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» What is a Lie algebra?

» What is a Chevalley basis?
» How to compute Chevalley bases?
» Does it work?

» What next?
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What is a Lie Algebra?

» Vector space: [F"
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What is a Lie Algebra?

» Vector space: [F"

» Multiplication |-,-| : L x L — L thatis
e Bilinear,
* Anti-symmetric,
» Satisfies Jacobi identity:

1z, [y, 2)] 4 [y, 2, 2]) + |z, [, )] = O
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What is a Lie Algebra?

» Vector space: [F"

» Multiplication
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Simple Lie algebras

Classification (Killing, Cartan)

If char(IF) = 0 or big enough then the
only simple Lie algebras are:
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Why Study Lie Algebras?
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Why Study Lie Algebras?

» Study groups by their Lie algebras:
* Simple algebraic group G <-> Unique Lie algebra L
* Many properties carry over to L
* Easierto calculateinlL
* G < Aut(L), often even G = Aut(L)
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Why Study Lie Algebras?

» Study groups by their Lie algebras:
* Simple algebraic group G <-> Unique Lie algebra L
* Many properties carry over to L
* Easierto calculateinlL
* G < Aut(L), often even G = Aut(L)
» Opportunities for:
* Recognition
* Conjugation
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Why Study Lie Algebras?

» Study groups by their Lie algebras:
* Simple algebraic group G <-> Unique Lie algebra L
* Many properties carry over to L
* Easierto calculateinlL
* G < Aut(L), often even G = Aut(L)
» Opportunities for:
* Recognition
* Conjugation
» Because there are problems to be solved!
e ...and athesis to be written...
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Chevalley Bases

X—CL’—,B X—,B

Many Lie algebras have a Chevalley basis!
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Root Systems

» A hexagon
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Root Systems
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Root Systems

» A hexagon

» A root system of type A> ¢
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Root Data

Definition (Root Datum)
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Root Data

Definition (Root Datum)

R=(X,®,Y,®"), ():XxY =7

o

» X, Y: dual free Z-modules,
» putin duality by (-, -),

» & C X:roots,

» &V C Y : coroots.
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Root Data

Definition (Root Datum)

R=(X,®,Y,®"), ():XxY =7

NG /

» X, Y: dual free Z-modules,
» putin duality by (-, -),

» & C X:roots,

» &V C Y : coroots.

Several Root Data:

One Root System > “adjoint”

“simply connected”
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Root Data

Definition (Root Datum)

R=(X,®,Y,®"), ():XxY =7

Several Root Data:

One Root System > “adjoint”

“simply connected”

Irreducible Root Data: A ,B ,C D,

L

65 L7, Big, Iy, Gg.
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Root Data

» A hexagon

» A root system of type A> ¢
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Root Data

» A hexagon

» A root system of type A, A -

» A Lie algebra of type Az
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Chevalley Basis

Definition (Chevalley Basis)

Formalbasis: L= ¢ Fh; & @ Fu,

acd

Bilinear anti-symmetric multiplication satisfies (¢, € {1,...,n};a,3 € ®):

\hiyhi] = 0,
[CEOM h’b — <CV7 fi>xaa
2o o] = Do (eia)hy,
[ZE ol Na,ﬁxa—l—ﬁ ifa+ 0 € P,
ay Bl — .
0 otherwise,
and the Jacobi identity.
S W,
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Chevalley Basis

Definition (Chevalley Basis)

Formalbasis: L= ¢ Fh; & @ Fu,
1=1,..., n acd
Bilinear anti-symmetric multiplication satisfies (¢, € {1,...,n};a,3 € ®):
[hiv hj: = 0,
~B Ra+p [CECV7 hz — <&7 f’i>$a7
\ [m—aaxa: — Z?:1<ei7av>hi7
| - NopgTayrp UHa+ped,
['CEOH X3 — ’ .
X _ ' 0 otherwise,
X, and the Jacobi identity.
Y,
X—a—,B X—ﬁ
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Why Chevalley bases?

» Because transformation between two Chevalley bases is an
automorphism of L,

» So we can test isomorphism between two Lie algebras (and
find isomorphisms!) by computing Chevalley bases.
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& —

isomorphic!

