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Why Lie Algebras?

» Study groups by Lie algebras:
» Simple algebraic group G <> Unique Lie algebra L
- Many properties carry overto L
- Easier to calculate in L
+ G < Aut(L), often even G = Aut(L)
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Why Lie Algebras?

» Study groups by Lie algebras:
» Simple algebraic group G <> Unique Lie algebra L
- Many properties carry overto L
- Easier to calculate in L
+ G < Aut(L), often even G = Aut(L)

» Opportunities for:
« Recognition
» Conjugation

» Important tool for Lie algebras: Chevalley basis
» This talk: Lie algebras over fields of small characteristic:

- What special cases occur?
» How to compute Chevalley bases?
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Root Systems

» Ahexagon

—a » Aroot system
of type A,

~a-p -B
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Root Systems

» Ahexagon

—a » Aroot system
of type A,
a
~a-p -8
a-chain through g: HH, B, o+ B, BIHHIA

B-chainthrough a + B: @B, o, o+ B, HIHRAA
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Root Systems

» Ahexagon

—a » Aroot system
of type A,
a
~a-p -8
a-chain through f: HIR,  B. o+ B, BIHHIA = k=0

p-chainthrougha + B: ¢, a, o+ B, fIHAA = k=1
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Root Data

Definition (Root Datum)

R=X,@,Y,0), (,):XxY—>1Z,

v

X, Y: dual free Z-modules,

v

put in duality by (-, -),
» @ C X: roots,
®Y C Y: coroots.

v
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Root Data

Definition (Root Datum)

R=X,@,Y,0), (,):XxY—>1Z,

v

X, Y: dual free Z-modules,

v

put in duality by (-, -),
» @ C X: roots,
» ®V C Y: coroots.

A root system ® induces several non-isomorphic root data, the
“extremes” known as adjoint and simply connected.
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Root Systems

» Ahexagon

—a » Aroot system
of type A,

~a-p -B
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Root Systems

» Ahexagon

X » Aroot system

of type A,

« » AlLie algebra
of type A,

X_ap X_g
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Lie Algebras

Definition (Chevalley Lie Algebra)

Ly = Y@@Zxa,

acd

with bilinear antisymmetric multiplication defined by

> y,zeY: ly,z] = O,
> yeVY,fed: (X5, ¥yl = (,ByX/;,
> acd: X w, X,] = aV,

, [ NepXeyp ifa+peo,
> wfed: (X, Xp1 - = i 0 otherwise.
» -+ some extra conditions.

Such a basis: a Chevalley basis.
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L =Y o DX

acd

multiplication defined by

- ly,z1 = 0O,
7 [X/fv y] = <ﬂ> V)X/f,
> acd: X w, X,] = aV,
. _ Na,,BXoc+ﬂ if a +ped,
> % fed: (X, Xp1 - = l 0 otherwise.

» -+ some extra conditions.

Such a basis: a Chevalley basis.
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L =Y o DX

acd

multiplication defined by

- ly,z1 = 0O,
7 [X/fv y] = <ﬂ> V)X/f,
> acd: X w, X,] = aV,
. _ Na,l[gx(x+/; if a +ped,
> % fed: (X, Xp1 - = l 0 otherwise.

» -+ some extra conditions.

Such a basis: a Chevalley basis.
Well known: N, 4’s can be chosen so that N, s = +(k + 1)
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Chevalley Bases

Definition (Chevalley Lie Algebra)

Lz = Y & P1zX,,

aed

Lr = Ly ® IF gives a Lie algebra over FF.
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Chevalley Bases

Definition (Chevalley Lie Algebra)

Lz = Y & P1zX,,

aed

Lr = Ly ® IF gives a Lie algebra over FF.
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Chevalley Bases

Definition (Chevalley Lie Algebra)

Ly, = Y@@Zxa,

aed

Lr = Ly ® IF gives a Lie algebra over FF.

