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What is a L1tegebra7 K /1
¢ What is a Chevalley basis?

¢ How to compute Chevalley bases?

e What does 537 mean?
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¢ What is a Chevalley basis?Q
¢ How to compute Chevalley bases?
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® With a multiplication [-,-]: L x L — L thatis

p Bilinear,

p Anti-symmetric, and

) Satisfies the Jacobi identity
Xy 2zl + 1y lzox] + z [yl = 0
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p Bilinear,

p Anti-sym.
) Satisfies th
x, 1y, 2] yl] =0
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char(F) — 0 the only simple Lie
algebras are: %
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For FF algebraically closed and
char(IF) = 0 the only simple Lie

algebras are: F
>
Ap (n=1) EeEy, “Over (alg. closed) finite fields:

B, (n>2) F, ® These classical Lie algebras,

G, + Cartan type Lie algebras,
*+ Melikyan Lie algebras.
.. provided char(FF) > 5.

Other cases are WIP
(Vaughan-Lee, Eick)
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/Vhy Study Lie Algebras?.
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Simple algebraic group G < unique Lie algebra L ‘
Many properties carry over to L

Easier to calculate in L
G < Aut(L), often even G = Aut(L)

VWV VO
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Why Study Lie Algebras?

® Study groups by their Lie algebras:

Simple algebraic group G < unique Lie algebra L
Many properties carry over to L

Easier to calculate in L

G < Aut(L), often even G = Aut(L)

® Opportunities for:

VWV V Ve

» Recognition,
» Solving conjugation problems,
)
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® Study groups by their Lie algebras:

Simple algebraic group G <+ unique Lie algebra L
Many properties carry over to L

Easier to calculate in L

G < Aut(L), often even G = Aut(L)

® Opportunities for:

VWV V Ve

» Recognition,
» Solving conjugation problems,
)
® Because there are problems to be solved!

» ... and there was a thesis to be written...

5/39
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(Almost trivial)- Emm_}.lsw
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of trace 0, Calledw[z
. 1 0 0 1
® Dasis: H = (O _1) = (
® Multiplication: |x,y] = xy — yx

6 /39
Thursday, May 27, 2010



(Almost trivial) Example (1)

® Matrix Lie algebra: elements are 2x2 matrices
of trace 0, called sl

. 1 O 0 1 0 O
® Dasis: H_(O _1),]5—(0 O)’F_(l O)'

® Multiplication: [x,y| = xy — yx
Definition (Lie algebra L)

® Vector space F"
® With a multiplication [-,-]: L x L — L thatis
p Bilinear,

p Anti-symmetric, and

p Satisfies the Jacobi identity
X Yzl + 1y, [z x| + [z, [x,y]] =0 6 /39
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(Almost trivial) Example (1)

® Matrix Lie algebra: elements are 2x2 matrices
of trace 0, called sl
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(Almost trivial) Example (1)

Can turn any
matrix algebra into a
Lie algebra

- (1 0 _(O J
® Dasis: H—(O _1),]5— - O),L |1 O)'

® Multiplication: [x,y| = xy — yx
Definition (Lie algebra L)

® Matrix Lie algebra: elements @
of trace 0, called sl

C Vector space F"

¢ With a multiplication [-,-]: L x L — L thatis
> Bilinear,
Y Anti-symmetric, and

y Satisfies the Jacobi identity
X Yzl + 1y, [z x| + [z, [x,y]] =0 .
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®
® Basis: ¢, f,h o o

® Multiplication:

Ll e f h
e 0 h  —2e
f |=h O 2f
h | 22 —=2f O

7 /39

Thursday, May 27, 2010



® As a structure constant algebra:
® Basis: ¢, f,h

® Multiplication:

Ll e f h
e 0 h  —2e
f |=h O 2f
h | 22 —=2f O

R T B A T I e
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® Basis: ¢, f,h

® Multiplication: 50!
L] ] e f n aka Aq
e 0 h —2e
f | —h 0 2f
h | 22 —=2f O

R T B A T I e
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® Basis: ¢, f,h & —

® Multiplication:

]| e £ &
e 0 h —2e
f | =h 0 2f
h 2¢ —2f O
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® Basis: ¢, f,h ® e

® Multiplication:

]| e £ &
e 0 h +2e
T 1 — 1) 2f
h |2 —=2f O
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® Basis: ¢, f,h

® Multiplication:

Ll e f h
e 0 h Vs2e
f | =h 0 2f
h |2 —=2f O
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® Basis: ¢, f,h

® Multiplication:

|

] e

e
fol=n
h
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® Basis: ¢, f,h

® Multiplication:

|

] e

e
fol=n
h

e, [f, hl] + [f, [hel]l + [k, [e, f]]
= le,2f] + [f, —2¢] + [h, K]
— W+ 2h+0 40
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¢ What is a Chevalley basis?Q
¢ How to compute Chevalley bases?
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¢ How to compute Chevalley bases?

e What does 537 mean?

