z𝐵′ → Z𝑟 of the ray map 𝜌, and hence of the ray sequence (3);
(b) a splitting 𝑁 ⊗ C× � Z𝐵′ ⊗ C× of the torus 𝑁 ⊗ C×.

Splitting (b) here is equivalent, by duality, to:

(b′) a splitting 𝑀 ⊗ C× � (Z𝐵′)∨ ⊗ C× of the torus 𝑀 ⊗ C×.

Recall that 𝑀 ⊗ C× is the fiber of the Givental/Hori–Vafa mirror (5) for the ambient space 𝑌 .
Consider now the mirror fibration 𝜋𝐷 from (5). This is a principal 𝑀 ⊗ C×-bundle

𝑀 ⊗ C× // (Z𝑟 )∨ ⊗ C×

𝜋𝐷

��
L∨ ⊗ C×

(12)

and splitting (b′) identifies this with a principal (Z𝐵′)∨ ⊗ C×-bundle. Since it is split, the
torus (Z𝐵′)∨ ⊗ C× acts canonically on the vector space (Z𝐵′)∨ ⊗ C = (C𝐵′)∨. We form the
associated vector bundle to (12) with fiber (C𝐵′)∨; this is a vector bundle V → L∨ ⊗ C× of
rank |𝐵′ |. The vector bundle V carries a fiberwise action of (C×)𝑐, given by dualising the map 𝜁
in (11).

Definition 13. Let Z denote the GIT quotient V // (C×)𝑐 with stability condition (1, 1, . . . , 1),
and let 𝑍 denote the fiber of Z → L∨ ⊗ C× over the identity element 𝑒 ∈ L∨ ⊗ C×.

Proposition 14.

(1) Z is an open subset of the partial compactification 𝐸 defined in §3.3;
(2) Z is a fiberwise partial compactification of the GHV locus (6);
(3) the fiber 𝑍 is a toric variety;
(4) if 𝑆0 = 𝐵 then 𝑍 is isomorphic to P, the tower of projective bundles defined in §3.2;
(5) if 𝑆0 strictly contains 𝐵 then 𝑍 is isomorphic to the total space of the direct sum of anti-nef line

bundles over P defined by the columns of (8) indexed by 𝑆0 \ 𝐵.

Proof. The splitting (a) shows that the principal 𝑀 ⊗ C×-bundle (12) is in fact trivial:

(Z𝐵′)∨ ⊗ C× // (Z𝑟 )∨ ⊗ C×

𝜋𝐷

��
(Z𝐵)∨ ⊗ C×

Thus (Z𝑟 )∨ ⊗C contains the total space of V as an open set. The embedding of V into (Z𝑟 )∨ ⊗C
respects the action of (C×)𝑐, so this proves (1).

To prove (2), we argue exactly as in Proposition 10. Fix 𝑞 ∈ L∨⊗C× and consider the fiberV𝑞 of
the vector bundleV over 𝑞. The splitting (b′) gives rise to distinguished co-ordinates (𝑥 𝑗 : 𝑗 ∉ 𝐵),
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on V𝑞, and we define4 functions 𝜃𝑘 : V𝑞 → C exactly as in Definition 9:

𝜃𝑘 (𝑥) =
∑︁
𝑗∈𝑆𝑘

(
𝑘−1∏
𝑚=1

𝜃𝑚(𝑥)−𝑤𝑚𝑗

)
𝑥 𝑗 𝑘 ∈ {1, 2, . . . , 𝑐}

Consider functions 𝑦 𝑗 defined as in (9):

𝑦 𝑗 =

{
𝑥 𝑗𝜃

−1
𝑘

∏𝑘−1
𝑚=1 𝜃

−𝑤𝑚𝑗

𝑚 𝑘 ≠ 0
𝑥 𝑗

∏𝑐
𝑚=1 𝜃

−𝑤𝑚𝑗

𝑚 𝑘 = 0
𝑗 ∉ 𝐵

where 𝑘 is such that 𝑗 ∈ 𝑆𝑘 . The open set �̃� ⊂ V𝑞 defined by(
𝜃1 ≠ 0, 𝜃2 ≠ 0, . . . , 𝜃𝑐 ≠ 0) ∩ (𝑥 𝑗 ≠ 0 : 𝑗 ∉ 𝐵

)
projects to an open set𝑈 in the quotient V𝑞 // (C×)𝑐, and the map

𝜙 : �̃� −→ (Z𝐵′)∨ ⊗ C×

(𝑥 𝑗 : 𝑗 ∉ 𝐵) ↦−→ (𝑦 𝑗 : 𝑗 ∉ 𝐵)
(13)

descends to give a well-defined map 𝜙 from𝑈 to the subset of (Z𝐵′)∨ ⊗ C× defined by∑︁
𝑗∈𝑆𝑖

𝑦 𝑗 = 1 𝑖 ∈ {1, 2, . . . , 𝑐}.

The map 𝜙 is an isomorphism, with inverse given by setting 𝑥 𝑗 = 𝑦 𝑗 , 𝑗 ∉ 𝐵. Thus the
Givental/Hori–Vafa locus (6) embeds into Z as an open set, and this embedding exhibits Z as
a fiberwise partial compactification of (6).

Part (3) is obvious, as 𝑍 is the GIT quotient V𝑒 // (C×)𝑘 . To identify this quotient, we examine
the weights of the (C×)𝑘-action on the fiber. These are the entries in the matrix of the map 𝜁 in
diagram (11), with respect to the standard bases for Z𝐵′ and (Z𝑐)∨. This matrix is given by the
last |𝐵′ | columns of (8). If 𝑆0 = 𝐵 then this is

©«

1 · · · 1 ∗ · · · ∗ · · · ∗ · · · ∗
0 · · · 0 1 · · · 1 · · · ∗ · · · ∗

0 · · · 0 0 · · · 0 · · ·
... · · ·

...

. . . ∗ · · · ∗
0 · · · 0 0 · · · 0 · · · 1 · · · 1

ª®®®®®®®¬
which proves (4). Otherwise there are an additional |𝑆0 \ 𝐵| leading columns, all of which
contain non-positive entries; this proves (5). □

3.6. Laurent polynomials and scaffoldings from towers of bundles. In §3.5 we constructed a
toric partial compactification 𝑍 of the fiber of the Givental/Hori–Vafa mirror to a toric complete
intersection 𝑋 ⊂ 𝑌 . In this section we explain how this gives rise to a Laurent polynomial 𝑓
that corresponds to 𝑋 under mirror symmetry (see §3.4). The Laurent polynomial 𝑓 arises
as a function on the dense torus in 𝑍 , and comes equipped with a scaffolding [30]. This is a
decomposition of 𝑓 into summands, called struts, of a specific form.

