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Abstract. Fano varieties are ‘atomic pieces’ of algebraic varieties, the shapes that can be defined by
polynomial equations. We describe the role of computation and database methods in the construction
and classification of Fano varieties, with an emphasis on three-dimensional Fano varieties with mild
singularities called Q-Fano threefolds. The classification of Q-Fano threefolds has been open for several
decades, but there has been significant recent progress. These advances combine computational algebraic
geometry and large-scale data analysis with new ideas that originated in theoretical physics.

1. Introduction
Fano varieties are an important class of geometric shapes. They are basic building blocks in algebraic
geometry, both via the Minimal Model Program [11,45,65,66] and as a source of explicit constructions.
For example, one can construct three-dimensional Calabi–Yau manifolds (smooth varieties with zero
curvature) as anticanonical sections in smooth four-dimensional Fano varieties; these are of particular
importance in constructing models of spacetime in Type II string theory [6, 71]. The classification
of Fano varieties is a fundamental problem in geometry yet, despite almost a century of study, this
classification is still far from understood. In this paper we discuss the classification of Fano varieties
over C. In particular, the 𝑛-dimensional Fano varieties that we consider can also be thought of, at least
when they are smooth, as 2𝑛-dimensional real manifolds with positive curvature.
There are finitely many deformation families of Fano manifolds (that is, smooth Fano varieties) in
each dimension [60]. There is exactly 1 one-dimensional Fano manifold: the Riemann sphere P1 . In two
dimensions there are 10 deformation families, the del Pezzo surfaces: P1 ×P1 , P2 , and P2 blown-up in at
most eight points [37]. In dimension three the classification is due to Fano [41], Iskovskikh [49–51], and
Mori–Mukai [67, 68]: there are 105 deformation families1. Very little is known about the classification
of Fano manifolds in dimensions four or more.
When we allow mild singularities even less is known. There are finitely many deformation families in each dimension with singularities of bounded complexity [10, 61], but there are few explicit
classification results. In dimension three it is natural to focus on the Q-Fano threefolds: Fano varieties
with Q-factorial terminal singularities – this is the natural setting for the Minimal Model Program.
Even here there is as yet no classification, although several hundred deformation families have been
described; see e.g. [17, 19, 20, 34, 40, 48, 55, 74, 79–81]. What is known, however, are the possible Hilbert
series of Q-Fano threefolds2 [5, 16]. The Hilbert series of a Fano variety 𝑋 is the generating series for
the dimensions of the graded pieces of the anticanonical ring
𝑅(𝑋 , −𝐾 𝑋 ) =

∞
Ê

𝐻 0 (𝑋 , −𝑛𝐾 𝑋 ).

(1.1)

𝑛=0
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Hilbert series remain invariant under Q-Gorenstein deformation of 𝑋. The possible Hilbert series are
recorded in the Graded Ring Database [13, 15]. One can think of this database as a first sketch, giving
numerical invariants only, of the possible ‘geography’ of Q-Fano threefolds.
A Fano variety 𝑋 can be recovered as Proj of its anticanonical ring (1.1). Choosing homogeneous
generators for the anticanonical ring defines an embedding of 𝑋 into a weighted projective space 𝑤P,
and we can read off various measures of the complexity of this embedding (or of the complexity
of 𝑅(𝑋 , −𝐾 𝑋 ) as a ring) directly from the Hilbert series. In particular, the Hilbert series can be used to
estimate a lower bound for the codimension
codim 𝑋 B dim 𝑤P − dim 𝑋 ,
that is, the number of independent equations required to define 𝑋 (locally) inside 𝑤P. The Hilbert
series also determines the genus of the embedding
𝑔(𝑋) B dim 𝐻 0 (𝑋 , −𝐾 𝑋 ) − 2.
If 𝑋 is smooth then 𝑔(𝑋) is the genus of the curve defined by intersecting 𝑋 with two generic
hyperplanes in 𝑤P; for the general case, including an interpretation of the case where 𝑔(𝑋) < 0,
see [5, §4]. The genus increases with the complexity of the embedding. Figure 1 shows the range
of pairs (𝑔(𝑋), codim 𝑋) for entries in the database of possible Hilbert series of Q-Fano threefolds.
See [16] for precise details: in particular, codimension here means estimated codimension as there.

