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• What is a Lie algebra?

• What is a Chevalley basis?

• How to compute Chevalley bases?

• What does 537 mean?
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Definition (Lie algebra L)

• Vector space 

• With a multiplication                                 that is

‣ Bilinear,

‣ Anti-symmetric, and

‣ Satisfies the Jacobi identity

What is a Lie Algebra?

3
Thursday, May 27, 2010
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Definition (Lie algebra L)

• Vector space 

• With a multiplication                                 that is

‣ Bilinear,

‣ Anti-symmetric, and

‣ Satisfies the Jacobi identity

What is a Lie Algebra?

3
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Classification (Killing, Cartan) 

For     algebraically closed and
                       the only simple Lie 
algebras are:

Simple Lie algebras

4
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Classification (Killing, Cartan) 

For     algebraically closed and
                       the only simple Lie 
algebras are:

Simple Lie algebras

4

Classification (Premet, Strade)
Over (alg. closed) finite fields:
•These classical Lie algebras,
✦Cartan type Lie algebras,
✦Melikyan Lie algebras.

... provided                       .

Other cases are WIP 
(Vaughan-Lee, Eick)

Thursday, May 27, 2010
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Why Study Lie Algebras?

5
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Why Study Lie Algebras?
• Study groups by their Lie algebras:
‣ Simple algebraic group G       unique Lie algebra L
‣ Many properties carry over to L
‣ Easier to calculate in L
‣ G ≤ Aut(L), often even G = Aut(L)

5
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Why Study Lie Algebras?
• Study groups by their Lie algebras:
‣ Simple algebraic group G       unique Lie algebra L
‣ Many properties carry over to L
‣ Easier to calculate in L
‣ G ≤ Aut(L), often even G = Aut(L)

• Opportunities for:
‣ Recognition,
‣ Solving conjugation problems,
‣ ...

5
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Why Study Lie Algebras?
• Study groups by their Lie algebras:
‣ Simple algebraic group G       unique Lie algebra L
‣ Many properties carry over to L
‣ Easier to calculate in L
‣ G ≤ Aut(L), often even G = Aut(L)

• Opportunities for:
‣ Recognition,
‣ Solving conjugation problems,
‣ ...

• Because there are problems to be solved!
‣ ... and there was a thesis to be written...

5
Thursday, May 27, 2010
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(Almost trivial) Example (1)

• Matrix Lie algebra: elements are 2x2 matrices 
of trace 0, called 

• Basis:

• Multiplication:

6
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(Almost trivial) Example (1)

• Matrix Lie algebra: elements are 2x2 matrices 
of trace 0, called 

• Basis:

• Multiplication:

6

Definition (Lie algebra L)

• Vector space 

• With a multiplication                                 that is

‣ Bilinear,

‣ Anti-symmetric, and

‣ Satisfies the Jacobi identity

Thursday, May 27, 2010
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(Almost trivial) Example (1)

• Matrix Lie algebra: elements are 2x2 matrices 
of trace 0, called 

• Basis:

• Multiplication:

6

Definition (Lie algebra L)

• Vector space 

• With a multiplication                                 that is

‣ Bilinear,

‣ Anti-symmetric, and

‣ Satisfies the Jacobi identity

✔

Thursday, May 27, 2010



!""
"!"
"!"
""""

!!!
!!"

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!"
!!!
!!"
""!
"""
!""
!

!!
!!
!!
"!
!!
!"
"!
!!
!!
!

!
"

#
$

%
&

'(

/39

(Almost trivial) Example (1)

• Matrix Lie algebra: elements are 2x2 matrices 
of trace 0, called 

• Basis:

• Multiplication:

6

Definition (Lie algebra L)

• Vector space 

• With a multiplication                                 that is

‣ Bilinear,

‣ Anti-symmetric, and

‣ Satisfies the Jacobi identity

✔

✔
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• With a multiplication                                 that is

‣ Bilinear,

‣ Anti-symmetric, and

‣ Satisfies the Jacobi identity

✔

✔

✔

✔

Thursday, May 27, 2010



!""
"!"
"!"
""""

!!!
!!"

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!"
!!!
!!"
""!
"""
!""
!

!!
!!
!!
"!
!!
!"
"!
!!
!!
!

!
"

#
$

%
&

'(

/39

(Almost trivial) Example (1)

• Matrix Lie algebra: elements are 2x2 matrices 
of trace 0, called 

• Basis:

• Multiplication:

6

Definition (Lie algebra L)

• Vector space 

• With a multiplication                                 that is

‣ Bilinear,

‣ Anti-symmetric, and

‣ Satisfies the Jacobi identity

✔

✔

✔

✔

✔

Thursday, May 27, 2010



!""
"!"
"!"
""""

!!!
!!"

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!"
!!!
!!"
""!
"""
!""
!