The superpotential𝑊 in the Givental/Hori–Vafa mirror restricts to the locus (6) to give

𝑊 =
∑︁
𝑗∈𝑆0

𝑦 𝑗 + 𝑐

(cf. Proposition 11), and restricts to the fiber over 𝑒 ∈ L∨ ⊗ C× to give

𝑊 =
∑︁
𝑗∈𝑆0

𝑦𝜌 𝑗 + 𝑐

4Or, equivalently, we could restrict the functions 𝜃𝑘 : (Z𝑟 )∨ ⊗ C → C from Definition 9 to V𝑞 via the embed-
ding V → (Z𝑟 )∨ ⊗ C just discussed.
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where 𝜌 𝑗 ∈ 𝑁 is the 𝑗th ray of the fan for 𝑌 . To obtain a meromorphic function on 𝑍 , we first
pull𝑊 back to the open set �̃� ⊂ V𝑒 along the map (13), finding

𝜙∗(𝑊) =
∑︁
𝑗∈𝑆0

𝑥𝜌 𝑗

𝑐∏
𝑚=1

𝜃
−𝑤𝑚𝑗

𝑚 + 𝑐 (14)

The function 𝜙∗(𝑊) is invariant under the action of (C×)𝑐 by construction – and indeed we
see that each summand on the right-hand side of (14) is homogeneous of weight zero – and
so (14) descends to give a well-defined function 𝜙∗(𝑊) on 𝑈 ⊂ 𝑍 . As in Proposition 11, the
function 𝑓 B 𝜙∗𝑊 extends holomorphically across the locus

(𝜃1 = 0, . . . , 𝜃𝑘 = 0)

in 𝑍 , and thus defines a holomorphic function on the dense torus in 𝑍 .
We want to regard the function 𝑓 as a Laurent polynomial. That is, we want to construct a

splitting of the dense torus

𝑇𝑍 =

( (
Z𝐵

′ )∨ ⊗ C×
)
/(C×)𝑐

in 𝑍 . Such a splitting will give distinguished co-ordinates on 𝑇 , and expressing 𝑓 in terms of
these co-ordinates will yield a Laurent polynomial. Choose a set 𝐹 made up of one element
from each 𝑆𝑖 , 𝑖 ∈ {1, 2, . . . , 𝑐}. Then

𝑇𝑍 �
(
Z𝐵

′\𝐹 )∨ ⊗ C× .

To express 𝑓 in these co-ordinates, we take the expression (14) and set 𝑥 𝑗 = 1 for all 𝑗 ∈ 𝐹. The
result is a Laurent polynomial in variables

{𝑥 𝑗 : 𝑗 ∈ 𝐵′, 𝑗 ∉ 𝐹}

Each summand 𝑥𝜌 𝑗
∏𝑐

𝑚=1 𝜃
−𝑤𝑚𝑗

𝑚 in (14) gives a strut, and so 𝑓 comes with a distinguished
scaffolding.

Remark 15. In the original work on Laurent inversion [30], the struts in a scaffolding are
polytopes of sections of nef line bundles on a toric variety called the shape variety. Here we
consider struts as specific sections of line bundles on the toric variety 𝑍 . That these line bundles
are nef follows from the fact that

∏𝑐
𝑚=1 𝜃

−𝑤𝑚𝑗

𝑚 is a section of the line bundle 𝐸∨
𝑗
→ 𝑍 where the

dual bundle 𝐸 𝑗 → 𝑍 is defined by the 𝑗th column of the weight matrix (8). Since 𝑤𝑚𝑗 ≤ 0 for
all 𝑚 and 𝑗 , the line bundle 𝐸∨

𝑗
→ 𝑍 is nef.

Remark 16. Recall that, if a Laurent polynomial 𝑓 corresponds under mirror symmetry to
a Fano variety 𝑋 , then it is expected that there is a qG-degeneration with general fiber 𝑋 and
special fiber the toric variety 𝑋 𝑓 . In our situation Doran–Harder have constructed an embedded
degeneration [36] of the complete intersection 𝑋 to the toric subvariety of 𝑌 defined, in Cox co-
ordinates (𝑧𝑖)𝑟𝑖=1, by the binomials∏

𝑗∈𝑆𝑖
𝑧 𝑗 =

∏
𝑗∉𝑆𝑖

𝑧
−𝑤𝑖 𝑗

𝑗
𝑖 ∈ {1, 2, . . . , 𝑐}

This is the expected degeneration of 𝑋 to 𝑋 𝑓 [30, Proposition 12.2].



16 T. COATES, L. HEUBERGER, AND A. M. KASPRZYK

Example 17. Let 𝑋 denote a complete intersection of type (1, 1) · (1, 1) in 𝑌 = P2 × P2, and write
the ray sequence (3) for 𝑌 as

0 // Z2

©«

1 0
0 1
1 0
0 1
1 0
0 1

ª®®®®®®®®®®®®®¬ // Z6

©«

−1 0 1 0 0 0
−1 0 0 0 1 0
0 −1 0 1 0 0
0 −1 0 0 0 1

ª®®®®®®®¬ // Z4 // 0

Set 𝑆0 = {1, 2}, 𝑆1 = {3, 4}, 𝑆2 = {5, 6}, and consider a weight matrix (8) for a tower of bundles:(
∗ ∗ 1 1 0 −𝑎
∗ ∗ 0 0 1 1

)
Solving for the leftmost two columns, using the fact that the weight matrix left-annihilates the
first matrix in the ray sequence, yields(

−1 𝑎 − 1 1 1 0 −𝑎
−1 −1 0 0 1 1

)
and since we need 𝑎 − 1 ≤ 0 and −𝑎 ≤ 0 it follows that 𝑎 must be either 0 or 1. Both choices give
a tower of bundles with basis, and in each case 𝑆0 = 𝐵. We have:

𝜃1 = 𝑥3 + 𝑥4

𝜃2 = 𝑥5 + (𝑥3 + 𝑥4)𝑎𝑥6

The pullback (14) is

(𝑥3 + 𝑥4) (𝑥5 + (𝑥3 + 𝑥4)𝑎𝑥6)
𝑥3𝑥5

+ (𝑥3 + 𝑥4)1−𝑎 (𝑥5 + (𝑥3 + 𝑥4)𝑎𝑥6)
𝑥2𝑥4

+ 2

and we regard this as a Laurent polynomial by setting

𝑥3 = 1 𝑥4 = 𝑥 𝑥5 = 1 𝑥6 = 𝑦

obtaining either

𝑓 = (1 + 𝑥) (1 + 𝑦) + (1 + 𝑥) (1 + 𝑦)
𝑥𝑦

+ 2

if 𝑎 = 0, or

𝑓 = (1 + 𝑥) (1 + (1 + 𝑥)𝑦) + 1 + (1 + 𝑥)𝑦
𝑥𝑦

+ 2

if 𝑎 = 1. The two Newton polytopes are shown, together with the Newton polytopes of the
struts, in Figure 6. It is striking that the two Laurent polynomials, and scaffoldings, that result
differ by a mutation [2].

1

1

1 1

1

1 1

1

1 2 1

1

Figure 6. The scaffoldings arising from towers of bundles in Example 17.
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3.7. Reconstructing toric complete intersections from scaffoldings. Laurent inversion in this
context amounts to the assertion that the construction in §3.6 is reversible: that we can re-
construct 𝑋 ⊂ 𝑌 and the tower of bundles from the resulting Laurent polynomial 𝑓 and its
scaffolding. This is clear. From the scaffolding one can read off the functions 𝜃𝑘 (𝑥), or more
precisely the restrictions

𝜃𝑘 (𝑥)
��
𝑥 𝑗 = 1 for 𝑗 ∈ 𝐹

𝑘 ∈ {1, 2, . . . , 𝑐}.