Why Chevalley bases? Because transformation between two Chevalley
bases is automorphism of L!
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Root Datum,
Field

Group of \
Lie Type

L=(F.L.0)

Lie Algebra

Matrix
Algebra
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Root Datum,
Field

Group of
Lie Type

Lie Algebra

Matrix
Algebra

(Cohen/Murray, indep. Ryba)
Also given: Root datum R, splitting Cartan subalgebraH = Y® F

Technische Universiteit
/ department of mathematics and computer science e Eindhoven
University of Technology



Root Datum,
Field

Group of
Lie Type

Lie Algebra

Matrix
Algebra

(Cohen/Murray, indep. Ryba)

Also given: Root datum R, splitting Cartan subalgebraH = Y® F
(De Graaf, Murray)

Char. 0,p > 5: Implemented in GAP, Magma
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Example: sl, / A,

[a,b] := ab — ba
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Example: sl, / A,

G f h
e| 0 —h 2e
fl h 0 -2f
h|—-2e 2f 0

/ department of mathematics and computer science

A X=Y =17,
O={a=2—a=-2},
OV ={a"=1,—a” =-1},

LZ =Y D @aed) ZX(X
= ZyDZX, ®ZX_q,
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Example: sl, / A,

Xo X y

e 0 —-h 2e X, 0 -y 2X,
fl h o0 =—2f Xal vy 0 —2X.,
h|—-2e 2f 0 y | —2X, 2X., O
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Example: A;%¢ / A,

| X X y
X, 0 -y 2X,
X_q y 0 —2X_,

/ department of mathematics and computer science

Al X=Y=17,
O={a=1,—a=-1},
OV ={a"=2,—a” =-2},

LZ =Y @ @ae(b fol
= Zy®ZX, ®ZX_q,
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Example: A;%¢ / A,

| X X y
X, 0 -y 2X,
X_q y 0 —2X_,

/ department of mathematics and computer science

Al X=Y=17,
O={a=1,—a=-1},
OV ={a"=2,—a” =-2},

LZ =Y @ @ae(b fol
= Zy®ZX, ®ZX_q,

| X Xw oy

X, 0o =2y X,
X o | 2y 0o X,

y | —X. X 0
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Example: A;%¢ / A,

X
X, 0 -y 2X, X, 0 -2y X

X_. y 0 —2X_, X.o| 2y 0o —-X.,
y | —2X, 2X_, 0 y | =X, X 0
Observe:

> y > 1y maps Lie(A;*, F) to Lie(A;*, F),
> So Lie(A;¢, F) = Lie(A, F),
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Example: A;%¢ / A,

X
X, 0 -y 2X, X, 0 -2y X

X_. y 0 —2X_, X.o| 2y 0o —-X.,
y | —2X, 2X_, 0 y | =X, X 0
Observe:

> y > 1y maps Lie(A;*, F) to Lie(A;*, F),
> So Lie(A;¢, F) = Lie(A, F),
» Except if char(FF) = 2!
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Example: A;%¢ / A,
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Example: A;%¢ / A,

| X X y A | X, X, vy 7

Xa 0 4 2Xa (2) Xa 0 —2!/ Xa (1)
Xfoc y 0 —2X,a (_2) Xfa 2y 0 _Xfa (_1)

y _2Xa 2X—(x 0 (0) y _Xa X—a 0 (0)

» Use action of Y to diagonalize L and find X,,
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Example: A;%¢ / A,

| X X y A | X, X, vy 7
Xa 0 4 2Xa (2) Xa 0 —2!/ Xa (1)
Xfoc y 0 —ZX,a (_2) Xfa 2y 0 _Xfa (_1)

» Use action of Y to diagonalize L and find X,,
» Except if the characteristic is 2!
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. 7

X, 2X, X, |2 -1
X —3X, 2% | (=3,2)
Xovp —Xotp Xovp (-1,1)

X2a+ﬂ X2a+ﬂ 0 (1a 0)
X3atp 3X341p —X3015 || 3,—1)