Figure 1. A sketch of the landscape of Q-Fano threefolds, from the Graded Ring Database [15].
The database [13, 15] is produced using combinatorial methods that do not guarantee existence of
a Q-Fano threefold that realises any given entry: there can be zero, one, or many deformation families
of Q-Fano threefolds with a given candidate Hilbert series. In the remainder of the paper, we discuss
techniques for constructing and classifying Q-Fano threefolds, guided by the geography in Figure 1.
2. Classifications in low codimension
The first examples of Fano varieties are projective spaces P𝑛 . After these, projective hypersurfaces
of low degree give the archetypal Fano varieties: a cubic surface, a cubic or quartic threefold, and so
on. Broadening our view to orbifolds with cyclic quotient singularities greatly extends the range of
hypersurfaces that we can construct. For example, a weighted homogeneous polynomial 𝑓 of degree 𝑑
in 𝑛 + 1 variables with positive integer weights 𝑎0 , . . . , 𝑎 𝑛 defines a hypersurface ( 𝑓 = 0) in weighted
projective space P(𝑎0 , . . . , 𝑎 𝑛 ). If 𝑑 < 𝑎 0 + · · · + 𝑎 𝑛 then this hypersurface is Fano. See [38, 48, 64].
In three dimensions, there are exactly 95 families of Q-Fano threefolds that arise as quasismooth
weighted projective hypersurfaces [14, 53, 77]. Here quasismoothness ensures that all singularities
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of the hypersurface arise from singularities of the ambient weighted projective space [48]. The
95 hypersurfaces are all of the form 𝑋𝑑 ⊂ P(1, 𝑎1 , 𝑎2 , 𝑎3 , 𝑎4 ), where 𝑑 = 𝑎1 + 𝑎 2 + 𝑎3 + 𝑎4 , and correspond
to the 95 families of K3 surfaces 𝑋𝑑 ⊂ P(𝑎1 , 𝑎2 , 𝑎3 , 𝑎4 ). Quasismooth members 𝑋 of each family
are birationally rigid [22, 32], meaning if 𝑋 is birational to another Q-Fano threefold or Mori fiber
space 𝑌 then 𝑋 is in fact biregular isomorphic to 𝑌. One may consider this to be a strong form of
non-rationality [52] since, in particular, they do not admit birational maps to P3 . The 95 families
have been studied from many points of view, and serve as a testing ground for conjectures and
computations. For example, Kim–Okada–Won compute their log canonical thresholds, and deduce 𝐾stability results for 50 of the 95 families [59]. In four dimensions, Q-Fano quasismooth weighted
projective hypersurfaces have also been classified [7]: there are 11 618 families.
Hypersurfaces ( 𝑓 = 0) have codimension one, because they are defined (globally) by a single equation. One can construct Fano varieties with higher codimension by considering complete intersections
( 𝑓1 = · · · = 𝑓𝑐 = 0)
in weighted projective spaces, where the 𝑓𝑖 are homogeneous polynomials of sufficiently low degree.
Iano-Fletcher describes 85 families of Q-Fano threefolds that arise as codimension-two complete
intersections in weighted projective space [48]; this list is in fact complete [23]. In higher codimension
most Fano varieties are not weighted projective complete intersections. In codimension three, for
example, sections of weighted Grassmannians 𝑤Gr(2, 5), defined by five equations of Pfaffian type,
are typical [33]. Codimension four embeddings are also tractable [4,19] but beyond codimension four,
a comprehensive understanding is restricted to special classes such as smooth Fano threefolds.
3. Birational geometry and steps into higher codimension
Whilst the low codimension studies discussed in §2 are very successful and comprehensive, they
break down in higher codimension. There are several approaches to this problem. One is to find simple
examples whose anticanonical embedding happens to be in high codimension: for example, P3 itself
has −𝐾 𝑋 = 4𝐻, for a linear hyperplane 𝐻 ⊂ P3 , so that the anticanonical embedding is the 4th Veronese
embedding P3 ↩→ P34 in codimension 31. Another approach is to find varieties that naturally live
in high codimension whose sections are Q-Fano threefolds [18, 76]. A more sophisticated approach,
the Takeuchi program [82], analyses possible birational links between Fano threefolds with the aim of
constructing complicated examples from simpler ones; cf. [3, 31]. This was exploited by Takagi [81]
to classify all Q-Fano threefolds 𝑋 having only Z/2 hyperquotient singularities, Picard rank 𝜌𝑋 = 1,
and dim 𝐻 0 (𝑋 , −𝐾 𝑋 ) ≥ 4; and by Prokhorov [73] to analyse Q-Fano threefolds with −𝐾 𝑋 divisible.
We discuss a fourth approach here, applying unprojection [19, 70, 78]. This is close in spirit to
the Takeuchi program, and is rooted in Fano’s original approach to the classification problem via
projection. The idea is as follows. If 𝑋4 ⊂ P4 is a terminal Fano quartic threefold that contains a
linear plane P2  𝐷 ⊂ 𝑋4 , then there is a birational map 𝑋4 d 𝑌 = 𝑌3,3 ⊂ P(1, 1, 1, 1, 1, 2). In
coordinates 𝑥0 , . . . 𝑥4 on P4 , this is
𝐷 = (𝑥 0 = 𝑥1 = 0) ⊂ 𝑋4 = (𝑥0 𝐴 − 𝑥1 𝐵 = 0) ⊂ P4
where 𝐴 and 𝐵 are cubic forms, and setting 𝑦 = 𝐴/𝑥1 = 𝐵/𝑥0 defines 𝑌 and a morphism
𝑋4 d 𝑌 = (𝑦𝑥1 = 𝐴, 𝑦𝑥0 = 𝐵) ⊂ P(1, 1, 1, 1, 1, 2)
(𝑥0 , . . . , 𝑥 4 ) ↦→ (𝑥0 , . . . , 𝑥 4 , 𝑦(𝑥0 , . . . , 𝑥 4 )).