In particular this determines the weights 𝑤 𝑗𝑘 in the weight matrix (8) with 𝑘 in 𝑆1 ∪ 𝑆2 ∪ · · · ∪ 𝑆𝑐.
These are the shaded weights here:

©«

∗ · · · ∗ 1 · · · 1 ∗ · · · ∗ ∗ · · · ∗
∗ · · · ∗ 0 · · · 0 1 · · · 1 · · · ∗ · · · ∗

∗ · · · ∗ 0 · · · 0 0 · · · 0 · · ·
... · · ·

...

. . .
. . . ∗ · · · ∗

∗ · · · ∗ 0 · · · 0 0 · · · 0 · · · 1 · · · 1

ª®®®®®®®¬
The remaining weights are determined by the powers of 𝜃𝑘 that occur in the struts, and so the
scaffolding determines the entire weight matrix (8). The Laurent polynomial 𝑓 is the restriction
of (14):

𝑓 = 𝑐 +
∑︁
𝑗∈𝑆0

𝑥𝜌 𝑗

𝑐∏
𝑚=1

𝜃
−𝑤𝑚𝑗

𝑚

���
𝑥 𝑗 = 1 for 𝑗 ∈ 𝐹

But before restriction, each term in (14) is homogeneous of degree zero, and we have already
reconstructed the matrix of weights. Thus

𝜙∗(𝑊) = 𝑐 +
∑︁
𝑗∈𝑆0

𝑥𝜌 𝑗

𝑐∏
𝑚=1

𝜃
−𝑤𝑚𝑗

𝑚

can be uniquely reconstructed from 𝑓 by homogeneity. This determines the rays 𝜌 𝑗 , 𝑗 ∈ 𝑆0, of
the fan for𝑌 ; since the other rays are the standard basis for 𝑁 � Z𝐵′ and the toric variety𝑌 is Fano
by assumption, this completely determines 𝑌 . Furthermore the weight matrix (8) determines
the subsets 𝑆1, . . . , 𝑆𝑐, and hence the line bundles 𝐿1, . . . , 𝐿𝑐. Thus we can reconstruct the
presentation of 𝑋 as a toric complete intersection 𝑋 ⊂ 𝑌 from the scaffolding of 𝑓 .

4. Constructions via Laurent inversion

In this section we apply the reconstruction procedure developed in §3.7 to several concrete
examples.

4.1. Basic example. Consider the Laurent polynomial

𝑓 = 𝑥 + 𝑦 + 𝑥
𝑦
+ 2
𝑦
+ 1
𝑥𝑦

+ 2
𝑥
+ 𝑦
𝑥

with scaffolding

𝑓 =
(𝑥 + 𝑦 + 1)2

𝑥𝑦
+ (𝑥 + 𝑦 + 1) − 3

The Newton polytope 𝑃 of 𝑓 is as pictured in Figure 7. To reconstruct a toric intersection from
the scaffolding, we proceed as in §3.7. We find 𝑐 = 1, and

𝜃1(𝑥, 𝑦) = 1 + 𝑥 + 𝑦.

Thus |𝑆1 | = 3. Changing the constant term of 𝑓 does not affect the Fano manifold that corre-
sponds to 𝑋 under mirror symmetry, so we consider

𝑓 = 1 + (𝑥 + 𝑦 + 1)2

𝑥𝑦
+ (𝑥 + 𝑦 + 1)
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1 2 1

1

11

2

Figure 7. A scaffolding of 𝑓 with shape P2.

This gives |𝑆0 | = 2, and the weight matrix (8) as(
−2 −1 1 1 1

)
In co-ordinates (𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5) with 𝑥4 = 𝑥 and 𝑥5 = 𝑦, we see that 𝑓 homogenises to

1 + (𝑥3 + 𝑥4 + 𝑥5)2

𝑥4𝑥5
+ 𝑥3 + 𝑥4 + 𝑥5

𝑥3

which is (14). Thus the ray map 𝜌 in (11) has matrix

©«
0 −1 1 0 0
−1 0 0 1 0
−1 0 0 0 1

ª®®¬
and the weight matrix 𝐷 for the toric variety 𝑌 is(

1 0 0 1 1
0 1 1 0 0

)
(15)

We see that 𝑌 is P2 × P1, and that 𝑋 is cut out of 𝑌 by a section of
∑

𝑗∈𝑆1 𝐷 𝑗 = O(2, 1).
Fix Cox co-ordinates (𝑧1, 𝑧2, 𝑧3, 𝑧4, 𝑧5) on 𝑌 compatible with (15), so that [𝑧1 : 𝑧4 : 𝑧5] are

projective co-ordinates on P2 and [𝑧2 : 𝑧3] are projective co-ordinates on P1. Then 𝑋𝑃 is cut out
of 𝑌 by the binomial section

𝑧21𝑧2 = 𝑧3𝑧4𝑧5

of O(2, 1), by Remark 16, and this smooths to a general section

𝑓2(𝑧1, 𝑧4, 𝑧5)𝑧2 + 𝑔2(𝑧1, 𝑧4, 𝑧5)𝑧3
of O(2, 1), where 𝑓2 and 𝑔2 are polynomials of degree two. Projecting to the first factor P2

of 𝑌 = P2 × P1 exhibits the hypersurface 𝑋 ⊂ 𝑌 as the blow-up of P2 in four points.

4.2. Wedge shapes. Another scaffolding of the Laurent polynomial

𝑓 = 𝑥 + 𝑦 + 𝑥
𝑦
+ 2
𝑦
+ 1
𝑥𝑦

+ 2
𝑥
+ 𝑦
𝑥

from §4.1 is

𝑓 =
(1 + 𝑥)2 + (1 + 𝑥)𝑦

𝑥
+ (1 + 𝑥)2 + (1 + 𝑥)𝑦

𝑥𝑦
− 3

The Newton polytopes of 𝑓 and these struts are pictured in Figure 8. Reconstructing toric
complete intersection data as in §3.7, we find that 𝑐 = 2, and

𝜃1(𝑥, 𝑦) = 1 + 𝑥

𝜃2(𝑥, 𝑦) = (1 + 𝑥)2 + (1 + 𝑥)𝑦

Thus |𝑆1 | = |𝑆2 | = 2. Changing the constant term of 𝑓 , as before, we consider

𝑓 = 2 + (1 + 𝑥)2 + (1 + 𝑥)𝑦
𝑥

+ (1 + 𝑥)2 + (1 + 𝑥)𝑦
𝑥𝑦
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1 2 1

1

11

2

Figure 8. A scaffolding of 𝑓 with shape F1.