X30+2p 0 X3042p 0,1)
X, 22X, X, |21
Xy 3X.; —2X | (3,-2)
X_u—p X a—p —Xoa—p || (1,-1)
X 2044 —X 208 0 (=1,0)
X—Ba—ﬁ _3x—3a—/3 X—Ba—ﬂ (_3: 1)
X_30-2p 0 —X_34-2p || (0,-1)
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- 7

X, 2X, X, | @ -1
X —3X, 2%, | (=3,2)
Xatp —Xatp Xevp || (=1,1)

X2a+ﬂ X2a+ﬁ 0 (1, O)
Xzatp 3 X304 X304 || (3,-1)

X3012p 0 X3042p 0,1)
X, X, X, |21
X 3X_,  —2X | B.-2)
Xfafﬁ X,a,/} _Xfa*ﬂ (1,-1)
X—Za—ﬂ _X—Z(x—ﬂ 0 (_17 0)
X73a7,8 _3X73a7ﬂ X73a7ﬁ (_3, 1)
X-30-2p 0 —X 3,24 || (0, 1)
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GF(3™)
X, 2X, X, |2 -1 (=1 -1
X —3X, 2% || (=3.2] 0.-1)
Xatp —Ratp Xatp (-1,1) | (-1,1)
X20c+[)’ X2a+ﬁ 0 (19 0) (19 0)
X3a+ﬂ 3X3a+ﬂ _X3a+,8 (3, _1) (0, _1) (‘)
X3a12p 0 X30128 (0,1) 0,1)
X X, X, |21 @1
X 3X.y  —2Xy || 3.-2)| (0.1)
X—a—ﬂ X—a—ﬂ _X—a—ﬂ (la _1) (17 _1)
X 204 —X 208 0 (-1,0 | (1,0
X 34-p —3X.30-p  X3u—p | (=3,1)| (0,1)
X 30-24 0 —X30-24 || (0,=1) | (0,-1) ()
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/ department of mathematics and computer science

TU/e

a By 7 GF(3™)

Xa 2Xa _Xa (2, _1) (_15 _1)

X5 —3X, 2X | (=3,2)| (0,-1) ()

Xa+ﬁ —Na+p XaJrﬂ (_1> 1) (_1> 1)

Xoo+p Xao+p Y (1,0) (1,0)
X304p 3X344p —X3utp || 3,=1) | (0,=-1) ()
X3042p 0 X3042p 0,1) 0,1) (1)

X—(x _2X—a X—a (_2, 1) (13 1)

Xy 3X.p, 2%, || B.-2)| (0,1 (¥
X—a—ﬁ X—a—ﬁ _X—a—ﬂ (17 _1) (17 _1)
X—Za—ﬁ _X—2a—ﬁ 0 (_1’ 0) (_1> 0)

X 34-p —3X.30-p Xsep | (=3,1)| (0,1) ()
X 34-2p 0 —X_34-25 || (0,=1) | (0,—-1) (V)
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GF(3™)
X, 2X, —X, 2,-1) | (-1,-1)
Xp —3Xp 2Xp (-3,2)| (0,-1) (O
X{x+,3 —Na+p X(H-ﬂ (_1a 1) (_19 1) O
Xoo+p Xoatp 0 (1,0) (1,0)
X304 3X30+p —X3a1p || B—1) | (0,—-1) (1
X3ut2p 0 Xsurap | (0,1) | (0,1) (¥ 4
X_q —2X_, X_q (-2,1) (1,1)
X_p 3X_p —-2X5 [ (3,=2)| (0,1) (1
Xfafﬂ Xfafﬁ’ _Xfafﬁ (1, —-1) (1, -1)
X—2a—ﬂ _X—2tx—/3 0 (_19 0) (_19 0)
X73a7ﬁ _3X73a7ﬂ X73a7ﬁ (_3a 1) (0, 1) ('2)
X 3025 0 Xz (0,-D1)| (0,-1) ()
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3. Some Small Characteristic Trouble
4. Some Small Characteristic Solutions
5. Conclusions and Future Research
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Some Small Characteristic Trouble