!!
!!
!!
"!
!!
!"
"!
!!
!!
!

!
"

#
$

%
&

'(

/39

(Almost trivial) Example (1)

• Matrix Lie algebra: elements are 2x2 matrices 
of trace 0, called 

• Basis:

• Multiplication:

6

Definition (Lie algebra L)

• Vector space 

• With a multiplication                                 that is

‣ Bilinear,

‣ Anti-symmetric, and

‣ Satisfies the Jacobi identity

✔

✔

✔

✔

✔

Can turn any 
matrix algebra into a 

Lie algebra
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(Almost trivial) Example (2)

• As a structure constant algebra:

• Basis:

• Multiplication:

7
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(Almost trivial) non-example

• As a structure constant algebra:

• Basis:

• Multiplication:
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• What is a Lie algebra?

• What is a Chevalley basis?

• How to compute Chevalley bases?

• What does 537 mean?

Thursday, May 27, 2010



!""
"!"
"!"
""""

!!!
!!"

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!"
!!!
!!"
""!
"""
!""
!

!!
!!
!!
"!
!!
!"
"!
!!
!!
!

!
"

#
$

%
&

'(
Outline

• What is a Lie algebra?

• What is a Chevalley basis?

• How to compute Chevalley bases?

• What does 537 mean?

Thursday, May 27, 2010



!""
"!"
"!"
""""

!!!
!!"

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!"
!!!
!!"
""!
"""
!""
!

!!
!!
!!
"!
!!
!"
"!
!!
!!
!

!
"

#
$

%
&

'(

/39

Chevalley Bases

9

x Α

x Β x Α�Β

x �Α

x �Βx�Α�Β

H

Many Lie algebras have a Chevalley basis!

Thursday, May 27, 2010
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Root Systems

10

• A hexagon,
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10

• A hexagon,
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Root Systems

10

Α

Β

• A hexagon,
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Root Systems

10

Α

Β

Α

Β Α�Β

�Α

�Β�Α�Β

• A hexagon,

• A root system of type 
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Root Data

11

Definition (Root datum R)

•  

• X and Y: Dual free     -modules,

• Put in duality by         ,

•              : roots,     

•                : coroots.
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Root Data

11

One Root system
Several Root data:

“adjoint”

“simply connected”
{ ...

Definition (Root datum R)

•  

• X and Y: Dual free     -modules,

• Put in duality by         ,

•              : roots,     

•                : coroots.
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Root Data

12

One Root system
Several Root data:

“adjoint”

“simply connected”
{ ...

Definition (Root datum R)

•  
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Root Data

12

One Root system
Several Root data:

“adjoint”

“simply connected”
{ ...

Definition (Root datum R)

•  

Irreducible root data:

Thursday, May 27, 2010
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Root Data

13

Α

Β Α�Β

�Α

�Β�Α�Β

• A hexagon,

• A root system of type 

Thursday, May 27, 2010



!""
"!"
"!"
""""

!!!
!!"

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!"
!!!
!!"
""!
"""
!""
!

!!
!!
!!
"!
!!
!"
"!
!!
!!
!

!
"

#
$

%
&

'(

/39

Root Data

13

Α

Β Α�Β

�Α

�Β�Α�Β

• A hexagon,

• A root system of type 

• A Lie algebra of type 
x Α

x Β x Α�Β

x �Α

x �Βx�Α�Β

H
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Chevalley Basis

14

• Basis:

• Multiplication (for                                              and 
linearly extended) :

Definition (Chevalley Lie algebra)

and satisfying the Jacobi identity.
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• Basis:

• Multiplication (for                                              and 
linearly extended) :

and satisfying the Jacobi identity.

x Α

x Β x Α�Β

x �Α

x �Βx�Α�Β

H
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• Basis:

• Multiplication (for                                              and 
linearly extended) :

Definition (Chevalley Lie algebra)

and satisfying the Jacobi identity.
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Chevalley Basis

14

• Basis:

• Multiplication (for                                              and 
linearly extended) :

Definition (Chevalley Lie algebra)

and satisfying the Jacobi identity.

Such a basis is called a Chevalley basis.
Thursday, May 27, 2010
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Why Chevalley bases?

• Because transformation between two Chevalley 

bases is an automorphism of L,

• So we can test isomorphism between two Lie 

algebras (and find isomorphisms!) by computing 

Chevalley bases.

15
Thursday, May 27, 2010
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Why Chevalley bases?
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Why Chevalley bases?

16
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Why Chevalley bases?
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Why Chevalley bases?

16

x Α

x Β x Α�Β

x �Α

x �Βx�Α�Β

H

L x Α

x Β x Α�Β

x �Α

x �Βx�Α�Β

H

equalisomorphic!
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Why Chevalley bases?
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Why Chevalley bases?
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Why Chevalley bases?