Thursday, May 27, 2010



Chevalley Bases

Many Lie algebras have a Chevalley basis!
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Root Systems

® A hexagon,
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Root Systems

® A hexagon,
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Root Systems

® A hexagon,
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Root Systems

® A hexagon,

® A root system of type A,
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Several Root data:

One Root system > “adjoint”

“simply connected”

11/39

Thursday, May 27, 2010



Several Root data:

One Root system > “adjoint”

“simply connected”
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Several Root data:

One Root system > “adjoint”

“simply connected”

Irreducible root data: A,,, B,,,C,,,D,,, E¢, E-, Eg, Fy4, Go.
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Root Data

® A hexagon,

® A root system of type A,
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Root Data

® A hexagon,
® A root system of type A,

® A Lie algebra of type Aj
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® Basiss L= P Fho PFx,

1=1,....n ned
® Multiplication (for i,j € {1,...,n},a,B € & and

linearly extended) :

i hi] =0,
Xa, hil = A« fi)xa,
X _a,xa] = Liq(ei,a’)h;,
X, Xp] = { g TP
0 otherwise,

and satisfying the Jacobi identity.

14/39
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1=1,....n xned
® Multiplication (for i,j € {1,...,n},a,B € ® a

linearly extended) :

hi,hi] =0,
xa, h] = (T %,
X_q, Xa] = L (e, )hy,
Yo, Xp| = { e T
0 otherwise,

atisfying the Jacobi identity.
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® Basis: L= €

D Fhi @ €

xeP

1=1,...n

[x—oc/ xoc:

X, Xp|

Thursday, May 27, 2010

® Multiplication (for i,j € {1,...,n},q,
linearly extended) :
[hi/ h]

[xoc/ hi_

and satisfying the Jacobi identity.

Such a basis is called a Chevalley basis.

D Fx,

<0€,fi>x0¢,
<ei/ (X\/>hi/
N“lgx“+l[3 ifta+ € P,

otherwise,



P P T N R N U T St T Uy U SRR U e A U u S U R T L T L T L T T L T T T T T T T L T T T

- [N ‘.‘,“.\Q T T S S RN U T P T e P PN e asrrer

4

® Because transformation between two Cﬁgva’lley

bases is an automorphism of L,

® So we can test isomorphism between two Lie
algebras (and find isomorphisms!) by computing

Chevalley bases.

15/39
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Why Chevalley bases?

L »
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Why Chevalley bases?

L >

isomorphic! < equal
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L
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Why Chevalley bases?

L »
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Why Chevalley bases?

L »

non-
isomorphic!

< not equal
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¢ How to compute Chevalley bases?

e What does 537 mean?
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¢ How to compute Chevalley bases?

e What does 537 mean?

Thursday, May 27, 2010



The Mission

® Given a Lie algebra (on a computer),
® We want to know which Lie algebra it is,

® So want to compute a Chevalley basis for it.

Root datum, -«

field T
“a
%‘gltl}}])pc;f o Chevalley Basis
S ;
l Algorithm
Matrix ~ ___.- »
Lie algebra  °
»

‘f
-
-
‘f
E

19/39
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Root datum, -«

field = RiFS .
“a
%glg}f:pc;f e Chevalley Basis
= l Algorithm
Matrix ~  ___.- >
Lie algebra  °
> 4

‘f
-
-
‘f
E,

® Assume a split Cartan subalgebra H is given (separate
problem; Cohen/Murray, indep. Ryba)

® Assume R is given (easy to find)

20/39
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he

Root datum, -«
ﬁeld Ss ~

Group of Chevalley Basis

Lie type ==
L = l Algorithm
Matrix >

Liealgebra "~

‘f
-
-
‘f
E,

Algorithms:

in GAP, Magma)

® char(F) = 0,> 5: De Graaf, Murray (implemented

® char(F) = 2,3 : Cohen, R. (implemented in Magma)

21/39
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x; | 0 —148x; + 158x, .x3 290x; — 168x, — 158x3 QQ@@Q (r\
7 0 400x1 — 290x, — 148x3

X3 0

® and split Cartan subalgebra H = Q(—6x1 + 5x7 + 3x3)

22/39
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R
QQQQ
® Given this L1e algebra L over Q: o
['/ ] X1 X2 X3
x1 | 0 —148x; + 158xp 4+ 48x3 290x7 — 168x, — 158x3
X2 0 4OOX1 — 29OXZ — 148X3
X3 0

e and split Cartan subalgebra H = Q(—6x71 + 5x + 3x3)
e Normally:

» Diagonalise L wrt H,

» Use Cartan integers to identity Qx,,

» Solve easy linear equations.