Ly = Y@@Zxa,

acd
> y,zeY: ly,z] = 0,
> yGY,ﬂE(D: [Xﬂ,)/] = < 9y>xﬁa
> acd: X 0, X,] = av,
. . Na,ﬁxa+ﬁ if o + p € O,
> afed: e, %51 = { 0 otherwise.
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> y,zeY: ly,z] = 0,
> yGY,ﬂE(D: [Xﬂ,)/] = < 9y>xﬁa
> acd: X w, X,] = aV,
. . Na,ﬁxa+ﬁ if o + p € O,
> afed: e, %51 = { 0 otherwise.
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1. Multidimensional eigenspaces,
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Some Small Characteristic Trouble

Ly = Y@@Zxa,

aed
> y,zeY: ly,z] = 0,
> yGY,ﬂE(D: [Xﬂ,)/] = < 9y>xﬁa
> acd: X w, X,] = aV,
. . Na,ﬁxa+ﬁ if o + p € O,
> afed: e, %51 = { 0 otherwise.
Trouble:

1. Multidimensional eigenspaces,
2. Root chains are broken,
3. k+1=0,s0N,; =0,
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Multidimensional Eigenspaces

Steinberg, 1961

Complete list of
multiplicities of roots, for
root data of adjoint type

Technische Universiteit
/ department of mathematics and computer science e Eindhoven
University of Technology



Multidimensional Eigenspaces

Q
o

3

3

2
Ste'nberg, 1961 2 Bnad (n>2) 2n’4(n2—n)/2
Complete list of 2 B¢ 4;
multiplicities of roots, for 2 BBZE 46 ;
root data of adjoint type 2 Bu 2 ’28

2 Bn ¢ (n > 5) 2", 40" -m/2

2

2 Cnd (n = 3) 2nt,2n°-n
COhen, R-, 2008 2 Cnsc (n > 3) 2n1,4(n2_n)/2
Comple'tg !lst of 2 D@ ®.@FbY” 46
multiplicities of roots, for 9 D,5¢ 83
all root data 2 D@ ppsc(n=5) 43

2 Fs 212 g3

2 G, 43

2 allremainingcases _2N(N = |0 T))
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4. Some Small Characteristic Solutions
5. Conclusions and Future Research
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Example: Solving G, in char. 3
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Example: Solving Bs in char. 2
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Example: Solving Bs in char. 2
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Example: Solving Bs in char. 2
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Some Small Characteristic Solutions

Solving many small puzzles,
» ForN, ; = 0:
« Pinpoint scalar multiples of roots in a smart order,
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Some Small Characteristic Solutions

Solving many small puzzles,
» ForN, ; = 0:
« Pinpoint scalar multiples of roots in a smart order,
» For multidimensional eigenspaces:

« “Pivot” using eigenspaces with smaller dimension,
« Intersect with nontrivial ideals (MeatAxe),
- Consider Der(L),
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Some Small Characteristic Solutions

Solving many small puzzles,
» ForN, ; = 0:
« Pinpoint scalar multiples of roots in a smart order,
» For multidimensional eigenspaces:

« “Pivot” using eigenspaces with smaller dimension,
« Intersect with nontrivial ideals (MeatAxe),
- Consider Der(L),

» General methods:

- Find root chains in [, -] instead of eigentuples,
- Small cases may be brute forced,
« Use ideals to reduce to smaller cases.

Technische Universiteit
/ department of mathematics and computer science e Eindhoven
University of Technology



Conclusion and Future Research

» Main challenges for computing Chevalley bases in small
characteristic:

» Multidimensional eigenspaces
 Broken root chains

» Found solutions for majority of the cases,
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Conclusion and Future Research

» Main challenges for computing Chevalley bases in small
characteristic:

» Multidimensional eigenspaces
 Broken root chains
» Found solutions for majority of the cases,
» Bigger picture:
- Recognition of groups or Lie algebras,

« Finding conjugators for Lie group elements,
« Finding automorphisms of Lie algebras,

» Questions?
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