17

x Α

x Β x Α�Β

x �Α

x �Βx�Α�Β

H

L x Α

x Β xΑ�Β x2Α�Β
x3Α�Β

x3Α�2Β

x �Α

x �Βx�Α�Βx�2Α�Βx�3Α�Β
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Why Chevalley bases?
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not equalnon-
isomorphic!
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Outline

• What is a Lie algebra?

• What is a Chevalley basis?

• How to compute Chevalley bases?

• What does 537 mean?
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• What is a Lie algebra?

• What is a Chevalley basis?

• How to compute Chevalley bases?

• What does 537 mean?
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The Mission

• Given a Lie algebra (on a computer),

• We want to know which Lie algebra it is,

• So want to compute a Chevalley basis for it.

19

Root datum, 
field

Group of 
Lie type

Matrix 
Lie algebra

....

Chevalley Basis 
Algorithm x Α

x Β x Α�Β

x �Α

x �Βx�Α�Β

HL
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The Mission

20

Root datum, 
field

Group of 
Lie type

Matrix 
Lie algebra

....

Chevalley Basis 
Algorithm x Α

x Β x Α�Β

x �Α

x �Βx�Α�Β

HL

• Assume a split Cartan subalgebra H is given (separate 
problem; Cohen/Murray, indep. Ryba)

• Assume R is given (easy to find)

Thursday, May 27, 2010
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The Mission

21

Root datum, 
field

Group of 
Lie type

Matrix 
Lie algebra

....

Chevalley Basis 
Algorithm x Α

x Β x Α�Β

x �Α

x �Βx�Α�Β

HL

Algorithms:

•                               :  De Graaf, Murray (implemented 
in GAP, Magma)

•                           : Cohen, R. (implemented in Magma)

Thursday, May 27, 2010
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Computing Chevalley bases

22

• Given this Lie algebra L over     :

• and split Cartan subalgebra

Thursday, May 27, 2010
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Computing Chevalley bases

22

• Given this Lie algebra L over     :

• and split Cartan subalgebra

• Normally:

‣ Diagonalise L wrt H,

‣ Use Cartan integers to identify        ,

‣ Solve easy linear equations. 

Thursday, May 27, 2010
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Computing Chevalley bases
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• Given this Lie algebra L over     :

• and split Cartan subalgebra

• Normally:

‣ Diagonalise L wrt H,
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• Given this Lie algebra L over     :

• and split Cartan subalgebra

• Normally:
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‣ Use Cartan integers to identify        ,
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Computing Chevalley bases

22

• Given this Lie algebra L over     :

• and split Cartan subalgebra

• Normally:

‣ Diagonalise L wrt H,

‣ Use Cartan integers to identify        ,

‣ Solve easy linear equations. 

What if

?
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Computing Chevalley bases

22

• Given this Lie algebra L over     :

• and split Cartan subalgebra

• Normally:

‣ Diagonalise L wrt H,

‣ Use Cartan integers to identify        ,

‣ Solve easy linear equations. 

What if

?

✔
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Computing Chevalley bases

22

• Given this Lie algebra L over     :

• and split Cartan subalgebra

• Normally:

‣ Diagonalise L wrt H,

‣ Use Cartan integers to identify        ,

‣ Solve easy linear equations. 

What if

?

✔

✘
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Computing Chevalley bases

22

• Given this Lie algebra L over     :

• and split Cartan subalgebra

• Normally:

‣ Diagonalise L wrt H,

‣ Use Cartan integers to identify        ,

‣ Solve easy linear equations. 

What if

?

✔

✘

✘
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‣ Use Cartan integers to identify        ,

Computing Chevalley bases

22

• Given this Lie algebra L over     :

• and split Cartan subalgebra

• Normally:

‣ Diagonalise L wrt H,

‣ Use Cartan integers to identify        ,

‣ Solve easy linear equations. 

What if

?

✔

✘

✘

Thursday, May 27, 2010
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Computing Chevalley bases

23

‣ Use Cartan integers to identify        ,

• Remedied by:

‣ An, Dn, E6, E7, E8 : Use                  and                            
to determine              ,

‣ Bn, Cn, F4, G2 : Use ideals of type Dn, Dn, D4, A2, resp.