22/39
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‘omputing Chevalley bases

A
® Given this Lie algebra L over Q:

[321 ] T)l —148x1 + iC;sz 4+ 48x3 290x1 — 163;3x2 — 158x3
X> 0 400x7 — 290xp — 148x3
X3 0
® and split Cartan subalgebra H = Q(—6x1 + 5x7 + 3x3)
e Normally: B 2 7
. . Vazg = Q(4x1 + x2 — 2x3)
» Diagonalise LwrtH, V 54 = Q(7x1 — 8xp + 3x3)

» Use Cartan integers to identity Qx,,

» Solve easy linear equations.

22/39
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- Computing Cheva ley odases

® Given this Lie algebra L over Q: 4
[321 | 361 —148x1 + iC;sz +48x3 290x1 — 163§3x2 s 00k
Xo 0 400x1 — 290xy, — 148x3
X3 0
® and split Cartan subalgebra H = Q(—6x1 + 5x7 + 3x3)
e Normally: B 2 7
. , Vazg = Q(4x1 + x2 — 2x3)
» Diagonalise LwrtH, V 54 = Q(7x1 — 8xp + 3x3)
» Use Cartan integers to identity Qx,, Qx, = Vasg
Qx_y = V_333

» Solve easy linear equations.

22/39
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Computing Chevalley bases
® Given this Lie algebra L over Q:

[3;1 ] 361 —148x1 + iC;sz 4+ 48x3 290x1 — 169;3x2 — 158x3
X> 0 400x1 — 290xy — 148x3
X3 0
® and split Cartan subalgebra H = Q(—6x71 + 5x + 3x3)
e Normally: it
. . Vazs = Q(4x1 + x2 — 2x3)
» Diagonalise Lwrt H, V/ 500 = Q(7x1 — 8xp + 3x3)

» Use Cartan integers to identify Qx,, Qx, = Visg

» Solve easy linear equations. Qx—o = Vosz33

(7/169)x1 + (7/676)x3 — (7/338)x3
(1/338)x1 — (4/1183)x; + (3/2366)x3
—(3/169)x1 + (5/338)x; + (3/338)x3

x_
hq

22/39
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® Remedied by:

4 Anl Dn/ E6/ E7/ E8 : Use [x—“l xﬁ] and [x_“’ [x_“’ xﬁ”
to determine («, 8"),

» B, Cy, Fs, Go: Use ideals of type Dy, Dy, D4, A, resp.
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A2$C(3)
Ga2(3)
AT (2)
B,*(2)

Bnad(z) (n > 3)

I32SC(2)
B3$C(2)
B4SC (2)

4,4
63
24 83

B..*° (3 > 5) on 4(2)

TABLE 1.

Der]  C.24(2) (n 28} 2n, 201 [C]
C] C,*(2) (n>3) 2n,4(2)  [By¥]
Der] D DM(9) g e
C] D4*(2) 8* Der’
C] DV(2) (n>5) 43 Der
B> D.(2) (n25) 4C) Der
Der] F4(2) 912 g3 ©
Der] G2(2) 43 e
C] all remaining(2) 21%"| As]

Multidimensional root spaces

24/39
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A2$C(3)
Ga2(3)
AT (2)
B,*(2)

Bnad(z) (n > 3)

I3QSC(2)
BSSC(Q)
I34SC(2)

4,4
63
24, 83

B..*° (3 = 5) on 4(2)

TABLE 1.