(3.1)

Here 𝑥0 , . . . , 𝑥 4 and 𝑦 are the coordinates on P(1, 1, 1, 1, 1, 2) of weights 1, . . . , 1 and 2. The map (3.1)
is called the unprojection of 𝐷 ⊂ 𝑋4 , and conversely, elimination of the variable 𝑦 from the equations
of 𝑌 recovers 𝑋4 as a projection of 𝑌.
Multiplying up the denominator in (3.1) of either expression for 𝑦 shows that general points of 𝐷
are mapped to [0 : 0 : 0 : 0 : 0 : 1] ∈ 𝑌, and so 𝐷 is indeed contracted. However, the map (3.1) is not
a morphism. The geometry of the map depends on the singularities that 𝑋4 acquires at the points
(𝐴 = 𝐵 = 0) on 𝐷. Typically these are ordinary double points, and the map consists of the 𝐷-ample
small resolution of each such point followed by the contraction of 𝐷, but this requires detailed analysis
in any given case. If one can repeat this with two planes 𝐷1 , 𝐷2 ⊂ 𝑋4 , unprojecting them one after
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the other, the result would be a Fano threefold embedded in codimension three. It is easy to imagine
continuing this process, but imposing successive planes becomes an increasingly difficult geometrical
and combinatorial problem.
This approach works well into codimension four, with several hundred families constructed by
unprojecting weighted planes 𝐷 = P(1, 𝑎, 𝑏) [19]. In the example above, Brown–Kerber–Reid construct
three different deformation families of Q-Fano threefolds, using different configurations of planes.
(Takagi’s classification describes two of these families; the third has higher Picard rank.) Unprojection
techniques have been extended into codimension ≥ 5 by Brown and Ducat [12]. The real power of this
technique becomes apparent when combined with ideas from mirror symmetry: see §9 below.
4. Polytopes, fans, and toric varieties
Toric varieties are highly symmetrical algebraic varieties. An 𝑛-dimensional normal projective
variety 𝑋 is a toric variety if it contains a dense algebraic torus (C× )𝑛 and the action of that torus on
itself extends to an action of the torus on all of 𝑋: see [35, 42]. For example, projective spaces and
weighted projective spaces are toric varieties. In our context, toric varieties will play two different
roles. Three-dimensional toric varieties will occur as degenerations of Q-Fano threefolds; in general
these toric varieties will be highly singular. Higher-dimensional toric varieties will occur as ambient
spaces when we construct Q-Fano threefolds as hypersurfaces or complete intersections; we have
already seen this in §2.
The study of toric varieties is underpinned by a rich ‘dictionary’ that translates geometry into
combinatorics. Let 𝑀  Z𝑛 denote the lattice of characters of 𝑇 = (C× )𝑛 , with dual lattice 𝑁 B
Hom(𝑀, Z). A toric variety 𝑋 with dense torus 𝑇 has a combinatorial description in terms of a fan Σ
in 𝑁Q , and many geometric properties of 𝑋 can be rephrased in terms of combinatorial statements
about Σ. For example, let 𝜌1 , . . . , 𝜌 𝑘 be the one-dimensional cones of Σ. Each 𝜌 𝑖 is generated by a
(unique) primitive lattice element 𝑣 𝑖 ∈ 𝑁, and 𝑋 is Fano if and only if 𝑣1 , . . . , 𝑣 𝑘 correspond to the
vertices of a convex lattice polytope in 𝑁Q containing the origin in its interior. Such a polytope is called
a Fano polytope. Conversely, given a Fano polytope 𝑃 the fan Σ (and hence the toric Fano variety 𝑋)
can be recovered by taking the collection of cones spanned by the faces of 𝑃; we call this the spanning
fan of 𝑃. Under this dictionary there is a correspondence between the dual polytope
𝑃 ∗ B {𝑢 ∈ 𝑀Q | 𝑢(𝑣) ≥ −1}
of 𝑃 and the anticanonical divisor −𝐾 𝑋 of 𝑋. Since 𝑃 ∗ always contains the origin, it follows
that dim 𝐻 0 (𝑋 , −𝐾 𝑋 ) = |𝑃 ∗ ∩ 𝑀 | is strictly positive.
5. Mirror symmetry
A new approach to the classification of Fano varieties centres around a set of ideas from string
theory called mirror symmetry [21, 44, 47]. Mirror symmetry gives a correspondence between Fano
manifolds and certain Laurent polynomials [24]. From this perspective, the key invariant of a Fano
variety 𝑋 is its regularised quantum period