Thursday, May 27, 2010
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Computing Chevalley bases

24

‣ Diagonalise L wrt H
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Computing Chevalley bases

24

‣ Diagonalise L wrt H
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Computing Chevalley bases

24

‣ Diagonalise L wrt H
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Computing Chevalley bases

25

‣ Diagonalise L wrt H: The centraliser method

x Α

x Β xΑ�Β x2Α�Β
x3Α�Β

x3Α�2Β

x �Α

x �Βx�Α�Βx�2Α�Βx�3Α�Β

x�3Α�2Β

H

G2, char. 3

Thursday, May 27, 2010
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Computing Chevalley bases

25

‣ Diagonalise L wrt H: The centraliser method

x Α

x Β xΑ�Β x2Α�Β
x3Α�Β

x3Α�2Β

x �Α

x �Βx�Α�Βx�2Α�Βx�3Α�Β

x�3Α�2Β

H

G2, char. 3

• Situation:

‣ 6 eigenspc. of dim. 1,

‣ 2 eigenspc. of dim. 3,

Thursday, May 27, 2010



!""
"!"
"!"
""""

!!!
!!"

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!"
!!!
!!"
""!
"""
!""
!

!!
!!
!!
"!
!!
!"
"!
!!
!!
!

!
"

#
$

%
&

'(

/39

Computing Chevalley bases

25

‣ Diagonalise L wrt H: The centraliser method

x Α

x Β xΑ�Β x2Α�Β
x3Α�Β

x3Α�2Β

x �Α

x �Βx�Α�Βx�2Α�Βx�3Α�Β

x�3Α�2Β

H

G2, char. 3

• Situation:

‣ 6 eigenspc. of dim. 1,

‣ 2 eigenspc. of dim. 3,

• Strategy:

‣ “Pivot” with the 1-dim 
eigenspaces

Thursday, May 27, 2010
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‣ “Pivot” with the 1-dim 
eigenspaces

Thursday, May 27, 2010



!""
"!"
"!"
""""

!!!
!!"

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!"
!!!
!!"
""!
"""
!""
!

!!
!!
!!
"!
!!
!"
"!
!!
!!
!

!
"

#
$

%
&

'(

/39

Computing Chevalley bases

26

‣ Diagonalise L wrt H: The Lie algebra of derivations
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Computing Chevalley bases

26

‣ Diagonalise L wrt H: The Lie algebra of derivations

•  
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Computing Chevalley bases

26

‣ Diagonalise L wrt H: The Lie algebra of derivations

•  

• Observe:

‣              is a Lie algebra,

‣ (almost)                      . 
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Computing Chevalley bases

26

‣ Diagonalise L wrt H: The Lie algebra of derivations

•  

• Observe:

‣              is a Lie algebra,

‣ (almost)                      . 

• D4 in char. 2 comes in three flavours:
D4(Ad)

ES: 12x2

D4(1)

ES: 6x4

D4(sc)

ES: 3x8
Thursday, May 27, 2010
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Computing Chevalley bases

26

‣ Diagonalise L wrt H: The Lie algebra of derivations

•  

• Observe:

‣              is a Lie algebra,

‣ (almost)                      . 

• D4 in char. 2 comes in three flavours:
D4(Ad)

ES: 12x2

D4(1)

ES: 6x4

D4(sc)

ES: 3x8

1
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‣ Diagonalise L wrt H: The Lie algebra of derivations

• D4 in char. 2 comes in three flavours:
D4(Ad)

ES: 12x2

D4(1)

ES: 6x4

D4(sc)

ES: 3x8

1
1
26

1
26
1

26
1
1

Thursday, May 27, 2010



!""
"!"
"!"
""""

!!!
!!"

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!"
!!!
!!"
""!
"""
!""
!

!!
!!
!!
"!
!!
!"
"!
!!
!!
!

!
"

#
$

%
&

'(

/39

Computing Chevalley bases

27

‣ Diagonalise L wrt H: The Lie algebra of derivations

• D4 in char. 2 comes in three flavours:
D4(Ad)

ES: 12x2

D4(1)

ES: 6x4

D4(sc)

ES: 3x8
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1
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Computing Chevalley bases

27

‣ Diagonalise L wrt H: The Lie algebra of derivations

• D4 in char. 2 comes in three flavours:
D4(Ad)

ES: 12x2

D4(1)

ES: 6x4

D4(sc)

ES: 3x8

1
1
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1
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Der
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Computing Chevalley bases

27

‣ Diagonalise L wrt H: The Lie algebra of derivations

• D4 in char. 2 comes in three flavours:
D4(Ad)

ES: 12x2

D4(1)

ES: 6x4

D4(sc)

ES: 3x8

1
1
26

1
26
1

26
1
1

Der

Der

• Find root spaces in D4(1) and D4(sc) using the 
eigenspaces of Der(L) = D4(Ad)
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Computing Chevalley bases

28

• Normally:

‣ Use Cartan integers to identify        ,

‣ Solve easy linear equations. 

‣ Diagonalise L wrt H,
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Computing Chevalley bases

28

‣ Use Cartan integers to identify        ,

‣ Solve easy linear equations. 