This gives |𝑆0 | = 2, and the weight matrix (8) as(
0 0 1 1 −2 −1
−1 −1 0 0 1 1

)
In co-ordinates (𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑥6) with 𝑥4 = 𝑥 and 𝑥6 = 𝑦, we see that 𝑓 homogenises to

2 + (𝑥3 + 𝑥4)2𝑥5 + (𝑥3 + 𝑥4)𝑥6
𝑥3𝑥4𝑥5

+ (𝑥3 + 𝑥4)2𝑥5 + (𝑥3 + 𝑥4)𝑥6
𝑥4𝑥6

which is (14). The ray map 𝜌 in (11) therefore has matrix

©«
−1 0 1 0 0 0
−1 −1 0 1 0 0
−1 0 0 0 1 0
0 −1 0 0 0 1

ª®®®®¬
and the weight matrix 𝐷 for the toric variety 𝑌 is(

1 0 1 1 1 0
0 1 0 1 0 1

)
(16)

The line bundles here are

𝐿1 =
∑︁
𝑗∈𝑆1

𝐷 𝑗 = O(1, 2) 𝐿2 =
∑︁
𝑗∈𝑆2

𝐷 𝑗 = O(1, 1)

and 𝑋 is cut out of the toric variety 𝑌 by a section of 𝐿1 ⊕ 𝐿2.
Note that 𝐿2 coincides with the toric divisor 𝐷4 given by the fourth column of the weight

matrix (16). A general section 𝑠2 of 𝐿2, in Cox co-ordinates (𝑧1, 𝑧2, 𝑧3, 𝑧4, 𝑧5, 𝑧6) on 𝑌 compatible
with (16), is

𝑧1𝑧2 + 𝑧1𝑧6 + 𝑧2𝑧1 + 𝑧2𝑧5 + 𝑧3𝑧6 + 𝑧4 + 𝑧5𝑧6
where we omit general coefficients from the equation. Thus we can solve 𝑠2 = 0 for 𝑧4, elimi-
nating both the fourth column of (16) and the line bundle 𝐿2, and recovering the weight matrix
for P1 × P2 and the line bundle 𝐿1 = O(1, 2) as in the previous example.

4.3. Two rigid MMLPs with the same Newton polytope. Consider the following Laurent
polynomials:

𝑓1 = 𝑥 + 𝑦𝑧 + 𝑦 + 𝑦
𝑥
+ 𝑧
𝑥
+ 2
𝑥
+ 1
𝑥𝑧

+ 𝑧

𝑥𝑦
+ 2
𝑥𝑦

+ 1
𝑥𝑦𝑧

𝑓2 = 𝑥 + 𝑦𝑧 + 𝑦 + 𝑦
𝑥
+ 𝑧
𝑥
+ 3
𝑥
+ 1
𝑥𝑧

+ 𝑧

𝑥𝑦
+ 2
𝑥𝑦

+ 1
𝑥𝑦𝑧

These have the same Newton polytope 𝑃, pictured in Figure 9 below; this is a canonical polytope,
and is GL(3,Z)-equivalent to the three-dimensional canonical polytope with ID 427129 in the
the Graded Ring Database [11].

If 𝑋 is a Q-Fano 3-fold that corresponds under mirror symmetry to either 𝑓1 or 𝑓2 then, as
discussed, we expect that there is a qG-degeneration with general fiber 𝑋 and special fiber 𝑋𝑃.

http://grdb.co.uk/search/toricf3c?ID_cmp=in&ID=427129
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(1, 0, 0)

(0, 1, 0)

(0, 0, 0)(0, 1, 1)

(−1, 1, 0) (−1, 0,−1)

(−1,−1,−1)

(−1,−1, 1)
(−1, 0, 1)

Figure 9. The Newton polytope 𝑃 for 𝑓1 and 𝑓2.

In particular, therefore, the Hilbert series of 𝑋 will coincide with the Hilbert series of 𝑋𝑃. The
singularities of any Q-Fano 3-fold are determined by its Hilbert series [5, 13], and in this case
this suggests that 𝑋 should have exactly two singularities, both of type 1

2 (1, 1, 1).

1

1

01

1 1

1

1
1

2
2

1

1

01

1 1

1

1
1

3
2

Figure 10. Scaffoldings of 𝑓1 and 𝑓2.

Consider the scaffoldings of 𝑓1 and 𝑓2 shown in Figure 10; the scaffolding of 𝑓1 has shapeF1 and
the scaffolding of 𝑓2 has shape P1×P1. In each case |𝑆0 \𝐵| = 1 and the vertex of 𝑃 corresponding
to the element of 𝑆0 \ 𝐵 is indicated with a circle. As we will see, applying Laurent inversion
to these scaffoldings produces toric complete intersections 𝑋1 ⊂ 𝑌1 and 𝑋2 ⊂ 𝑌2 such that 𝑌1
and 𝑌2 are toric orbifolds. Each of the varieties 𝑋1 and 𝑋2 is a Q-Fano 3-fold with singular
locus consisting of exactly two singularities of type 1

2 (1, 1, 1). The varieties 𝑋1 and 𝑋2 are not
isomorphic (or even deformation equivalent) to each other, because they have distinct quantum
periods.

4.3.1. The scaffolding of 𝑓1. Here

𝑓1 = (1 + 𝑧−1)𝑦𝑧 + (1 + 𝑧−1) (1 + 𝑧−1 + 𝑦)𝑧
𝑥𝑦

+ 1 + 𝑧−1 + 𝑦
𝑥

+ 𝑥

which, after the change of variables 𝑧 ↦→ 𝑧−1, gives
(1 + 𝑧)𝑦

𝑧
+ (1 + 𝑧) (1 + 𝑧 + 𝑦)

𝑥𝑦𝑧
+ 1 + 𝑧 + 𝑦

𝑥
+ 𝑥
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Following §3.7 again, we find that 𝑐 = 2 and

𝜃1(𝑥, 𝑦, 𝑧) = 1 + 𝑧
𝜃2(𝑥, 𝑦, 𝑧) = 1 + 𝑧 + 𝑦

Thus |𝑆1 | = |𝑆2 | = 2. Shifting the constant term, as before, we consider

2 + (1 + 𝑧)𝑦
𝑧

+ (1 + 𝑧) (1 + 𝑧 + 𝑦)
𝑥𝑦𝑧

+ 1 + 𝑧 + 𝑦
𝑥

+ 𝑥

This gives |𝑆0 | = 4, and the weight matrix (8) as(
−1 −1 0 0 1 1 −1 0
0 −1 −1 0 0 0 1 1

)
In co-ordinates (𝑥1, 𝑥2, . . . , 𝑥8) with 𝑥4 = 𝑥, 𝑥6 = 𝑧, and 𝑥8 = 𝑦 we see that 𝑓 homogenises to

2 + (𝑥5 + 𝑥6)𝑥8
𝑥5𝑥6𝑥7

+ (𝑥5 + 𝑥6) (𝑥5𝑥7 + 𝑥6𝑥7 + 𝑥8)
𝑥4𝑥6𝑥8

+ 𝑥5𝑥7 + 𝑥6𝑥7 + 𝑥8
𝑥4𝑥5𝑥7

+ 𝑥4

which is (14). Thus the ray map 𝜌 in (11) has matrix

©«

0 −1 −1 1 0 0 0 0
−1 0 −1 0 1 0 0 0
−1 −1 0 0 0 1 0 0
−1 0 −1 0 0 0 1 0
1 −1 0 0 0 0 0 1

ª®®®®®®¬
(17)

and the weight matrix 𝐷 for the toric variety 𝑌 is

©«
1 0 0 0 1 1 1 −1
0 1 0 1 0 1 0 1
0 0 1 1 1 0 1 0

ª®®¬ (18)