C]
Bo™]
Der]
Der]
C]

Multidimensional root spaces

Cn*4(2) (n > 3)

Cn*(2) (n > 3)
D‘(ll):(n-l)’(n) (2)

D4sc(2)

DM(2) (n > 5)
D,*(2) (n = 5)

F4(2)
G2(2)

all remaining(2)

ne
212, 83
43
ol®*|
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Computing Chevalley bases

» Diagonalise L wrt H: The centraliser method

Gy, char. 3
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® Situation:
» 6 eigenspc. of dim. 1,

» 2 eigenspc. of dim. 3,

25/39

Thursday, May 27, 2010



Computing Chevalley bases

» Diagonalise L wrt H: The centraliser method

Gy, char. 3

® Situation:
» 6 eigenspc. of dim. 1,

» 2 eigenspc. of dim. 3,

® Strategy:

» “Pivot” with the 1-dim
elgenspaces
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Computing Chevalley bases

» Diagonalise L wrt H: The centraliser method

L;'] X X—un
Xg —Xu i B 0
Gy, char. 3 X-3x2p| O 0
X344 0 — X201 B

® Situation:
» 6 eigenspc. of dim. 1,

» 2 eigenspc. of dim. 3,

® Strategy:

» “Pivot” with the 1-dim
elgenspaces
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e Der(L) = {d € End(L) | d([x,]) ?T—I—éc)d %
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® Observe:

» Der(L)is a Lie algebra,
» (almost) L C Der(L).
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Computing Chevalley bases

» Diagonalise L wrt H: The Lie algebra of derivations
® Der(L) = 1d € End(L) | d([x,y]) = [d(x),y] + [x,d(y)]
® Observe:

» Der(L)is a Lie algebra,

» (almost) L C Der(L).

® D, in char. 2 comes in three flavours:
D;Ad D,® D450

ES: 12x2 ES: 6x4 ES: 3x8
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Computing Chevalley bases

» Diagonalise L wrt H: The Lie algebra of derivations
® Der(L) = 1d € End(L) | d([x,y]) = [d(x),y] + [x,d(y)]
® Observe:

» Der(L)is a Lie algebra,

» (almost) L C Der(L).

® D, in char. 2 comes in three flavours:

D;Ad D,® D450
1 1 2
T 2 T
26 1 1

ES: 12x2 ES: 6x4 ES: 3x8
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Computing Chevalley bz

. ..". a ';‘— ava l’:’i’,. ’IV ‘,i!"ﬁgn

@
N - A‘

B

® D, in char. 2 comes in three flavours:

e 26

L 26 1

26 1 1
ES: 12x2 ES: 6x4 ES: 3x8
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Computing Chevalley bz

. ..". a ';‘— ava l’:’i’,. ’IV ‘,i!"ﬁgn

@
N - A‘

B

® D, in char. 2 comes in three flavours:

e 26

L 26 1

26 1 1
ES: 12x2 ES: 6x4 ES: 3x8
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PraE w B D B B €' PETNE] Srreraser V _. __. — _..I_‘.‘I - YA | VL ’ ‘ ( J ' ’ '

. ® \\

4

® D, in char. 2 comes in three ﬂavours:

L e

L 26
I 6 N\ I
26 1 1
ES: 12x2 ES: 6x4 ES: 3x8
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» Diagonalise L thH : The Lie algebra of derzvakgm@

® D, in char. 2 comes in three flavours:

R

e L 26

1 % 1

26 1 1
ES: 12x2 ES: 6x4 ES: 3x8

® Find root spaces in D4 and D49 using the
eigenspaces of Der(L) = D4Ad)
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S
e Normally: o R (O
» Diagonalise L wrt H,
» Use Cartan integers to identity Qx,,

» Solve easy linear equations.
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® In char. 2, 3:

» Diagonalise L wrt H,
» Go through pains to get root spaces Qx,,
» Use Cartan integers to identity Qx,,

» Solve easy linear equations.
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¢ How to compute Chevalley bases?

e What does 537 mean?
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For the remainder

char(IF) # 2

- n - wvw 1
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Example: Lie algebra gen’d by 2 extr. elts: x and y.
® Basis:

® Multiplication:
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® Basis: x vy

® Multiplication:
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Example: Lie algebra gen’d by 2 extr. elts: x and y.
® Basis: x y [x,y]

® Multiplication:
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Example: Lie algebra gen’d by 2 extr. elts: x and y.
® Basis: x v |x,y| |x, |x,y]|=ax

® Multiplication:
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Example: Lie algebra gen’d by 2 extr. elts: x and y.
® Basis: x v |x,y] Rehei=

® Multiplication:
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Example: Lie algebra gen’d by 2 extr. elts: x and y.

® Basis: x vy [x,y| pepewt==exly, v, y||= -y, [y, x]] = By

® Multiplication:

31/39

Thursday, May 27, 2010



Example: Lie algebra gen’d by 2 extr. elts: x and y.

