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Introduction

Cremona group of rank n
Let k be any field.

The Cremona group of rank n, denoted by Bir(Pn
k), is the

group of birational transformations of Pn.

• f œ Bir(Pn
k)  f : P

n 99K P
n

[x0 : . . . : xn] ‘99K [f0 : . . . : fn],

where fi œ k[x0, . . . , xn] homogeneous of same degree and
without common factor + f ≠1 of the same form.

• deg(f ) = deg(fi).
• fl{fi = 0} set where f is not well defined.

• Remark: Bir(Pn
k) ƒ Autk k(x1, . . . , xn).
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Introduction

Examples

• Aut(Pn) = {f œ Bir(Pn) | deg(f ) = 1} ƒ PGLn+1(k).

• GLn(Z): subgroup of monomial transformations.
(mij)16i ,j6n ! (x1, . . . , xn) ‘99K (rn

j=1 xm1j
j , . . . ,

rn
j=1 xmnj

j )

ú For instance the standard quadratic involution of
Cremona:

A
≠1 0
0 ≠1

B

! (x , y) ‡‘99K (1/x , 1/y).

•
[0 : 0 : 1]

•
[0 : 1 : 0]

•
[1 : 0 : 0]

P
2

‡

•
[0 : 0 : 1]

•
[0 : 1 : 0]

•
[1 : 0 : 0]

P
2
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Introduction

• L. Cremona introduced Bir(P2
C

) in 1863-1865.

• Examples of field related to this group:
ú Algebraic geometry,
ú Complex, real, ... geometry
ú Dynamic,
ú Topology,
ú Geometric group theory...



Context: Bir(P2
k), a lot of results

• Generators:

Theorem (ƒ 1900; Noether-Castelnuovo)

Let k = k̄. Bir(P2) =< Aut(P2), ‡ >.

• Key tool to study Bir(P2
k):

Bir(P2) y H
Œ analoguous! H

2 ={(x ,y ,z)œR
3|x2≠y2≠z2=1 and x>0}.

H
Œ = {c œ Z | c · c = 1 and c · ¸ > 0}

where Z is lim≠æ
SæP2

NS(S).

Theorem (k = k̄ Cantat-Lamy (’13); k finite+...

Shepherd-Barron (’21) ; k, L. (’16))

The Cremona group Bir(P2) is not simple.
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Context: in higher rank, more complicated !

• Generators: No (non-trivial) system of generators known.
Theorem (

Õ99 ; Pan)

For n > 3, Bir(Pn
C

) can not be generated by elements of
bounded degree.

• No (interesting) action known on geometric space.
Theorem (

Õ20 ; Blanc-Lamy-Zimmermann)

For n > 3, the Cremona group Bir(Pn
C

) is not simple.



Context

Result

Theorem (’20, L.-Urech)

For all n > 1 and for any field k, we constructed a CAT(0)
cube complex on which Bir(Pn

k) acts non trivially.

 for any group of birational transformations and for its
subgroups of pseudo-automorphisms.



CAT(0) cube complexes

Definitions

• A cube complex is a union of unit euclidean cubes glued
together along faces.
Its dimension is the maximal dimension of its cubes, if it is
finite.

• Remark: Two distances:
ú the one induced by the Euclidean metric.
ú the one in the 1-skeleton.

• A cube complex C is CAT(0) if:
ú it is simply connected,
ú the links of its vertices are flag: ’s vertices of C ,

’{s1, . . . , sn} vertices of C adjacent to s and pairwise in
a square, {s, s1, . . . , sn} belong to a cube.

• Example:

ET
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CAT(0) cube complexes

Tools

• Tool 1: If G acts on an oriented CAT(0) cube complex with a
bounded orbit, it fixes a vertex.

• Tool 2:

Theorem (Haglund)

Let G act on an oriented CAT(0) cube complex. For
any g œ G

ú either g fixes a vertex (elliptic).
ú or g preserves a combinatorial geodesic and acts by

translation on it.



Construction of the complex

Isomorphisms in codimension ¸.