The line bundles here are

𝐿 =
∑︁
𝑗∈𝑆1

𝐷 𝑗 = O(2, 1, 1) 𝐿′ =
∑︁
𝑗∈𝑆2

𝐷 𝑗 = O(0, 1, 1)

and our analysis suggests that we should consider a Fano variety 𝑋1 cut out of a toric variety 𝑌1
with ray map (17) by a section of 𝐿 ⊕ 𝐿′. Since 𝐿′ occurs as the toric divisor given by the
fourth column of (18), we remove the fourth column and also 𝐿′, considering instead the toric
variety 𝑌1 obtained as a GIT quotient C7 // (C×)3 where the weight matrix for the action is

©«
1 0 0 1 1 1 −1
0 1 0 0 1 0 1
0 0 1 1 0 1 0

ª®®¬ (19)

and the subvariety 𝑋1 ⊂ 𝑌1 cut out by a section of 𝐿 � O(2, 1, 1).
To specify 𝑌1, we need to choose a stability condition for the GIT quotient 𝑌1 = C7 // (C×)3;

equivalently, we need to choose the fan for 𝑌 , and the weight matrix (19) only determines
the rays of this fan. For this we examine the secondary fan. The secondary fan is the cone
spanned by the columns of (19), which we picture by intersecting it with the plane 𝑥 + 2𝑦 + 𝑧 = 1
and projecting to the 𝑥𝑦-plane, equipped with the wall-and-chamber decomposition shown in
Figure 11. Choosing the stability condition that makes 𝑌1 into a Fano toric variety, i.e. −𝐾𝑌1 =

O(3, 3, 3), which is shown as a hollow circle in Figure 11, results in a non-Q-factorial toric variety.
We instead choose the stability condition −𝐾𝑌2 − 𝐿 = O(1, 2, 2), which lies in the interior of the
shaded chamber. This specifies a toric orbifold 𝑌1, and ensures that the subvariety 𝑋1 ⊂ 𝑌1 cut
out by a general section of 𝐿 is Fano.
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1

2

3 4,6

5

7

Figure 11. A slice of the secondary fan of𝑌1. The shaded region is the stability chamber.

It remains to determine the singularities of a general section of 𝐿. Fix Cox co-ordinates
(𝑧1, 𝑧2, . . . , 𝑧7) on𝑌2 compatible with (19). There are precisely twelve maximal charts on𝑌1, each
of the form 𝑈𝑖 𝑗𝑘 B {𝑧𝑖 = 𝑧 𝑗 = 𝑧𝑘 = 1} where the cone ⟨𝑖 𝑗 𝑘⟩ contains the shaded chamber in its
strict interior. Only three of them are singular: 𝑈357, 𝑈457 and 𝑈567. A general section of 𝐿 is of
the form

𝑧31𝑧3𝑧7 + 𝑧4𝑧5 + 𝑧1𝑧2𝑧4 + 𝑧5𝑧6 + 𝑧
2
1𝑧4𝑧7 + 𝑧1𝑧3𝑧5 + 𝑧1𝑧2𝑧6 + 𝑧

2
1𝑧2𝑧3 + 𝑧

2
1𝑧6𝑧7

where as usual we omit generic coefficients from the equation. We see that:
• The singular locus of 𝑌1 consists of the origins of the three singular charts and the

curve 𝐶 = {𝑧1 = 𝑧2 = 𝑧3 = 0}.
• A general section of 𝐿 does not pass through the origins of𝑈457 and𝑈567, but does pass

through the origin of 𝑈357. This gives rise to a singularity on 𝑋1 of type 1
2 (1, 1, 1): the

chart on 𝑌1 is 1
2 (1, 1, 1, 1)1246 and 𝐿 = O(1) here.

• A general section of 𝐿 meets 𝐶 in an isolated point of type 1
2 (1, 1, 1).

Thus a general section of 𝐿 is singular in precisely two points, and each is of type 1
2 (1, 1, 1).

4.3.2. The scaffolding of 𝑓2. This is

𝑓2 = (1 + 𝑧)𝑦 + (1 + 𝑧)2(1 + 𝑦)
𝑥𝑦𝑧

+ 1 + 𝑦
𝑥

+ 𝑥

which gives 𝑐 = 2 and

𝜃1(𝑥, 𝑦, 𝑧) = 1 + 𝑧
𝜃2(𝑥, 𝑦, 𝑧) = 1 + 𝑦

Thus |𝑆1 | = |𝑆2 | = 2. Shifting the constant term again, we consider

2 + (1 + 𝑧)𝑦 + (1 + 𝑧)2(1 + 𝑦)
𝑥𝑦𝑧

+ 1 + 𝑦
𝑥

+ 𝑥

This gives |𝑆0 | = 4, and the weight matrix (8) as(
−1 −2 0 0 1 1 0 0
0 −1 −1 0 0 0 1 1

)
In co-ordinates (𝑥1, 𝑥2, . . . , 𝑥8) with 𝑥4 = 𝑥, 𝑥6 = 𝑧, and 𝑥8 = 𝑦 we see that 𝑓 homogenises to

2 + (𝑥5 + 𝑥6)𝑥8
𝑥5𝑥7

+ (𝑥5 + 𝑥6)2(𝑥7 + 𝑥8)
𝑥4𝑥5𝑥6𝑥8

+ 𝑥7 + 𝑥8
𝑥4𝑥7

+ 𝑥4



MIRROR SYMMETRY, LAURENT INVERSION AND THE CLASSIFICATION OF Q-FANO THREEFOLDS 23

which is (14). Thus the ray map 𝜌 in (11) has matrix

©«

0 −1 −1 1 0 0 0 0
−1 −1 0 0 1 0 0 0
0 −1 0 0 0 1 0 0
−1 0 −1 0 0 0 1 0
1 −1 0 0 0 0 0 1

ª®®®®®®¬
and the weight matrix 𝐷 for the toric variety 𝑌 is

©«
1 0 0 0 1 0 1 −1
0 1 0 1 1 1 0 1
0 0 1 1 0 0 1 0

ª®®¬ (20)

The line bundles are

𝐿 =
∑︁
𝑗∈𝑆1

𝐷 𝑗 = O(1, 2, 0) 𝐿′ =
∑︁
𝑗∈𝑆2

𝐷 𝑗 = O(0, 1, 1)

Once again we remove both the fourth column of (20) and 𝐿′, and consider the toric variety 𝑌2
obtained as a GIT quotient C7 // (C×)3 where the weight matrix for the action is

©«
1 0 0 1 0 1 −1
0 1 0 1 1 0 1
0 0 1 0 0 1 0

ª®®¬ (21)

and the subvariety 𝑋2 ⊂ 𝑌2 cut out by a section of 𝐿 � O(1, 2, 0).
To specify the stability condition for the GIT quotient 𝑌2 = C7 // (C×)3, we examine the

secondary fan. This is the cone spanned by the columns of (21), which we again picture by
intersecting it with the plane 𝑥 + 2𝑦 + 𝑧 = 1 and projecting to the 𝑥𝑦-plane, equipped with the
wall-and-chamber decomposition shown in Figure 12. Choosing the stability condition that
makes 𝑌2 into a Fano toric variety, i.e. −𝐾𝑌2 = O(2, 4, 2), which is shown as a hollow circle in
Figure 12, again results in a toric variety that is not Q-factorial. We instead choose the stability
condition −𝐾𝑌1 − 𝐿 = O(1, 2, 2), which lies in the interior of the shaded chamber. This specifies
a toric orbifold 𝑌2, and ensures that the subvariety 𝑋2 ⊂ 𝑌2 cut out by a general section of 𝐿 is
Fano.