‣ Go through pains to get root spaces        ,

‣ Diagonalise L wrt H,

• In char. 2, 3:

Thursday, May 27, 2010
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Runtimes

j j GF(2^j) GF(3^j) GF(5^j) GF(59^j) O(Log(q)) O(Log(q)^4)
1 1.2 10.476 0.544 0.226 0.304 40 0.01

j j GF(2^j) GF(3^j) GF(5^j) GF(59^j) O(Log(q)) O(Log(q)^4)
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

9.6 18.756 0.656 0.280 0.266 80 0.16
32.4 29.942 0.646 0.270 0.262 120 0.81
76.8 29.358 0.656 0.274 0.464 160 2.56
150 140.968 0.676 0.252 0.628 200 6.25

259.2 145.010 0.602 0.274 0.532 240 12.96
411.6 149.502 0.606 0.258 0.762 280 24.01
614.4 152.864 0.598 0.262 0.666 320 40.96
874.8 149.794 0.605 0.478 0.672 360 65.61
1200 149.670 0.606 0.456 0.890 400 100

1597.2 152.274 0.612 0.776 1.372 440 146.41
2073.6 154.490 0.612 0.478 0.888 480 207.36
2636.4 160.858 1.270 0.916 1.668 520 285.61
3292.8 155.144 0.956 0.516 1.404 560 384.16

4050 153.662 1.036 0.544 1.184 600 506.25
4915.2 156.768 0.964 0.562 1.900 640 655.36
5895.6 196.812 1.394 1.270 2.572 680 835.21
6998.4 214.476 1.010 0.598 1.596 720 1049.76
8230.8 246.770 1.512 1.474 3.302 760 1303.21

9600 255.868 1.030 0.680 2.870 800 1600

GF( 2j )

GF( 59j )
GF( 3j )
GF( 5j )

O( log(q) )
O( log(q)4 )

j

Ru
nt

im
e (

s)

0.01

0.1

1

10

100

1000

10000

1 5 10 20

j j GF(2^j) GF(3^j) GF(5^j) GF(59^j) O(Log(q)) O(Log(q)^4)
1 1.2 10.476 0.544 0.226 0.304 40 0.01

j j GF(2^j) GF(3^j) GF(5^j) GF(59^j) O(Log(q)) O(Log(q)^4)
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

9.6 18.756 0.656 0.280 0.266 80 0.16
32.4 29.942 0.646 0.270 0.262 120 0.81
76.8 29.358 0.656 0.274 0.464 160 2.56
150 140.968 0.676 0.252 0.628 200 6.25

259.2 145.010 0.602 0.274 0.532 240 12.96
411.6 149.502 0.606 0.258 0.762 280 24.01
614.4 152.864 0.598 0.262 0.666 320 40.96
874.8 149.794 0.605 0.478 0.672 360 65.61
1200 149.670 0.606 0.456 0.890 400 100

1597.2 152.274 0.612 0.776 1.372 440 146.41
2073.6 154.490 0.612 0.478 0.888 480 207.36
2636.4 160.858 1.270 0.916 1.668 520 285.61
3292.8 155.144 0.956 0.516 1.404 560 384.16

4050 153.662 1.036 0.544 1.184 600 506.25
4915.2 156.768 0.964 0.562 1.900 640 655.36
5895.6 196.812 1.394 1.270 2.572 680 835.21
6998.4 214.476 1.010 0.598 1.596 720 1049.76
8230.8 246.770 1.512 1.474 3.302 760 1303.21

9600 255.868 1.030 0.680 2.870 800 1600

GF( 2j )

GF( 59j )
GF( 3j )
GF( 5j )

O( log(q) )
O( log(q)4 )

j

Ru
nt

im
e (

s)

0.01

0.1

1

10

100

1000

10000

1 5 10 20

By field
29
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Runtimes

x Rank An Bn Cn Dn O(n^6) O(n^10)
3
4
10.8 0.7 0.4 0.1 0.3 0.0243 0.59049
19.2 0.1 1.9 1.1 3.2 0.13653 10.48576

x Rank An Bn Cn Dn O(n^6) O(n^10)
5
6
7
8
9

30 0.2 4.8 10 22 0.52083 97.65625
43.2 0.6 20 40 121 1.5552 604.66176
58.8 1.5 54 172 545 3.92163 2824.75249
76.8 3.6 172 693 1994 8.73813 10737.4182
97.2 7.9 493 2212 6396 17.7147 34867.844

An

Bn

Cn

Dn

O(n10)

O(n6)

n

Ru
nt

im
e (

s)

0.01

0.1

1

10

100

1000

10000

100000

3 4 5 6 7 8 9

x Rank An Bn Cn Dn O(n^6) O(n^10)
3
4
10.8 0.7 0.4 0.1 0.3 0.0243 0.59049
19.2 0.1 1.9 1.1 3.2 0.13653 10.48576

x Rank An Bn Cn Dn O(n^6) O(n^10)
5
6
7
8
9

30 0.2 4.8 10 22 0.52083 97.65625
43.2 0.6 20 40 121 1.5552 604.66176
58.8 1.5 54 172 545 3.92163 2824.75249
76.8 3.6 172 693 1994 8.73813 10737.4182
97.2 7.9 493 2212 6396 17.7147 34867.844

