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A!ne Kac-Moody Lie Algebras

in MAGMA



g0(A)
ei, fi, hi

8
<

:

[hi, hj ] = 0, [ei, fi] = hi, [ei, fj ] = 0 (i 6= j)
[hi, ej ] = aijej , [hi, fj ] = �aijfj ,
(adei)1�aijej = 0, (adfi)1�aijfj = 0. (i 6= j)
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Kac-Moody Lie Algebras

For A a generalized Cartan matrix, de!ne           to be the Lie 
algebra generated by 3n generators               and relations: 

Serre relations
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Kac-Moody Lie Algebras

Three classes

(a) Finite-dimensional (if there is a positive integral vector v 
such that Av > 0);

(b) A"ne (if there is a positive integral vector v such that 
Av = 0);

(c) Complicated (if there is a positive integral vector v such 
that Av < 0).
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Non-twisted A!ne Lie Algebras

g = g0 ⌦ C[t, t�1]� Cc� Cd

X(1)
l g0

Xl

For a generalized Cartan matrix A of type        , take     to be 
the !nite-dimensional Lie algebra of type     and take 

�
t

k+k1 ⌦ [x, y] + µk1t
k1 ⌦ y � µ1kt

k ⌦ x

�
� k�k,�k1(x|y)c

⇥
t

k ⌦ x� �c� µd, t

k1 ⌦ y � �1c� µ1d
⇤
=

with multiplication on    given by g

Theorem [Kac90, Theorem 7.4]

   is the a"ne Kac-Moody algebra associated to A.g



(t�1 � 1 + t2)⌦ (2E1 + 3F2) +
1

3
c
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Generators

g = g0 ⌦ C[t, t�1]� Cc� Cd

• Arithmetic is very straightforward; except equality testing

• 2 normal forms:

t�1 ⌦ (2E1 + 3F2)+
�1⌦ (2E1 + 3F2)+
t2 ⌦ (2E1 + 3F2)+
+ 1

3c

(2t�1 � 2 + 2t2)⌦ E1+
(3t�1 � 3 + 3t2)⌦ F2+
1
3c
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Demo
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Conclusion
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• We can currently do a rather small number of things,

• but I’d be interested in what you would want it to do!


