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Overview

Unprojection is the reverse operation to a projec-
tion. Take a suitable point on a variety and project
from it. We call this point the centre of projection.
The image of this projection will contain a divisor

which is the image of the centre.
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Unprojection contracts this divisor by finding ra-
tional functions with poles on D and adjoining

these to the coordinate ring.

There are three issues here:

1. How to construct this special divisor, and the
variety X containing it?
2. How to find rational functions with poles on

this divisor?

3. How to write down the relations defining the

resulting variety Y7
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The example

We illustrate these problems and some solutions
with a particular example from the K3 database,

which asserts:

o thereis a K3 surface Y C P(2,2,2,3,3,3,4,5),

with singularities 7 x 3(1, 1) and £(2, 3)
which projects from a %(1, 1) point to

e K3 hypersurface X195 C P(2,2,3,5) containing

D = P!, singularities 6 x £(1,1) and £(2, 3).

<\ X c P(2,2,3,5)
D
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Step 1: Constructing D C X5 C P(2,2,3,5)

The first problem we address is the construction of

the hypersurface X containing a copy of P

We want to write down an embedding
o:P' = D CP2,2,3,5).

Equivalently,
HY(P(2,2,3,5),O(n)) must span H(P', O(n)) for

all n > 0.
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Compare the Hilbert series of P! with that of (2,2, 3, 5):

n | BB, O(n)) | RO(P(2,2,3,5),0(n))
0 1 1
1 2 0
2 3 2
10 11 12
11 12 12
12 13 17

Ask MAGMA to write down random combinations
of monomials in weight 10 and check the embed-

ding condition.
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One embedding suggested by MAGMA is:

2 2 2

(u,v) = (u?, v, u® + v + uv?, vt + 0v°).

Now choose a relation of degree 12 containing the

image of ¢. This is an easy elimination calculation.

We check that the relation is quasismooth, and this

gives us our surface X19 C P(2,2,3,5).
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Step 2: The unprojection variables

We want to write down rational functions on X
with poles along D. This is the fundamental calcu-
lation in unprojection. We demonstrate a method

for calculating the unprojection variables using free

resolutions in MAGMA.
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Resolution of k|u, v]
Let O = klz,y, 2,t], k| X], k[D] be the homoge-
neous coordinate rings of P(2,2,3,5), X and D

respectively.
e D is not projectively normal - normalisation of
k[D] is k|u,v] by construction.
e © makes k[u,v] into an O-module generated
by 1, u, v and uwv.

For example:

2

w=x1 v

=y.1 ud =z

vv=zv wl=yu 1=y
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The resolution of k[u, v] as an O-module is

klu,v] + 40 X 80 <2 40 + 0,

which fits into a diagram with the resolution of

k[ X]| as an O-module as follows:

KX] « O <2 0(-12) « 0
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[Kustin-Miller| and [Papadakis-Reid]| showed that
the generators of the last module 40 are the un-

projection variables. Call these sg, s1, s9, S3.

The s; must have the same image under M, as the
generator fio of O(—12) has under the downarrow

D.

We get relations My(sg, s1, S, 83) = D, which are

linear in the s;.
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Step 3: Quadratic relations

We have not yet described the unprojected surface
Y.

There should be further relations which are quadratic
in the s;, corresponding to the structure of kfu, v]
as an O-module.

We expect relations like

(uv)(uv) — (u?.1)(v2.1) = 0 «~ 55 — TYss = ...
u.v — l.uv =0 e 5189 — 8983 = ...

Take the ideal defined by the linear relations

My (s, $1, 82, 83) = D.

Calculate a Grobner basis using special ordering

to get quadratic relations in s;.
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82 — xysd — 9y’s3 — 3/2y3s0 + 27/2y* +9/222% — . ..
S983 — YSgS2 + YSoS1 — bY’sy — y?sy — 13/2y%2 — ...
5183 + 6yt — yspsy + ysgsy — 1/2y?sy — dy?sy — ...

s3 — 25083 — 2ys3 — ysi + 2y?so + 9/2y° — xs3 + . ..
$189 — 8083 + 3Ys3 — yss — y?so — 21/2y° + 8wsz + . ..

s? — 162% + 8ys3 — ys5 — 11/2y*sg — 39y> + 8xs3 + ...

tsy + 23 — 6y*t — y3sy + yisy + 2y°2 — xyt — xyls — ...
tsy +yz? — 2y?s3 — yPso + 3yt + 2222 — 2y’sy — 22y . ..
ts) 4 4zt +yz? — y?s3 — yPsg + 22 + 2y — 2227 — ...
tsg + yt — y?sy + 2zyz + 22%2

283 — 3/2yt — 3y’z — 9/2xt — xYsy — 2xyz — 1281 — 22%2
289 — yS3 + 3y° — 253 — 2xysy + 2xy? — 225y + 22y

281 +42° — ys3 + 9/2y° — ws3 — xysy + 3/2zy* + 1y

280 — YSo + YS1 + dYyz — 8o

2t 4+ 3/2yt? — 3yPat — 2322 — 3/2y5 + 9/2xt% + xy2t + ...
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