An

Bn

Cn

Dn

O(n10)

O(n6)

n

Ru
nt

im
e (

s)

0.01

0.1

1

10

100

1000

10000

100000

3 4 5 6 7 8 9

GF(26)
29
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Runtimes

x Rank An Bn Cn Dn O(n^8) O(n^10)
3
4
10.8 0 0.1 0.1 0 0.02187 0.0059049
19.2 0.1 0.2 0.2 0.1 0.21845 0.1048576

x Rank An Bn Cn Dn O(n^8) O(n^10)
5
6
7
8
9

30 0.1 0.9 0.9 0.3 1.30208 0.9765625
43.2 0.4 3.2 3.2 0.9 5.59872 6.0466176
58.8 0.9 10 10 2.8 19.216 28.2475249
76.8 2 27 27 7.7 55.9241 107.374182
97.2 4.2 68 69 19 143.489 348.67844

An

Bn, Cn

Dn

O(n10)

Ru
nt

im
e (

s)

0.001

0.01

0.1

1

10

100

1000
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n

3 4 5 6 7 8 9

x Rank An Bn Cn Dn O(n^8) O(n^10)
3
4
10.8 0 0.1 0.1 0 0.02187 0.0059049
19.2 0.1 0.2 0.2 0.1 0.21845 0.1048576

x Rank An Bn Cn Dn O(n^8) O(n^10)
5
6
7
8
9

30 0.1 0.9 0.9 0.3 1.30208 0.9765625
43.2 0.4 3.2 3.2 0.9 5.59872 6.0466176
58.8 0.9 10 10 2.8 19.216 28.2475249
76.8 2 27 27 7.7 55.9241 107.374182
97.2 4.2 68 69 19 143.489 348.67844

An

Bn, Cn

Dn

O(n10)

Ru
nt

im
e (

s)

0.001

0.01

0.1

1

10

100

1000

O(n8)

n

3 4 5 6 7 8 9

GF(33)
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Runtimes

x Rank An Bn Cn Dn O(n^8) O(n^10)
3
4
10.8 0 0 0 0 0.0243 0.00059049
19.2 0 0.1 0.1 0.1 0.13653 0.01048576

x Rank An Bn Cn Dn O(n^8) O(n^10)
5
6
7
8
9

30 0.1 0.2 0.2 0.1 0.52083 0.09765625
43.2 0.2 0.6 0.6 0.4 1.5552 0.60466176
58.8 0.5 1.6 1.6 1.1 3.92163 2.82475249
76.8 1 3.9 3.9 2.8 8.73813 10.7374182
97.2 2 8.8 8.8 6.4 17.7147 34.867844

An

Bn, Cn

Dn

O(n10)

Ru
nt

im
e (

s)

0

0.001

0.01

0.1

1

10

100

O(n8)

n

4 5 6 7 8 9

x Rank An Bn Cn Dn O(n^8) O(n^10)
3
4
10.8 0 0 0 0 0.0243 0.00059049
19.2 0 0.1 0.1 0.1 0.13653 0.01048576

x Rank An Bn Cn Dn O(n^8) O(n^10)
5
6
7
8
9

30 0.1 0.2 0.2 0.1 0.52083 0.09765625
43.2 0.2 0.6 0.6 0.4 1.5552 0.60466176
58.8 0.5 1.6 1.6 1.1 3.92163 2.82475249
76.8 1 3.9 3.9 2.8 8.73813 10.7374182
97.2 2 8.8 8.8 6.4 17.7147 34.867844

An

Bn, Cn

Dn

O(n10)

Ru
nt

im
e (

s)

0

0.001

0.01

0.1

1

10

100

O(n8)

n

4 5 6 7 8 9

GF(17)
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Runtimes

x Rank An Bn Cn Dn O(n^8) O(n^10)
3
4
10.8 0 0 0 0 0.0243 0.00059049
19.2 0.1 0.1 0.1 0.1 0.13653 0.01048576

x Rank An Bn Cn Dn O(n^8) O(n^10)
5
6
7
8
9

30 0.1 0.3 0.3 0.2 0.52083 0.09765625
43.2 0.3 0.9 0.9 0.6 1.5552 0.60466176
58.8 0.6 2.2 2.2 1.6 3.92163 2.82475249
76.8 1.4 5.3 5.2 3.8 8.73813 10.7374182
97.2 2.8 12 12 8.6 17.7147 34.867844

An

Bn, Cn

Dn

O(n10)