Xp Xa+p
X _
X(I
X—a/—ﬁ X—ﬁ
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Xa

XWX -5

X-3a-28
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not equal

X3a+28
X Xa+f X2a+8
X3a+p
H
- Xa
X 3> X2a-8 X-a-p X-B
X-3a-28
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X—(Z—,B

non- |somorph|c'

not equal

X3a+28

X2a+p
X3a+p

X a+p
ﬁ -
X-3a-28

Xa
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» How to compute Chevalley bases?

» Does it work?

» What next?
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» Given a Lie algebra (on a computer),
» Want to know which Lie algebra it is,

» So want to compute a Chevalley basis for it.

Root datum,
field

Group of
Lie type

Xp Xa+p

Matrix Lie
algebra
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Root datum,
field

Group of
Lie type )

Matrix Lie

» Assume splitting Cartan subalgebra H is given (Cohen/Murray,
indep. Ryba);

» Assume root datum R is given
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Root datum,
field

Group of
Lie type )

Matrix Lie

» Char. 0, p = 5: De Graaf, Murray; implemented in GAP, MAGMA
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Root datum,
field

Group of
Lie type )

Matrix Lie

» Char. 0, p = 5: De Graaf, Murray; implemented in GAP, MAGMA
» Char. 2,3:R., 2009, Implemented in MAGMA

Technische Universiteit
|/ department of mathematics and computer science e Eindhoven
University of Technology



The Problems

Normally:
» Diagonalise L using action of H on L (gives set of =, ),
» Use Cartan integers (o, 3) to “identify” the =,

» Solve easy linear equations.

XB X+ ' [hz7 h] p— 07 ‘

3 0, hi] = (a,f)xa, :

X~ [33—04, -:CO(: — Z?:1<6i7 Oév>h2',
- : N, o if c (I),
[an,QZ‘IB_ — ,BLa+03 - Oé—|_5
0 otherwise,
X g X_j and the Jacobi identity:.
PIRS—— -
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The Problems

Normally:
X » Diagonalise L using action of H on L (gives set of z,, ),
X » Use Cartan integers (o, 3) to “identify” the z,,

Vv  » Solve easy linear equations.

XB X+ ' [hz7 h] p— 07 ‘

3 0, hi] = (a,f)xa, :

X~ [33—04, -:CO(: — Z?:1<6i7 Oév>h2',
- : N, o if c (I),
[an,QZ‘IB_ — ,BLa+03 - Oé—|_5
0 otherwise,
X g X_j and the Jacobi identity:.
PIRS—— -
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Diagonalising (A1, char. 2)

[hiv h] = 0, '
[ZIZa, h% — <a7 fi>$a7 |
T 0, Tal] = Z?:1<6i>av>hia
vozs] = { Nogtats ifa+Bed,
0 otherwise,

and the Jacobi identity.
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Diagonalising (A1, char. 2)

[hivhj: = 0, '
Afxd X =Y =17 [ [xowhi; = <Za;bfi><xa7 \/>h |
Ty La| — i—1\€i, & X
(I):{Oézl,_Oé:—l}v 2025 = Nopgrarp a4+ ped,
oV — {a\/ _ 2’ _a\/ _ _2}’ ool 0 otherwise,

and the Jacobi identity.
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Diagonalising (A1, char. 2)

[hivhj: = 0, }
Afxd X =Y =17 [ [xowhi; = <Za;bfi><xa7 \/>h |
Ty La| — i—1\€i, & X
(I):{Oézl,_Oé:—l}v 2025 = Nopgrarp a4+ ped,
oV — {a\/ _ 2’ _a\/ _ _2}7 ool 0 otherwise,

and the Jacobi identity.

L=Fh&Fz,®Fr_,

Technische Universiteit
|/ department of mathematics and computer science e Eindhoven
University of Technology



Diagonalising (A1, char. 2)

[hivhj: = 0, ‘
Afxd X =Y =17 [ [xowhi; = <Za;bfi><xa7 \/>h |
Ty La| — i—1\€i, & X
(I):{Oézl,_Oé:—l}v 2025 = Nopgrarp a4+ ped,
oV — {a\/ _ 2’ _a\/ _ _2}7 ool 0 otherwise,

and the Jacobi identity.