b𝑋 (𝑡) =
𝐺

∞
Õ

𝑐𝑑 𝑡 𝑑 .

(5.1)

𝑑=0

This is a power series with coefficients 𝑐 0 = 1, 𝑐 1 = 0, and 𝑐 𝑑 = 𝑟 𝑑 𝑑!, where 𝑟 𝑑 is a certain Gromov–
Witten invariant of 𝑋. Intuitively speaking, 𝑟 𝑑 is the number of rational curves in 𝑋 of degree 𝑑 ≥ 2
that pass through a fixed generic point and have a certain constraint on their complex structure.
Under mirror symmetry, an 𝑛-dimensional Fano manifold 𝑋 corresponds to a Laurent polynomial
b𝑋 agrees with the classical period
𝑓 ∈ C[𝑥1±1 , . . . , 𝑥 𝑛±1 ] if the regularised quantum period 𝐺
𝜋 𝑓 (𝑡) =

∞
Õ
𝑑=0

Here 𝑐 ′𝑑 is the coefficient of the unit monomial in 𝑓 𝑑 .

𝑐 ′𝑑 𝑡 𝑑 .

(5.2)
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It is expected that if a Fano manifold 𝑋 corresponds under mirror symmetry to a Laurent polynomial 𝑓 , then there is a Q-Gorenstein degeneration of 𝑋 to a (singular) toric variety 𝑋 𝑓 . This toric
variety is defined by the spanning fan of the Newton polytope of 𝑓 . One can hope, therefore, to
recover 𝑋 directly from its mirror partner 𝑓 : by regarding 𝑓 as encoding a log structure on 𝑋 𝑓 that
determines the smoothing from 𝑋 𝑓 to 𝑋, and then constructing 𝑋 as this smoothing.
b𝑋 is a deGromov–Witten invariants are deformation invariant, so the regularised quantum period 𝐺
formation invariant of 𝑋. The classical period 𝜋 𝑓 , on the other hand, is invariant under an equivalence
relation called mutation [2]. It is conjectured that mirror symmetry gives a one-to-one correspondence
between deformation-equivalence classes of Q-Fano varieties3 that admit a toric degeneration, and
mutation-equivalence classes of rigid maximally mutable Laurent polynomials (rigid MMLPs) [28]. For the
classification of two- and three-dimensional Fano manifolds from this perspective, see [1,25,39,58,72].
If 𝑋 is a Fano projective hypersurface then the Givental/Hori–Vafa mirror construction [43, 47]
gives rise to a Laurent polynomial 𝑓 that corresponds to 𝑋 under mirror symmetry. For example, if 𝑋
is a cubic surface in P3 then the Givental/Hori–Vafa mirror is given by
𝑊 = 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3

where

𝑥0 𝑥1 𝑥2 𝑥3 = 1
𝑥1 + 𝑥 2 + 𝑥3 = 1.