1

2,5

3

4

6

7

Figure 12. A slice of the secondary fan of𝑌2. The shaded region is the stability chamber.

Once again we analyse the singularities of a general section of 𝐿, working in Cox co-
ordinates (𝑧1, 𝑧2, . . . , 𝑧7) compatible with (21). Again there are exactly twelve maximal charts
on 𝑌2, each of the form 𝑈𝑖 𝑗𝑘 B {𝑧𝑖 = 𝑧 𝑗 = 𝑧𝑘 = 1} where the cone ⟨𝑖 𝑗 𝑘⟩ contains the shaded
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chamber in its strict interior. Only two of them are singular: 𝑈347 and 𝑈467. A general section
of 𝐿 is of the form

𝑧1𝑧
2
5 + 𝑧4𝑧5 + 𝑧

3
1𝑧

2
7 + 𝑧

2
1𝑧2𝑧7 + 𝑧

2
1𝑧5𝑧7 + 𝑧1𝑧

2
2 + 𝑧1𝑧4𝑧7 + 𝑧1𝑧2𝑧5 + 𝑧2𝑧4

and hence passes through the origins of both singular charts. This gives rise to two singularities
on 𝑋2 of type 1

2 (1, 1, 1): the charts on 𝑌2 are 1
2 (1, 1, 1, 1)1256 and 1

2 (1, 1, 1, 1)1235, and in each
chart 𝐿 = O(1). Thus again a general section of 𝐿 is singular in precisely two points, each of
type 1

2 (1, 1, 1).

The varieties 𝑋1 and 𝑋2 are distinct. To compute the regularised quantum periods of 𝑋1 and 𝑋2,
we argue as in [23, Corollary D.5], but using the mirror theorem for toric complete intersections
due to J. Wang [68] in place of the Quantum Lefschetz theorem and Givental’s mirror theorem
for toric manifolds. This yields

𝐺𝑋1 (𝑡) = 1 + 4𝑡2 + 18𝑡3 + 60𝑡4 + 600𝑡5 + 2470𝑡6 + 18900𝑡7 + 118300𝑡8 + 723240𝑡9 + · · ·

𝐺𝑋2 (𝑡) = 1 + 6𝑡2 + 18𝑡3 + 90𝑡4 + 780𝑡5 + 3210𝑡6 + 28560𝑡7 + 164010𝑡8 + 1146600𝑡9 + · · ·

Thus 𝑋1 and 𝑋2 are not deformation equivalent. Note also that, as the singularities of 𝑋1 and 𝑋2
are isolated, they are rigid [66], and therefore we cannot smooth 𝑋1 or 𝑋2 (or 𝑋𝑃) further in their
deformation-equivalence classes.

5. Systematic generation of hypersurface examples

One can explore the landscape of Fano manifolds by systematically generating complete
intersection models [29], but this approach is much less effective in the Q-Fano (orbifold)
setting. That is because, unless the ambient space is a weighted projective space [47], we
lack combinatorial criteria to detect whether a complete intersection is quasismooth, and thus
checking quasismoothness involves computationally expensive Gröbner basis calculations. It
turns out, however, that we can restore the effectiveness of this method in the Q-Fano setting
by combining the systematic generation of toric complete intersections with an analysis of
their Laurent polynomial mirrors. By restricting attention to those toric complete intersections
such that the Givental/Hori–Vafa mirror is a maximally mutable Laurent polynomial, one
can sidestep many expensive quasismoothness checks that we expect, in general, will fail. In
this section we use this approach to generate Q-Fano threefolds that are hypersurfaces in toric
orbifolds. One should regard this as a proof of concept: the methods apply without significant
change to complete intersections in higher-dimensional toric varieties as well.

We randomly generated Q-Fano threefolds that occur as toric hypersurfaces, by taking the
following steps.

(1) We generated 2 × 6 integer matrices 𝑊 and length-2 integer vectors 𝐷 with small non-
negative integer entries. Specifically, we chose entries in𝑊 and 𝐷 uniformly at random
from the set {0, 1, . . . , 6}.

(2) We discarded (𝑊, 𝐷) unless:
(a) the four-dimensional Fano toric variety 𝑌 with weight matrix𝑊 was Q-factorial;
(b) the line bundle 𝐿 → 𝑌 defined by the weight vector 𝐷 was nef; and
(c) −𝐾𝑌 − 𝐿 was ample on 𝑌 .

These are combinatorial conditions on the entries of 𝑊 and 𝐿. Condition (2c) here
guarantees that the threefold cut out by a general section of 𝐿 is Fano.

(3) We discarded (𝑊, 𝐷) unless:
(a) 𝐷 did not occur as a column of𝑊 .
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(b) the Q-Fano threefold 𝑋 cut out by a general section of 𝐿 had a truncated period
sequence 𝑐0, 𝑐1, . . . , 𝑐𝑁 such that

gcd{𝑑 : 𝑐𝑑 ≠ 0} = 1

That is, it did not have the pattern of zeroes characteristic of Fano varieties with
Fano index greater than one.

(c) the weight matrix and the divisor satisfied the conditions for the Givental/Hori–
Vafa method to give a Laurent polynomial 𝑓 mirror to 𝑋 [29, §5].

(d) the Hilbert series of 𝑋 was present in the database of possible Hilbert series of
semistable Q-Fano threefolds [10]. Note that such a Hilbert series uniquely deter-
mines a set of singularities, called the basket, such that any Q-Fano threefold with
that Hilbert series has singular set equal to the basket [5, 13].

(e) the weight matrix𝑊 satisfied certain divisibility conditions that are necessary if the
toric variety 𝑌 is to contain a quasismooth hypersurface with singular set equal to
the basket from (3d).

(4) We discarded (𝑊, 𝐷) unless the Laurent polynomial mirror 𝑓 from (3c) was rigid maxi-
mally mutable.

(5) We discarded (𝑊, 𝐷) unless the hypersurface 𝑋 cut out by a randomly chosen section
of 𝐿 was quasismooth with isolated singularities.

From just under 5 000 000 examples after step 1, we found 160 762 examples after step 2,
then 7 272 examples after step 3, then 354 examples after step 4, and 333 examples after step 5.

Note that a single Q-Fano threefold can correspond to many different Laurent polynomials.
But conjecturally these Laurent polynomials are all related by mutation, and in particular have
the same period sequence; indeed we expect that a Q-Fano threefold is uniquely determined
by its period sequence. The 333 Laurent polynomials above gave rise to 130 distinct period
sequences. Of these, 32 were not among the period sequences of rigid MMLPs with canonical
Newton polytope (as pictured in Figure 1(b)), and 15 occurred among the examples constructed
using Laurent inversion in [45]. The position of the 130 period sequences in the landscape of
Q-Fano threefolds is indicated in Figure 13; see also Figure 1(e) above.

6. Towards a Classification Theorem

If Conjecture 2 holds, along with the surrounding conjectural picture discussed in §1, then
the classification of Q-Fano threefolds would follow from understanding:

(1) Given a rigid MMLP, how can we construct the corresponding Fano variety?
(2) How can we find a representative rigid MMLP for every Q-Fano threefold?