L=Fh&Fz,®Fr_,

T T_ g h
ro, | 0 (e, a”)h {a, fi)xa
Lo 0 <_a7f1>$—oz
h 0
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Diagonalising (A1, char. 2)

[hivhj: = 0, ‘
Afxd . X — Y — Z [xowhi: — <O‘7fi>aj0m 3
T 0, Ta] = Z?:1<€i>av>hia
b={a=1—a=-1}, oy — { No gTars ifa+pBed, i
oV — {a\/ _ 2’ _a\/ _ _2}7 0 otherwise,
and the Jacobi identity.
L =Fh®Fz, ®Fa_,

Loy L — h L o L _ h

ro | 0 (e, a)h {a, fQx Lo 0 —2h x,
T_ o 0 (—a, f1)T_4 T_o | 2h 0 —x_,

h 0 h | —x, x_4 0
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Diagonalising (A1, char. 2)
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Diagonalising (A1, char. 2)

To  T_g h
T 0 —2h T

T_o | 2h 0 —T_ g,
h | —x, x_a 0

Basis transformation....

y = 2z, +T_,

|/ department of mathematics and computer science

TU/e
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Diagonalising (A1, char. 2)

To  T_g h

T 0 —2h T
T_o | 2h 0 —T_ g,

h | —x, x_a 0

Basis transformation....

T = Xy — Tg
y = 2z, +T_,
x J h
x 0 —6h —%x—l—%y
6h 0 x4 4
ol e, a1, B
3t — 3Y 3t — 3Y

|/ department of mathematics and computer science

TU/e
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Diagonalising (A1, char. 2)

T_o | 2h 0 —z_, Algorithm:
h | —xo4 X_q 0 » Diagonalize Lwrt H

» Find 1-dim eigenspaces:
Basis transformation....

" S1,5-1,50
= da" -0 » Take
= 2z, —Q
J Ta T & x+y€eS
x—%yES_l
303 yGh hGS()
7 _
4 1 |
Y 1 6h2 ) 0 1 ST+ 5y » Done!
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Diagonalising (A1, char. 2)

To T—_o h
X q 0 —2h  x,
T_o | 2h 0 —z_, Algorithm:
h | —xo4 X_q 0 » Diagonalize Lwrt H

» Find 1-dim eigenspaces:
Basis transformation....

51,91, 50
= La7d-a » Take
y = 2TatToa r+y€EeS
xr — %y c S
X g —géh e
Y 6h 0 1r+ iy » Donel!
h|sz—32y —5x— 3y 0 » Butif char. is 2...
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Diagonalising (G, char. 3)

char. not 3
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Diagonalising (G, char. 3)

char. not 3 char. 3
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Diagonalising (overview)

R(p) Mults  Soln R(p) Mults Soln
Ao5¢(3) 32 Der] Cn24(2) (n>3) 2n,270=1 [C
G2 (3) 16,32 [C] C,(2) (n>3) 2n,4()  [By¥
A5 (2) 43 Der] DM gy 46 Der
B,ad(2) 224 [(] D4%¢(2) 83 Der
B,24(2) (n>3) 27,4(3) [C] DYV (2) (n>5) 42 Der
By*(2) 4,4 B>l D,*(2) (n>5) 4(2) Der
B55¢(2) 62 Der] 24(2) 212 83 C]
B,5(2) 24,83 [Der] = Go(2) 43 Der]
B,*(2) (n >5) 2™, 4(2) C] all remaining(2) 2/®7| As]

TABLE 1. Multidimensional root spaces
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Diagonalising (overview)

R(p) Mults  Soln R(p) Mults Soln
Ao5¢(3) 32 Der] Cn24(2) (n>3) 2n,270=1 [C
G2 (3) 16,32 [C] C,(2) (n>3) 2n,4()  [By¥
A5 (2) 43 Der] DM gy 46 Der
B,ad(2) 224 [(] D4%¢(2) 83 Der
B,24(2) (n>3) 27,4(3) [C] DYV (2) (n>5) 42 Der
By*(2) 4,4 B>l D,*(2) (n>5) 4(2) Der
B55¢(2) 62 Der] 24(2) 212 83 C]
B,5(2) 24,83 [Der] = Go(2) 43 Der]
B,*(2) (n >5) 2™, 4(2) C] (‘all remaining(2) 2/®"1) As]