® Basis: x y |v,y] popey=saxtroyi——Ttrxt—py

® Multiplication:
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Example: Lie algebra gen’d by 2 extr. elts: x and y.

® Basis: x y |v,y] popey=saxtroyi——Ttrxt—py

® Multiplication:
ol Xy vy
= N (v y]  ax
Y S -
0
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Example: Lie algebra gen’d by 2 extr. elts: x and y.

® Basis: x v |x,v]

® Multiplication:
Lol x y nyl e lx eyl
= N (v y]  ax
Y S -
%Y 0
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Example: Lie algebra gen’d by 2 extr. elts: x and y.

® Basis: x v |x,v]

® Multiplication: — [y, IXX] — —zx[x, 3/]
Ll ey vy
= N (v y]  ax
Y 0 —py
X, Y| 0

31/39
Thursday, May 27, 2010



® Basis: x v [x,V|

® Multiplication: — [y, IXX] — —DC[X, y]
Lol vy xnyl iy x xyl]]
x |0 vyl ax =[xy [xyl]] +[[xyllxyl]
y T = -yl 0
Y = —Blxy

31/39
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® Basis: x v [x,V|

® Multiplication: — [y, IXX] — —DC[X, y]
Lol vy xnyl iy x xyl]]
x |0 |yl ax =[xy [xy]]] +[[x ] [x yl]
[y | > _8‘3/ = |x,—By] +0
& = —Blxy
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Example: Lie algebra gen’d by 2 extr. elts: x and y.

® Basis: x y [x,y]

® Multiplication: — [y, IXX] — —DC[X, }/]
Lol vy xnyl iy x xyl]]
x |0 [xyl ax =[x lwlxyl]] + [[x vl [x yl]
Y 2 A If « £ 0
Y. : then L = Aq!

31/39

Thursday, May 27, 2010



" Facts about Extremal Elements

[f L is a Lie algebra géherated by extr. elts. then
® | has a basis B consisting of extremal elements,

® There exists a bilinear symmetric associative f such

that [x, [x, y]] = f(x, y)x (for all x, v),
® The B above is independent from the choice of

® Minimal numbers of extremal generators:

type num. gens cond. type num. gens cond.
A, n—+1 o B 5 Tt 7
B, n—+1 n>3 Fy4 5

&b 2n n_=2-2 (@) 4

D, n n>4
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® Basis: x, v, z,
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2, 2], 1% v, 2], [y, [, 20, 20 [x,

® Basis: X, Y, Z, [x/ y]/ [
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11,2, [ [ 2, Iy, [ 210 Je

® Basis: X, Y, Z, [x/ y]/ [
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g!!”! 3 o¢

) e

®§¢®

® Basis: x, v, z,[x, ], [x,2], [v,2], [x, [, 2]], [y, [x, 2]]

1

o % o 2lll= 5 (fy 12Dy = f(y, )y 2] = f(y, 2) [y, x))
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* Basis: x, ol [, [0, 2], [z, [v. 2], [T, 2]
YA (f(y, [%ﬁ—ﬁ%@—ﬂ—ﬁ@%}w
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® Multiplication: ....

e “Free” parameters: f(x,y), f(x,z), fly,z), flx,[y,z]).
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AITP ‘::“- Oors

oS U P4 1 v o

Lie algebra gen’d by 3 extr. elts: x, y, z.

e Basis: x,y,2,[x,v], [x,2), [v.2L, [x, [y, 2I], I [x, 2]) o by
1
LY 3 = s = Fs

® Multiplication: ....

® “Free” parameters: f(x,y), f(x,z), f(y,z), f(x,[y,z]).
® Chevalley basis! W.r.t. root system of type A, (IF = GF(5))

Xy — Dy hy = 2[xy]
GRSy END o B 1 I8 [ oo | [N ) oty [0l WA o8 v |8 [ bt |
Xarp = —2x+[xy]—[xz]—[x [y,2]]
Xy = VY
At —gert20xyl 27— [, [y, z]]
X_gp = Y—2[xyl+2[yz]+2[y, [x z]]
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xample:3 generators

"""

Lie algebra gen’d by 3 extr. elts: x, y, z.
® Basis:x, v,z [x,yl, %2, [y, 2], [x, [y, 2l], ly, [, 2]}, 2471

1
1 ~ — 1 ’7]\1
YR YD Y Y
® Multiplication: ....