Ru
nt

im
e (

s)

0

0.001

0.01

0.1

1

10

100

O(n8)

n

4 5 6 7 8 9

x Rank An Bn Cn Dn O(n^8) O(n^10)
3
4
10.8 0 0 0 0 0.0243 0.00059049
19.2 0.1 0.1 0.1 0.1 0.13653 0.01048576

x Rank An Bn Cn Dn O(n^8) O(n^10)
5
6
7
8
9

30 0.1 0.3 0.3 0.2 0.52083 0.09765625
43.2 0.3 0.9 0.9 0.6 1.5552 0.60466176
58.8 0.6 2.2 2.2 1.6 3.92163 2.82475249
76.8 1.4 5.3 5.2 3.8 8.73813 10.7374182
97.2 2.8 12 12 8.6 17.7147 34.867844

An

Bn, Cn

Dn

O(n10)

Ru
nt

im
e (

s)

0

0.001

0.01

0.1

1

10

100

O(n8)

n

4 5 6 7 8 9

29
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Outline

• What is a Lie algebra?

• What is a Chevalley basis?

• How to compute Chevalley bases?

• What does 537 mean?
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Outline

• What is a Lie algebra?

• What is a Chevalley basis?

• How to compute Chevalley bases?

• What does 537 mean?

Thursday, May 27, 2010
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/3931

Extremal elements

An element x of a Lie algebra L is called extremal 
if, for all            :                            .

Definition (Extremal element)

Thursday, May 27, 2010
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Extremal elements

An element x of a Lie algebra L is called extremal 
if, for all            :                            .

Definition (Extremal element)
For the remainder

Thursday, May 27, 2010
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Example: Lie algebra gen’d by 2 extr. elts: x and y.

• Basis: 

• Multiplication:

31

Extremal elements

An element x of a Lie algebra L is called extremal 
if, for all            :                            .

Definition (Extremal element)

Thursday, May 27, 2010
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Example: Lie algebra gen’d by 2 extr. elts: x and y.

• Basis: 

• Multiplication:

31

Extremal elements

An element x of a Lie algebra L is called extremal 
if, for all            :                            .

Definition (Extremal element)
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Example: Lie algebra gen’d by 2 extr. elts: x and y.

• Basis: 

• Multiplication:

31

Extremal elements

An element x of a Lie algebra L is called extremal 
if, for all            :                            .

Definition (Extremal element)
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• Multiplication:
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Extremal elements

An element x of a Lie algebra L is called extremal 
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Definition (Extremal element)
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31
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Example: Lie algebra gen’d by 2 extr. elts: x and y.

• Basis: 

• Multiplication:

31

Extremal elements

An element x of a Lie algebra L is called extremal 
if, for all            :                            .

Definition (Extremal element)
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Facts about Extremal Elements

32

Theorems (ZK1991 / CSUW2001)
If L is a Lie algebra generated by extr. elts. then

• L has a basis B consisting of extremal elements,

• There exists a bilinear symmetric associative f such 
that                                    (for all x, y), 

• The B above is independent from the choice of f,

• Minimal numbers of extremal generators:
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Example: 3 generators

33

Lie algebra gen’d by 3 extr. elts: x, y, z.

• Basis: x, y, z,
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Example: 3 generators

33

Lie algebra gen’d by 3 extr. elts: x, y, z.

• Basis: x, y, z,
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Example: 3 generators

33

Lie algebra gen’d by 3 extr. elts: x, y, z.

• Basis: x, y, z,
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Example: 3 generators

33

Lie algebra gen’d by 3 extr. elts: x, y, z.

• Basis: x, y, z,
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Example: 3 generators

33

Lie algebra gen’d by 3 extr. elts: x, y, z.

• Basis: x, y, z,
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Example: 3 generators

33

Lie algebra gen’d by 3 extr. elts: x, y, z.

• Basis: x, y, z,
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Example: 3 generators

33

Lie algebra gen’d by 3 extr. elts: x, y, z.

• Basis: x, y, z,

• Multiplication: ....

• “Free” parameters: f(x,y), f(x,z), f(y,z), f(x,[y,z]).

Thursday, May 27, 2010



!""
"!"
"!"
""""

!!!
!!"

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!!
!!!
!!!
!!!
!!!
!!!
!

!!"
!!!
!!"
""!
"""
!""
!

!!
!!
!!
"!
!!
!"
"!
!!
!!
!

!
"

#
$

%
&

'(

/39

Example: 3 generators

33

Lie algebra gen’d by 3 extr. elts: x, y, z.

• Basis: x, y, z,

• Multiplication: ....

• “Free” parameters: f(x,y), f(x,z), f(y,z), f(x,[y,z]).

• Chevalley basis! W.r.t. root system of type A2 
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Lie algebra gen’d by 3 extr. elts: x, y, z.