Eliminating the second equation by setting
𝑥1 =

1
1+𝑥+𝑦

𝑥2 =

𝑥
1+𝑥+𝑦

𝑥3 =

𝑦
1+𝑥+𝑦

and solving for 𝑥0 yields the Laurent polynomial
𝑓 =𝑊 −7=

(1 + 𝑥 + 𝑦)3
− 6.
𝑥𝑦

This is the Przyjalkowski method. It applies in greater generality to give Laurent polynomials that
correspond under mirror symmetry to complete intersections in weighted projective spaces [75] and
toric varieties [29, 39] that satisfy mild combinatorial conditions.
The Givental/Hori–Vafa construction above can be reversed to recover a presentation of 𝑋 as a toric
complete intersection from the corresponding Laurent polynomial 𝑓 : this is Laurent inversion [30]. This
process cannot always work – for example, only 89 of the 105 smooth Fano threefolds are known to be
toric complete intersections – but nonetheless Laurent inversion gives a powerful tool for constructing
Q-Fano varieties. In outline: one starts with a Fano polytope 𝑃, searches for rigid MMLPs 𝑓 with
Newton polytope 𝑃, and then applies Laurent inversion to construct a corresponding Fano variety.
Heuberger has used this approach to construct many new Q-Fano threefolds [46].
6. Fano polytopes
The classification of Fano polytopes is an attractive combinatorial problem: see [57] for an overview.
Smooth Fano polytopes – corresponding to toric Fano manifolds – can be classified efficiently using
an algorithm of Øbro [69]. The number grows slowly with dimension: just 18 out of the 105 threedimensional Fano manifolds are toric, and even by dimension eight there are only 749 892 smooth
Fano polytopes. Reflexive Fano polytopes – corresponding to Gorenstein toric Fano varieties – are
of particular importance in mirror symmetry: topologically mirror-symmetric pairs of Calabi–Yau
varieties can be constructed as hypersurfaces in Gorenstein toric Fano varieties, and this duality is
reflected in the combinatorics of the polytopes 𝑃 and 𝑃 ∗ [8]. There are 4319 reflexive polytopes in
dimension three, and 473 800 776 in dimension four [62, 63]. Toric Fano varieties with only terminal
singularities correspond to Fano polytopes 𝑃 ⊂ 𝑁Q such that the only lattice points in 𝑃 are the origin
and the vertices. These have been classified in dimension three [55]: there are 634 cases. Toric Fano
varieties with canonical singularities correspond to Fano polytopes 𝑃 ⊂ 𝑁Q such that the only interior
lattice point of 𝑃 is the origin. These canonical Fano polytopes have also been classified in dimension
three [56]: there are 674 688 cases.
3That is, Fano varieties with Q-factorial terminal locally toric singularities.
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(a) Canonical polytopes (1 interior point).

(b) Fano polytopes with 2 interior points.