Let us make the latter question more precise:
(2′) Given a finite set of deformation-equivalence classes of Q-Fano threefolds, how can we

find a representative rigid MMLP for every Fano variety in this set?
One natural way to create the finite sets in (2′) is by bounding the complexity of the singularities
allowed [8].

(2′′) Given a bound on the complexity of the singularities of a Q-Fano threefold, how can we
find a representative rigid MMLP for every Fano variety that satisfies this bound?

6.1. Towards answering question 1. Laurent inversion is a powerful tool for addressing ques-
tion 1. But it is clearly not enough, because not every Q-Fano threefold is a toric complete
intersection. There has been some progress in constructing Q-Fano threefolds in Pfaffian for-
mat from scaffoldings with shapes based on the toric surface dP7 [45].
Problem A: Generalise Laurent inversion to Fano varieties presented in Pfaffian format.
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Figure 13. The distribution of Hilbert series for randomly generated Q-Fano quasi-
smooth threefold hypersurfaces in Q-factorial toric varieties of Picard rank 2. Hilbert
series are recorded as pairs (𝑐, 𝑔) where 𝑐 is the estimated codimension and 𝑔 is the
genus.

Furthermore every smooth Fano threefold is a quiver flag zero locus, that is, a zero locus of a
section of a homogeneous vector bundle over a GIT quotient of a vector space by a product of
general linear groups [23, 48]. Many toric complete intersections are also quiver flag zero loci,
and generalising Laurent inversion to quiver flag zero loci would be an important source of new
constructions.
Problem B: Generalise Laurent inversion to quiver flag zero loci.
Note that recent work of Webb allows the analysis of quiver flag zero loci that are orbifolds [69].
Kalashnikov has produced 99 rigid MMLPs in four variables that are conjectural mirrors to
quiver flag zero loci [49]; this should be an important source of test cases.

An additional challenge is that, as things stand, applying Laurent inversion requires sub-
stantial ingenuity, particularly in the construction of scaffoldings. There are many deformation
classes of Q-Fano threefolds, far more than it would be practical to construct by hand.
Problem C: Develop effective algorithms to automate Laurent inversion.
In order to construct the classification, and even to explore it at scale, we will need to use
Laurent inversion as part of computer algebra calculations.

One of the most effective tools for constructing Q-Fano threefolds in low codimension is Tom
and Jerry [15, 16]. Relating this technique to the analysis of rigid MMLPs would potentially be
very powerful, in particular because constructing Laurent inversion models in low codimension
seems to be difficult.
Problem D: Understand the relationship between Tom and Jerry, or more generally projection

and unprojection, and mirror symmetry.

6.2. Towards answering question 2. In order to approach question 2, we need to understand
how to determine geometric properties of a Fano variety 𝑋 from a Laurent polynomial 𝑓 that
corresponds to 𝑋 under mirror symmetry, or from the Newton polytope 𝑃 = Newt 𝑓 . In
particular, to answer question 2′′, we need to understand how to determine the singularities
of 𝑋 from 𝑓 or from 𝑃. This will have two consequences for our search:

• given a polytope 𝑃, it will help us to predict a Q-Fano threefold to which 𝑋𝑃 deforms;
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• given a basket of singularities B, it will help us to bound the class of polytopes 𝑃 that we
need to analyse in order to find rigid MMLP representatives for all Q-Fano threefolds
with that basket.

In both cases the polytope 𝑃 occurs as the Newton polytope of a rigid MMLP 𝑓 that corresponds
to 𝑋 .

In two dimensions we have good control over question 2′′, through the notion of singularity
content [3]. A Fano polygon 𝑃 determines a collection of singularities B, again called the basket,
with the property that a general qG partial smoothing of 𝑋𝑃 has singularities given by B. The
basket B is given combinatorially as follows. Each edge 𝐸 of 𝑃 lies at some lattice height 𝑟
above the origin, and we subdivide 𝐸 into a number of line segments of length 𝑟 , plus at most
one line segment of length less than 𝑟 . Making such a choice for each edge 𝐸 defines a fan Σ,
which gives a crepant partial resolution 𝑋Σ of 𝑋𝑃. The line segments of length equal to their
lattice height define 𝑇-singularities [57] on 𝑋Σ; the remaining singularities on 𝑋Σ are qG-rigid,
and define the basket B. It is not clear a priori that the basket B is independent of choices made,
but this turns out to be the case.

As indicated, in two dimensions singularity content plays two roles:
• given a polygon 𝑃, it determines the singularities on a orbifold del Pezzo surface to

which 𝑋𝑃 deforms;
• given a basket of singularities B, it determines the class of polygons that we need to

analyse in order to find rigid MMLP representatives for all orbifold del Pezzo surfaces
with basket B. This is the class of lattice polygons with singularity content B, under the
equivalence relation given by combinatorial mutation [2].

This approach allows us to classify orbifold TG del Pezzo surfaces with a given basket [1,20,21,
33,35,53]. Note that singularity content is defined in terms of the polygon 𝑃, rather than than a
MMLP 𝑓 with Newton polygon 𝑃. This is consistent with the fact that in two dimensions there is
a unique family of maximally mutable Laurent polynomials with a given Newton polygon [28].
As we argue below, to obtain a notion of singularity content in higher dimensions we expect
that it will be essential to work with 𝑓 rather than 𝑃.

6.3. Our pictures of the landscape are unsatisfactory. Recall that Figure 1(b) was produced
by analysing a collection of rigid MMLPs [27]. We believe that this collection of Laurent
polynomials contains almost all5 rigid MMLPs 𝑓 in three variables such that Newt 𝑓 is canonical,
but that was not so important for the discussion in this paper. Indeed the classes of polytopes
that we considered when producing the pictures of the Q-Fano landscape in Figure 1, although
natural from the point of view of combinatorics, are not well-adapted to theQ-Fano classification
problem. Ideally we would search over a classification of three-dimensional lattice polytopes
with fixed singularity content, up to the equivalence given by combinatorial mutation. Fixing
the singularity content here would correspond to bounding the complexity of the singularities
in the corresponding Q-Fano threefolds. In order to do this, however, we would need an
appropriate definition of singularity content for three-dimensional polytopes. This does not yet
exist, and so for Figure 1 we had to work with the three-dimensional polytope classifications
that are available.

6.4. Towards singularity content in higher dimensions. As discussed, singularity content in
dimension two is a basket of singularities, which is computed from a polygon 𝑃 by a crepant
resolution procedure. In higher dimensions the situation is more complicated. For example, in
dimension three there are global obstructions to smoothability even when all local obstructions

5The algorithm that we use has impractically long runtime on several hundred of the 674 688 three-dimensional
canonical polytopes.
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vanish [61], but this is not the case in two dimensions [1]. Furthermore, in three dimensions 𝑋𝑃

can admit many qG-generizations that are not deformation equivalent; this is not the case
in two dimensions. Thus any notion of singularity content in higher dimensions must be
richer than just a basket of singularities. But nonetheless there are hints that a similar crepant
partial resolution procedure might produce the basket for 𝑋 , together with some extra structure
(a triangulation), from its Laurent polynomial mirror 𝑓 . For example, consider the three-
dimensional canonical polytope 𝑃 shown in Figure 14. This supports two distinct rigid MMLPs

𝑓1 = 𝑥4𝑦2𝑧3 + 2𝑥2𝑦𝑧2 + 3𝑥 + 𝑦 + 𝑧 + 2
𝑥𝑦𝑧

+ 3
𝑥2𝑦2𝑧3

+ 1
𝑥5𝑦4𝑧6

𝑓2 = 𝑥4𝑦2𝑧3 + 2𝑥2𝑦𝑧2 + 3𝑥 + 𝑦 + 𝑧 + 3
𝑥𝑦𝑧

+ 3
𝑥2𝑦2𝑧3

+ 1
𝑥5𝑦4𝑧6

which differ only in the coefficient of 𝑥−1𝑦−1𝑧−1. The period sequences for 𝑓1 and 𝑓2 are distinct,
so we expect that there are two deformation families of Q-Fano threefold that qG-degenerate
to 𝑋𝑃. One of these families can be constructed by applying Laurent inversion to the scaffolding
shown in Figure 15, which is mutation-equivalent to 𝑓2; we do not know how to construct the
other deformation family.