TABLE 1. Multidimensional root spaces
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Diagonalising (overview)

R(p) Mults  Soln R(p) Mults Soln
Ao5¢(3) 32 Der] Cn24(2) (n>3) 2n,270=1 [C
(G2(3) 16,32) [C] C,(2) (n>3) 2n,4()  [By¥
A5 (2) 43 Der] DM gy 46 Der
B,ad(2) 224 [(] D4%¢(2) 83 Der
B,24(2) (n>3) 27,4(3) [C] DYV (2) (n>5) 42 Der
By*(2) 4,4 B>l D,*(2) (n>5) 4(&) Der
B55¢(2) 63 Der] 24(2) 212 83 C]
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Diagonalising (overview)

R(p) Mults  Soln R(p) Mults Soln
(A% (3) 32 ) [Der] C,24(2) (n >3) 2n,200=1 [C]
Go(3) 16,32 [C] C,(2) (n>3) 2n,4()  [By¥
A5 (2) 43 Der] DM gy 46 Der
B,ad(2) 224 [(] D45¢(2) 83 Der
B,24(2) (n>3) 27,4(3) [C] DYV (2) (n>5) 42 Der
By*(2) 4,4 B>l D,*(2) (n>5) 4(2) Der
(B3*°(2) 6> ) [Der] 24(2) 212,83 C]
B,5(2) 24,83 [Der] = Go(2) 43 Der]
B,*(2) (n >5) 2™, 4(2) C] all remaining(2) 2/®7| As]

TABLE 1. Multidimensional root spaces
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Diagonalising (Bs, char. 2)




Diagonalising (Bs, char. 2)
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Diagonalising (Bs, char. 2)




Diagonalising (A2, char. 3)

Type Eigenspaces Composition

Ad (2,) 16

S
=N N (=

SC (2,) 32
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Diagonalising (A2, char. 3)

Type Eigenspaces Composition
- X Ad (2,) 1° 1
’ 7
SC (2,) 32 %
X _q-p X _g
Observations:

» There is only one “7”,

» Der(L>¢) = LA,
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» Does it work?

» What next?
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A tiny demo: As / sla
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A tiny demo: As / sla

:danroozemond@dynl83 ~ $ magma-exp
:Magma V2.15-9 Wed May 13 2009 10:38:45 on dynl83 [Seed = 2715905262]
:Type ? for help. Type <Ctrl>-D to quit.

ELoading startup file "/Users/danroozemond/.magmarc"

§======Warning! 1500 M memory limit active.======
i [~/tue/research/cb/magma-pkg/all.spec attached]
//Construct sl 4 over the rationals

Q := Rationals();

gl4Q := MatrixLieAlgebra(Q, 4);
Dimension(gl4Q);

6

VEVVVV

§> sl4Q := sub<gl4l
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» Main challenges for computing Chevalley bases in small characteristic:

e Multidimensional eigenspaces,
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» Main challenges for computing Chevalley bases in small characteristic:

e Multidimensional eigenspaces,
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» Main challenges for computing Chevalley bases in small characteristic:

e Multidimensional eigenspaces,
* Broken root chains;
» Found solutions for all cases,

* and implemented these in MAGMA;
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» Main challenges for computing Chevalley bases in small characteristic:

e Multidimensional eigenspaces,
* Broken root chains;
» Found solutions for all cases,

* and implemented these in MAGMA;
» To do:
* Compute split Cartan subalgebras in small characteristic;
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» Main challenges for computing Chevalley bases in small characteristic:

e Multidimensional eigenspaces,
* Broken root chains;
» Found solutions for all cases,

* and implemented these in MAGMA;
» To do:

* Compute split Cartan subalgebras in small characteristic;
» Bigger picture:

e Recognition of groups or Lie algebras,

* Finding conjugators for Lie group elements,

* Finding automorphisms of Lie algebras,
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» Any questions?
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