• Basis: x, y, z,

• Multiplication: ....

• “Free” parameters: f(x,y), f(x,z), f(y,z), f(x,[y,z]).

• Chevalley basis! W.r.t. root system of type A2 
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Example: 4 generators
Lie algebra L gen’d by 4 extr. elts: x, y, z, u.

• Basis: 28 elements: ...., 

34
Thursday, May 27, 2010
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Example: 4 generators
Lie algebra L gen’d by 4 extr. elts: x, y, z, u.

• Basis: 28 elements: ...., 

• Variety for f is 12-dimensional

34
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Example: 4 generators
Lie algebra L gen’d by 4 extr. elts: x, y, z, u.

• Basis: 28 elements: ...., 

• Variety for f is 12-dimensional

• “Generically” 

34
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Example: 4 generators
Lie algebra L gen’d by 4 extr. elts: x, y, z, u.

• Basis: 28 elements: ...., 

• Variety for f is 12-dimensional

• “Generically” 

34

x y

z u
28-dim, D4
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Example: 4 generators
Lie algebra L gen’d by 4 extr. elts: x, y, z, u.

• Basis: 28 elements: ...., 

• Variety for f is 12-dimensional

• “Generically” 

34

x y

z u
28-dim, D4
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Example: 4 generators
Lie algebra L gen’d by 4 extr. elts: x, y, z, u.

• Basis: 28 elements: ...., 

• Variety for f is 12-dimensional

• “Generically” 

34

x y

z u
28-dim, D4

x y

z u
21-dim, B3
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Example: 4 generators
Lie algebra L gen’d by 4 extr. elts: x, y, z, u.

• Basis: 28 elements: ...., 

• Variety for f is 12-dimensional

• “Generically” 

34

x y

z u
28-dim, D4

x y

z u
21-dim, B3

x y

z u
15-dim, A3
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The classical series

35

Theorem (in ‘t Panhuis, Postma, R., 2007)
1

32 n
An-1

1

32

n-1
Dn

n

n-2

1

32

n-1
Bn-1

n

n-2

1 2 n
Cn/2

3
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Facts about Extremal Elements

36

Theorems (Draisma, in ‘t Panhuis, 2008)

If L is a Lie algebra generated by extr. elts. satisfying    , a 
finite graph, then:

• The choices for f such that L is of maximal dimension 
form an algebraic variety X,

• If    is a Dynkin diagram, then X is affine and all 
points in an open dense subset of X are Lie algebras 
isomorphic to a single fixed Lie algebra L’,

• If    is of Dynkin diagram of affine type, then L’ is the 
split finite-dimensional simple Lie algebra with that 
Dynkin diagram.
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Facts about Extremal Elements

36

Theorems (Draisma, in ‘t Panhuis, 2008)

If L is a Lie algebra generated by extr. elts. satisfying    , a 
finite graph, then:

• The choices for f such that L is of maximal dimension 
form an algebraic variety X,

• If    is a Dynkin diagram, then X is affine and all 
points in an open dense subset of X are Lie algebras 
isomorphic to a single fixed Lie algebra L’,

• If    is of Dynkin diagram of affine type, then L’ is the 
split finite-dimensional simple Lie algebra with that 
Dynkin diagram.
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Finally: 5 generators
Lie algebra L gen’d by 5 extr. elts

37

A4

x

zy u t

: x, y, z, u, t.
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Finally: 5 generators
Lie algebra L gen’d by 5 extr. elts

37

A4

x

zy u t

Leave out three edges:

: x, y, z, u, t.
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Finally: 5 generators
Lie algebra L gen’d by 5 extr. elts

37

A4

x

zy u t

Leave out three edges:

78-dim

: x, y, z, u, t.
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Finally: 5 generators
Lie algebra L gen’d by 5 extr. elts

37

A4

x

zy u t

Leave out three edges:

78-dim E6

: x, y, z, u, t.
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Finally: 5 generators
Lie algebra L gen’d by 5 extr. elts
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Finally: 5 generators
Lie algebra L gen’d by 5 extr. elts

37

A4

x

zy u t

Leave out three edges:

78-dim E6 78-dim E6 78-dim E6 86-dim

: x, y, z, u, t.
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x
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Leave out three edges:

78-dim E6 78-dim E6 78-dim E6 86-dim
D4 /..
B3 /..

: x, y, z, u, t.
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Finally: 5 generators
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Finally: 5 generators
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Finally: 5 generators
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Finally: 5 generators

38

537

Theorems (ZK1991 / CSUW2001)
If L is a Lie algebra generated by extr. elts. then

• Minimal numbers of extremal generators:

Lie algebra L gen’d by 5 extr. elts
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Finally: 5 generators
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Finally: 5 generators
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