• Let X , Y variety. A birational transformation f : X 99K Y is
an isomorphism in codimension ¸ if Exc(f ) and Exc(f ≠1)
have codimension > ¸.
 Psaut¸(X ) the group of automorphisms in codimension ¸.

• Remark:
ú Psaut0(X ) = Bir(X ).
ú Psautn(X ) = Aut(X ) where n = dim(X ).
ú Psaut1(X ) group of pseudo-automorphisms.

• Example: If D µ X is a closed subvariety of codimension ¸ + 1
then ÿ : X \ D Òæ X is an isomorphism in codimension ¸.



Construction of the complex

Construction of C0(Pn)
• Vertices: [(V , Ï)]

ú V normal rational variety of dim n,
ú Ï : V 99K Pn birational transformation,
ú (V , Ï) ≥ (V Õ, ÏÕ) i� ÏÕ≠1Ï is an isomorphism in

codimension 1.

• Example:

• Edges: [(V , Ï)]•–––•[(V \ D, Ï |V \D)] where D is an irreducible
subvariety of codim 1.
• Example:

isominuqEinyY---iypnEelP3idfn@MpH.i
|

MÏ ¥ËÎ④çÆaDEp Blpi
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Construction of the complex

Construction of C0(Pn)

• n-cubes: [(V1, Ï1)], . . . , [(V2n , Ï2n)], if there exists
1 6 r 6 2n such that for all 1 6 i 6 2n:

ú D1, . . . , Dn µ Vr irreducible,
distinct of codim 1,

ú Vi = Vr \ {Di1 fi · · · fi Dij }
ú Ïi is the restriction of Ïr to Vi .

• Example:

•
[(P3, id)]

•
[(A3, ÿ)]

••
[(Vp, fip)]

•
[(Vr , fir )] •

•
[(A3, fir fip)]

•



Construction of the complex

Properties

• The complex is not locally finite.

• The complex is not of finite dimension.

• But it is oriented !

• Bir(X ) acts on C0(X ):

f • [(V , Ï)] = [(V , f Ï)].

Theorem (’20 ; L.-Urech)

C0(X ) is a CAT(0) cube complex.

 Consequence of the fact that any finite subset of vertices lies in
a cube.
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Construction of the complex

Geodesics
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Results

Results of (pseudo)-regularisation

• A subgroup G µ Bir(X ) is (pseudo-)regularisable if there
exist a variety Y and Ï : Y 99K Pn such that

Ï≠1GÏ < (Ps) Aut(Y ).

Proposition (’20 ; L.-Urech)

Let G < Bir(X ). G is pseudo-regularisable i� there
exists A > 0 such that {Exc1(g) | g œ G} 6 A.



Results

Results of (pseudo)-regularisation

• A group has the FW property if every action on a CAT(0)
cube complex has a fixed point.

• Example: SL(2,Z), SL(2,Z[
Ô

3])...

Theorem (’20, L.-Urech ; Cornulier)

Let G µ Bir(Pn) which has the FW property, then G is reg-
ularisable. If moreover n = 2, G is projectively regularisable.

 Answer a question of Cantat-Cornulier
(’19 pseudo-regularisable).

 Reprove immediately their result.

Gla (R) cBirPB



Proof

Construction of C¸(X )

• Vertices: [(V , Ï)]
ú V normal variety of dim n,
ú Ï : V 99K X birational transformation,
ú (V , Ï) ≥ (V Õ, ÏÕ) i� ÏÕ≠1Ï is an isomorphism in

codimension ¸ + 1 .

• Edges: [(V , Ï)]•–––•[(V \ D, Ï |V \D)] where D is an irreducible
subvariety of codim ¸ + 1.

• n-cubes: [(V1, Ï1)], . . . , [(V2n , Ï2n)], if there exists 1 6 r 6 2n

such that for all 1 6 i 6 2n:
ú D1, . . . , Dn µ Vr distinct, irreducible of codim ¸ + 1,
ú Vi = Vr \ {Di1 fi · · · fi Dij }
ú Ïi is the restriction of Ïr to Vi .

st Psaullxl selle,
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Proof

G c Bir P
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Thanks!