(0, 0, 1)

(4, 2, 3)

(−5,−4,−6)

(0, 1, 0)

(2, 1, 2)

(−2,−2,−3)

(1, 0, 0)

(−1,−1,−1) (1, 1, 1)

Figure 14. A boundary triangulation of the three-dimensional canonical polytope with
ID 547307 in the Graded Ring Database [11].

(2, 1, 1)

(2, −1, 1)

(1, −1, 1)

(−1, 1, −3)

(−2, 1, −3)

(−2, −1, −3)

Figure 15. A scaffolding of a Laurent polynomial that is mutation-equivalent to 𝑓2.

Consider in addition a triangulation of the boundary of 𝑃 as shown in Figure 14, and form a
fan by taking cones over each triangle in the triangulation. The left-hand front facet gives rise to

http://grdb.co.uk/search/toricf3c?ID_cmp=in&ID=547307
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six smooth cones, and the right-hand front facet gives to four smooth cones. The back facet gives
a singularity of type 1

5 (1, 1, 4), and the bottom facet gives three singularities of type 1
3 (1, 1, 2);

these singularities are terminal and qG-rigid. This suggests a basket

B =

{
3 × 1

3 (1, 1, 2),
1
5 (1, 1, 4)

}
which agrees with the basket calculated from the Ehrhart series of 𝑃∗, that is, with the basket
of the possible Q-Fano Hilbert series with ID 29915 in the Graded Ring Database6. In this
particular example any triangulation such that the faces are divided into empty triangles will
give the same result: the front two faces are both at lattice height 1 above the origin, and so
any triangulation of them will give rise to a total of 10 smooth cones. There is no choice for
the triangulation of the other two faces, at least if we insist on the triangles on the bottom face
being empty.

For a second example, consider the Laurent polynomial

𝑓 =
(𝑥2 + 2𝑥 + 𝑦𝑧3 + 3𝑦𝑧2 + 3𝑦𝑧 + 𝑦 + 1)2

𝑥𝑦𝑧
− 12

which is mirror to the smooth Fano 3-fold 𝑉6. (It is easy to check that 𝑓 is mutation-equivalent
to the Laurent polynomial mirror to 𝑉6 given in [23, Appendix A].) The Newton polytope 𝑄
of 𝑓 is pictured in Figure 16. Since the Fano variety 𝑉6 is smooth, we expect that 𝑄 should
have empty basket; indeed the Ehrhart series of 𝑄∗, which is the possible Q-Fano Hilbert series
with ID 24076 in the Graded Ring Database, has empty basket. As before, let us consider a

(3,−1,−1)

(−1, 1, 5)

(−1, 1,−1)

(−1,−1,−1)

Figure 16. The Newton polytope 𝑄 of a Laurent polynomial mirror to 𝑉6.

triangulation of the boundary of 𝑄, and form a fan by taking cones over each triangle in the
triangulation. Each face of 𝑄 other than the back face has lattice height 1 above the origin, and
the back face has lattice height 2. So let us insist that our triangulation contains only empty

6Recall that we expect that, if a Fano variety 𝑋 corresponds under mirror symmetry to a Laurent polynomial 𝑓 ,
then there is a qG-degeneration from 𝑋 to 𝑋 𝑓 . This implies that the Hilbert series of 𝑋 coincides with the Hilbert
series of 𝑋 𝑓 , and hence with the Ehrhart series of the dual polytope 𝑃∗ where 𝑃 = Newt( 𝑓 ). Thus the Hilbert
series of 𝑋 is determined by the Newton polytope 𝑃 of 𝑓 . Furthermore the singularities of a Q-Fano threefold 𝑋

are uniquely determined by its Hilbert series, and hence by 𝑃. The fact that the singularities of a Q-Fano threefold
are determined by its Hilbert series seems to be a combinatorial accident: it is established by looking case by case
through the Graded Ring Database [13], and lacks a geometric proof. We see no reason for the corresponding
statement to be true for higher-dimensionQ-Fano varieties. Thus it is likely that, in dimension four and higher, even
the basket B of a Q-Fano qG-generization 𝑋 of 𝑋 𝑓 will depend on the rigid MMLP 𝑓 that corresponds to 𝑋 , and not
just on the Newton polytope of 𝑓 .

http://grdb.co.uk/search/fano3?id_cmp=in&id=29915
http://grdb.co.uk/search/fano3?id_cmp=in&id=24076
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triangles on the front faces and bottom face; these empty triangles will give rise to smooth
cones in the fan. For the back face, let us take the triangulation shown in Figure 17. Note that

(−1,−1,−1)

(−1, 1, 5)

(3,−1,−1)

Figure 17. A triangulation of the back facet of 𝑄.

the height of the facet is 2, and that both triangles shown are 2-fold dilations of a standard
two-dimensional lattice simplex; note also that all vertices in the triangulation are primitive.
This suggests, by analogy with the construction of singularity content in two dimensions, that
the singularities that correspond to these cones should be qG-smoothable – that is, we expect
these cones to give rise to three-dimensional 𝑇-singularities. This would give empty basket
for 𝑄, in agreement with the discussion above.

One challenge in passing from this discussion to a satisfactory definition of singularity
content in three dimensions is that in general there are many different triangulations of the
boundary of a three-dimensional polytope 𝑄 = Newt 𝑓 , and it is not clear (at least to us) which
such triangulations should be admissible. We expect that the admissible triangulations will be
determined by set 𝑆 𝑓 of mutations that 𝑓 permits; this was defined just before Proposition 8.
In particular the admissible triangulations will depend on 𝑓 and not just on the underlying
polytope 𝑄. One can see hints of this phenomenon in the work of Corti–Hacking–Petracci
on smoothing Gorenstein toric Fano varieties: see [24]. It is likely that singularity content in
higher dimensions will closely resemble the Corti–Filip–Petracci notion of zero-mutable Laurent
polynomials [31].
Problem E: Give a combinatorial definition of singularity content in all dimensions.
Whatever the definition is, in a fully satisfactory theory there should be a bĳection between:

• the data defining the singularity content of rigid MMLPs 𝑓 with Newton polytope 𝑃;
• the set of mutation-equivalence classes of such 𝑓 ;
• the smoothing components of the qG-deformation space of 𝑋𝑃.

This is the picture that holds in two dimensions [1, 28], and that we expect to generalise.
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