® “Free” parameters: f(x,y), f(x,z), f(y,z), f(x,[y,z]).
® Chevalley basis! W.r.t. root system of type A, (IF = GF(5))

Xy — Dy hy = 2[xy]
xg = y—2[x,yl—2lyz] -y xz]] [ Rk o ) ] el 5 [T o [ | S [ o |
By e 0 R e Bl e
LB y x,y| = [x,2] = [x [y, z]] foy) = 1,
X — f(X,Z) =
N et 2yl H2kez =[x [y, 2] fly,z) = 3,
ey = =2kl == 2] 4 2 A flx,lyz]) = 4
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V=”?la$f

) e -

{ L e AN A L _ e AN L L AN N = B I e Y ol Wl by A\ N J L L J)e w4V Yy o ey e o e e = s S A\ e e e e e e
- @7k E = i i g iy Cpmiry, N = e x4 ¢l e Chics g o el 4 = gy A 2 el g 7 eyl il i Frieir il el el il et

® Basis: 28 elements: ...., u, |x, |y, |z, ul]l] <0

® Variety for fis 12-dimensional
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V=”?la$f

) e -

{ L e AN A L _ e AN L L AN N = B I e Y ol Wl by A\ N J L L J)e w4V Yy o ey S Y e s s = S A\ e e e e e e
- @7k E = i i g iy Cpmiry, N = e x4 ¢l e Chics g o el 4 = gy A 2 el g 7 rririeirr il el = Frieir il el el il et

® Basis: 28 elements: ...., u, [x, [y, [z, u]]]] & 0
® Variety for fis 12-dimensional

® “Generically” L = Dy
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Ampile: 4 generators

oS U P4 1 v o

Lie algebra L gen’d by 4 extr. elts: x, y, z, u.
® Basis: 28 elements: ..., [u, [, [y, |z, u]]]]
® Variety for fis 12-dimensional
® “Generically” L = Dy

X

Y

u
28-dim, Dy

34/39
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, N ry 1 -vs ras = -r-re - INY Sl O\ N 140 e A
6 \/

P TRy

® Basis: 28 elements: ...., [u, [x, [y, [z, u]]]]

® Variety for fis 12-dimensional A
® “Generically” L = Dy

X

Y

u
28-dim, Dy
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0)1

® Basis: 28 elements: ...., i, [x, [y, [z, u]]]]
® Variety for fis 12-dimensional
® “Generically” L = Dy

X

Yy X

y  Z
28-dim, Dy 21-dim, B3

u
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- Example: 4 generators =

Lie algebra L gen’d by 4 extr. elts: x, y, z, u.

® Basis: 28 elements: ...., i, [x, [y, [z, u]]]]
® Variety for fis 12-dimensional
® “Generically” L = Dy

X

Yy X

Ve, u “
28-dim, Dy 21-dim, B3 15-dim, A3

U
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The classical series
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Facts about Extremal Elements

If L is a Lie algebra generated by extr. elts. satistying I', a
finite graph, then:

® The choices for f such that L is of maximal dimension
form an algebraic variety X,

e [f I'is a Dynkin diagram, then X is affine and all
points in an open dense subset of X are Lie algebras
isomorphic to a single fixed Lie algebra L’,

e [f I'is of Dynkin diagram of affine type, then L’ is the
split finite-dimensional simple Lie algebra with that
Dynkin diagram.
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Finally:'5 generators

Lie algebra L gen’d by 5 extr. elts: x, vy, z, u, t.

X

Ay

7% U {

Y

Leave out three edges:

VAWAAFSNGFAR
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X
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Finally:'5 generators

Lie algebra L gen’d by 5 extr. elts: x, vy, z, u, t.

X
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7% U {

Y

Leave out three edges:
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Finally:'5 generators

Lie algebra L gen’d by 5 extr. elts: x, vy, z, u, t.

X

Ay

7% U {

Y

Leave out three edges:

VAWANAPANN. SN

78-dim Ee 78-dim Eg 78-dim Eg 86- d1m B3 /
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Finally:'5 generators

n dim type
Lie algebra L gen’d by 5 extr. elts 2 3 Aq
3 8 Aj
4 28 Dy
5 537 ?77

537

Theorems (ZK1991 / CSUW2001)
If L is a Lie algebra generated by extr. elts. then

¢ Minimal numbers of extremal generators:

type num. gens cond. type num. gens  cond.
A, n—+1 n>1 E, 5 n==ae6,7,8
B n—+1 n>3 Fy 5

o 2n n—="2 @) 4

D n n>4
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rinally:’5 generators

537
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