Figure 2. The portions of the landscape of Q-Fano threefolds that might be realised by threedimensional Fano polytopes with one and two interior lattice points, overlaid on Figure 1.
These polytope classifications provide a natural place to search for rigid MMLPs. For example,
an analysis of the 4319 reflexive three-dimensional polytopes was used in [2, 25] to recover the 98
deformation families of three-dimensional Fano manifolds with very ample anticanonical bundle.
Extending this idea, by constructing rigid MMLPs supported on Fano polytopes more generally, we
can begin to populate the geography of Q-Fano threefolds. This is developed further in [26, 46], but
let us first consider how much of the geography in Figure 1 we might hope to realise this way.
Genus and codimension are deformation invariants. We expect, as discussed above, that a Q-Fano
threefold 𝑋 corresponding to a rigid MMLP 𝑓 admits a degeneration to the toric variety 𝑋 𝑓 defined
by the spanning fan of the Newton polytope 𝑃 ⊂ 𝑁Q of 𝑓 . In this case we can read off the genus
and codimension of 𝑋 𝑓 (and hence of 𝑋) from the combinatorics of the dual polytope 𝑃 ∗ of 𝑃.
Namely, the genus is given by |𝑃 ∗ ∩ 𝑀 | − 2, and the codimension is computed from the Hilbert
basis of the four-dimensional cone R≥0 · (𝑃 ∗ × {1}). Figure 2(a) shows the pairs (𝑔(𝑌), codim 𝑌)
realised by toric Fano varieties 𝑌 with at worst canonical singularities4; here 𝑌 is playing the role
of 𝑋 𝑓 . It should be emphasised that not every canonical Fano polytope will support a rigid MMLP:
initial experiments indicate ∼15% of the canonical Fano polytopes support at least one rigid MMLP,
resulting in approximately 8300 mutation-equivalence classes of rigid MMLPs. The codimensions of
the hypothetical Q-Fano threefolds discovered (or rather, suggested) in this way are summarised in
Figure 3: note that the majority of these have quite high codimension.
We expect that increasing the number of interior lattice points allowed in the Newton polytope
(equivalently, allowing log-terminal singularities in the corresponding toric Fano varieties) will reveal
new mutation-equivalence classes of rigid MMLPs. For example, Fano polytopes with two interior
lattice points are classified in [7]. The pairs (𝑔(𝑌), codim 𝑌) for the resulting toric Fano varieties 𝑌
are shown in Figure 2(b). Once again we expect only a fraction of these Fano polytopes to support
a rigid MMLP, and hence degenerate to a Q-Fano threefold. In particular, we expect that none of
the two-point polytopes that fall outside the gray shaded region in Figure 2(b) – or equivalently the
region shown in Figure 1 – support a rigid MMLP. Figure 2 suggests that increasing the number of
interior lattice points might allow us to find Q-Fano threefolds in both higher codimension and lower
genus. The latter point is intuitively plausible: as the Newton polytope 𝑃 grows larger, so the dual
polytope 𝑃 ∗ grows smaller and so we expect |𝑃 ∗ ∩ 𝑀 | and hence the corresponding genus to decrease.
7. The 95 hypersurfaces
We return to the 95 Q-Fano threefold hypersurfaces 𝑋𝑑 in weighted projective space discussed in §2.
As in §5, we can apply the Givental/Hori–Vafa construction to obtain a Laurent polynomial mirror
for 𝑋𝑑 . Write
4See [16, Figure 6] for a more detailed analysis.
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Figure 3. Known mutation-equivalence classes of rigid MMLPs supported on 3-dimensional
canonical Fano polytopes, by codimension.

𝑊 = 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4

𝑥0 𝑥1𝑎1 𝑥2𝑎2 𝑥3𝑎3 𝑥4𝑎4 = 1

where

𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 = 1.
Eliminating the second equation by setting
𝑥1 =

1
1+𝑥+𝑦+𝑧

𝑥2 =

𝑥
1+𝑥+𝑦+𝑧

𝑥3 =

𝑦
1+𝑥+𝑦+𝑧

𝑥4 =

𝑧
1+𝑥+𝑦+𝑧

and solving for 𝑥0 yields the Laurent polynomial
𝑓 =𝑊 −1−𝑐 =

(1 + 𝑥 + 𝑦 + 𝑧)𝑑
−𝑐
𝑥 𝑎2 𝑦 𝑎3 𝑧 𝑎4

where

𝑐=

𝑑!
𝑎 1 !𝑎 2 !𝑎3 !𝑎4 !

Here the constant 𝑐 is chosen to ensure that the coefficient 𝑐 1′ of the classical period (5.2) is zero. The
corresponding Newton polytope 𝑃 is a simplex; the number of interior lattice points is given by the
tetrahedral number (𝑑 − 3)(𝑑 − 2)(𝑑 − 1)/6.
The hypersurface with the largest value for 𝑑 is 𝑋66 ⊂ P(1, 5, 6, 22, 33). It has genus −1, and gives a
simplex with 43 680 interior lattice points. Experiments mutating the Laurent polynomial show that
we cannot expect to substantially decrease the number of interior lattice points. This agrees with
our intuition in §6 that constructing low-genus Q-Fano threefolds requires Fano polytopes with large
numbers of interior points. Classifying Fano polytopes with tens of interior lattice points, let alone
tens of thousands, is well beyond the reach of current methods, so it is implausible that we could find
examples such as the 95 hypersurfaces using mirror symmetry methods alone.
8. An example in codimension two
As discussed, we expect that if a Q-Fano threefold 𝑋 corresponds under mirror symmetry to a
Laurent polynomial 𝑓 , then 𝑋 admits a degeneration to the toric variety 𝑋 𝑓 defined by the spanning
fan of the Newton polytope 𝑃 ⊂ 𝑁Q of 𝑓 . If this is the case, then only those Q-Fano threefolds that
admit toric degenerations can be detected using mirror symmetry methods. For example, consider
the codimension two Q-Fano threefold 𝑋12,14 ⊂ P(2, 3, 4, 5, 6, 7), which is part of the Iano-Fletcher
classification [48]. This has dim 𝐻 0 (𝑋 , −𝐾 𝑋 ) = 0, and so can never deform to a toric variety5. So mirror
symmetry methods alone will not be enough to complete the classification.
5It would be interesting to know if in general the vanishing of 𝐻 0 (𝑋 , −𝐾 𝑋 ) is the only obstruction to 𝑋 admitting a toric
degeneration.
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𝑖
GRDB ID
Codimension
Number of families

0

1

2

3

4

5

6

7

8

20521
1
1

20522
2
1

20543
3
1

20652
4
3

20938
5
7

21436
6
11

22093
7
11

22801
8
4

23386
9
0

Table 1. The predicted number of deformation families of Q-Fano threefolds 𝑌 (𝑖) from §9.
9. A two-pronged approach
Classical construction methods (§2, §7–8) and the mirror symmetry approach (§5–6) complement
each other well, with the classical methods most effective for Q-Fano threefolds of low codimension
and mirror symmetry giving remarkable coverage in high codimension. Mirror symmetry also gives
new insight at one of the most difficult points of the analysis: determining whether a given set of
possible numerical invariants is realised by a Q-Fano variety. Conjecturally this problem is equivalent
to determining the existence (or non-existence) of rigid MMLPs with appropriate Newton polytopes:
a challenging but tractable combinatorial problem, which is amenable to machine computation. Traditionally there are no systematic methods available here.
This suggests a new approach – a hybrid of classical and mirror symmetry methods – to populate
and analyse the landscape of Q-Fano threefolds. First, use graded ring methods [5,13,16] to determine
an explicit list of possible Hilbert series. Then, for each candidate Hilbert series 𝐻(𝑡) on that list, classify
rigid MMLPs 𝑓 supported on Fano polytopes 𝑃 with dual Ehrhart series Ehr(𝑃 ∗ , 𝑡) equal to 𝐻(𝑡), where
𝑃 lies in an appropriate combinatorial class. This predicts the number of deformation families, as well
as specific Q-Gorenstein toric degenerations 𝑋 𝑓 of these families. Finally, use deformation, Laurent
inversion, or unprojection methods to construct each family. Meaningful analysis beyond particular
cases will require cluster-scale computation and database methods, because of the numbers of cases
involved (thousands of deformation families, hundreds of thousands of polytopes), but this is well
within what is now possible. For a substantial step in this direction, see [26, 27, 46].
We close by discussing a classical example from this new point of view. Consider a sequence
of Q-Fano threefolds 𝑌 (𝑖) ⊂ P(1, 1, 1, 1, 1, 2, . . . , 2) in codimension 𝑖 + 1 that arise by successively
unprojecting 𝑖 planes inside a quartic hypersurface 𝑋4 ⊂ P3 . The case when 𝑖 = 1 is discussed
in §3. When 𝑖 ≥ 3, there may be more than one configuration of planes: see [12]. By determining
mutation-equivalence classes of rigid MMLPs, we predict numbers of distinct deformation families as
shown in Table 1. There remains much detailed analysis still to do, but at a coarse level this prediction
matches an observation of Brown–Ducat [12]: that a quartic threefold can contain at most seven planes
meeting only pairwise in points. Indeed a quartic 𝑋 that contains a plane Π is birational to a cubic
del Pezzo fibration, obtained as the projection away from Π. Any other plane in 𝑋 that meets Π only
in points corresponds to a section of (−1)-curves in this fibration, and thus there are at most six such
planes, corresponding to a maximal set of six disjoint lines in the general fibre of this cubic del Pezzo
fibration; cf. [54]. Moreover a set of seven such planes can be explicitly realised inside the Burkhardt
quartic 𝑋4Bur ⊂ P4 , which is the unique quartic having the maximal number of 45 ordinary double
points [36] and contains a configuration of 40 planes. Therefore, if we constrain the unprojection plane
configurations to meet as simply as possible, there is no configuration of eight planes to unproject into
codimension nine, in accordance with the conjecture.
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